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ASTRONOMY. 



CHAPTER I. 



INTBODl'CTION. 

First view of the Heavens, and of the Earth's surface The Earth's 
round figure. 

1. Astronomy is that branch of Natural Philosophy, 
which treats of the apparent anil real motions of the hea- 
venly bodies. In that division of tlie science which forms 
the subject of this Treatise, both of these are investigated 
from observation and calculation, and in Physical Astro- 
nomy, the latter are accounted for on mechanical principles. 

2. The starry heavens appear, to a spectator on the 
Earth's surface, to be a vast spherical vault, of which his 
eye forms the center, and in which the heavenly bodies are 
situated. It is certain that this appearance is fallacious, 
and that the stars are not all at the same distance front 
lis; only the eye, being unable to judge of the distance of 
very remote bodies, and having no scale to compare it with, 
supposes them all equally distant. When therefore for the 
purpose of explanation we speak of the celestial vault in 
which the stars are fixed, we mean an imaginary spherical 
surface of vast dimensions concentric with the eye of the 
spectator, to which the places of the stars are referred by 
lines drawn from them to the eye of the spectator. 

3- The Earth, at first sight, appears to one of its in- 
habitants to be a plane, extended indefinitely on all sides, 
and sustaining the celestial vault ; but it is soon perceived 
that this cannot be the case, and that, as the Sun and the 
other heavenly bodies pass under it, the Earth mnst liavo 
a limit both laterally and also downwards ^ and its round 
(igure, besides being suggested by the analogous forms of 
the Sun and IMoon, is immediately inferred from the fnl- 
1 



lowing obvious considerations. 1st, AVIien a ship approaches 
land from any quarter, ibe topmast first becomes visible to 
a spectator on the shore, and the hull comes in sight last, 
which, being the largest part, ought tu be first seen, if" 
the Earth were a plane. 2ndj The surface of the sea, when 
viewed from the deck of a ship or the mast-head, is not 
seen lo lose itself in distance and mist, but to be termi- 
nated by a clear, sharp, well-defined circle having the spec- 
tator in the center, exactly such as would be swept out on 
the surface of a sphere by a line touching it and passing 
through a fixed point a little elevated above the surface 
of the sphere. 3rd, In lunar eclipses, when the Earth is 
interposed between the Sun and Moon, the Earth's shadow 
upon the Moon's disk appears round, in all positions of the 
Earth ; and lastly, the Earth has been sailed round in va- 
rious directions. We conclude therefore that, like the othec 
heavenly bodies, the Earth has the figure of a globe (dif- 
fering very little from a sphere, as will be seen) every 
where isolated in space, and surrounded by the heavens. 

Fixed Stars ; clivision of them into Constellations. 
4. By far the greater part of the heavenly bodies, though 
collectively in motion, seem never to change their relative 
situation, that is, their distance from one another ; whence 
they have been called Fimed Stars. The angle which the 
line joining any two of them subtends, is the same in all 
parts of the Earth; from which it is evident that the dis- 
tance of any two points on the Earth's surface is evanescent, 
compared with the distance of the fixed stars from the Earth, 
and that the Earth is in reality but a point in space. This 
causes a spectator, wherever he is placed, to find himself 
in the center of the celestial movements ; and therefore, in- 
stead of supposing the center of the superficies in which 
fised stars appear to lie, to be the eye of the spectator, we 
may suppose it to be the center of the Earth. 
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5. The Stars, for the purpose of being conveniently 
referred to, are divided into groups called Constellations, 
each distinguished by a name, which is also applied to the 
portions of the heavens they respectively occupy. The stars 
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eacli group aie denoted by the Greek letters a, /3, 7, 8tc. nearly 
in the order of their apparent magnitude ; thus y Draconia is a 
star of the third magnitude in the constellation Draco ; stars of 
the fifth magnitude are barely discernible by the naked eye. 
By magnitude is here meant brilliancy ; for the stars, ob- 
served with telescopes of the strongest magnifying powers, 
have no apparent diameters ; the different magnitudes which 
they appear to have when viewed by the naked eye, or 
through inferior telescopes, being an optical illusiou caused 
by the radiation of light. About two thousand stars only 
are visible to the naked eye; but it is computed that nearly 1 
a hundred millions come within the reach of telescopic vision. 

Rational and Sensible HorizOD. Dip uf the Humuii. 
6, If the Plumb-bne at any place, that is, a line perpendi- 
cular to the plane of standing water, be produced indefinitely 
both ways, it meets the celestial sphere in two points, of which 
that above our heads is called the Zenifht and the opposite 
one the JVadir. A plane perpendicular to this line at thtf 
surface of the Earth, is called the Stmsible Horizon, and 
determines the visible portion of the heavens ; a plane pa- 
rallel to the former drawn through the Earth's center, is 
called the Ratiojial Horizon; as the radius of the Earth 
subtends no perceptible angle at the distance of the stars, 
the circles in which the celestial vault is cut by these planes, 
may be suppiwed to coincide, and any errors introduced by 
this supposition with respect to bodies at which the Earth's 
radius subtends a finite angle, may be afterwards taken into 
account and corrected. Thus in fig. I, Plate II, let Z be 
a place on the Earth's surface ; then BZ, the direction of 
the plumb-line at that place, being in the direction of gravity, 
will pass nearly through the Earth's center T; the plane REH 
passing through T perpendicular to ZT, produced indefi- 
nitely on all sides, is the rational Horizon of the place Z ; 
and the plane AZA' drawn through Z parallel to REH, 
and consequently touching the Earth's surface at Z, is the 
sensible horizon of Z. If the eye of the spectator be above 
the surface of the Earth, as at B, the angle BJZ, in which 
the line through B touching the surface is inclined to the 
sensible horizon at Z, is called the Sip of the HarixoL-n\ 
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and can be cakiilated from BZ, and the Earth's radius, for 
tlic purpose of correcitiiig observed altitudes. 

Geaeral motion of the heavenly bodies in parallel planes. 
7. If the heavenly bodies are attentively observed, they 
appear to describe circles in planes parallel to each other, 
about a common axis which meets the heavens in two points 
called the North and South Poles. To an inhabitant of 
the northern hemisphere the stars situated near the north 
pole, which are called Circumpolar Stars, never set but con- 
tinue visible during the whole of their circular course ; others 
more to the south ascend from tlio east side of the hori- 
zon, and after having attained their greatest height, which 
_ is called Culminating, descend and disappear in the west, 
completing only a part of the circle above the horizon. To 
an inhabitant of the soutbern hemisphere, the heavens pre- 
sent a spectacle the reverse of this; the stars near the south 
pole are seen to describe complete circles, whilst those more 
to the north are only seen in part of their course, or if 
near the north pole never rise above the horizon. 

8. Tlie pai'allel circular motion of the heavens may be ob- 
served by an instrument, such as is represented in fig. 1, Plate I, 
consisting of a circle I'QA moveable round an axis NA, 
which coincides with one of its diameters. To the circle is 
attached a telescope TQ., moveable round the center C in 
the plane of the circle. If the axis NA be fixed in a 
jiro^er position, viz, parallel to the common axis about which 
the heavens revolve, which may be done in a few trials, 
and the telescope be pointed towards a fixed star S, it will 
be found that the star may be seen through the telescope 
as long as it continues above the horizon, by making the 
circle revolve without disturbing the place of the telescope 
in the plane PQA; therefore, as the telescope describes the 
surface of a right cone round NA, the curve in which tliis 
surface cuts the celestial sphere whose center is C, or the 
path which the star .S' describes, is a circle. Any other 
star a may be observed in its course, by bringing the tele- 
scope into the direction 6'« without altering the position of 
NA ; therefore circles are described by all tlie stars in plai 



perpendicular to NA, and having their centers situated in 
that line*. 

9. The angular motion round NA is uniform and is 
tliD same for all stars; for if the telescope be made to point 
to a star on one day and be left in that position, it will 
point to the same star on the next day, after a certain in- 
terval, which remains the same at whatever time the first 
observation is made, and whatever star is chosen. 

Hence the stars describe circles whose planes are paral- 
lel to one another and inclined to the horizon, with a uni- 
form angular motion from east to west, all completing their 
revolutions in the same time; and each star invariably rises 
and sets in the same points of the horizon. 

Equator defined; inodo of aBWjrtaiiiiiig a body's place relative to it. 

10. The great circle of the celestial sphere, whose plane 
is parallel to the planes in which the stars move, or per- | 
pendicular to the axis passing through the north and south ' 
poles, is called the Equinoctial or Equator. 

Declinafinn circles are great circles whose planes jiass ' 
through the north and south poles ; they are perpendicular 
to the equator, or Secondaries to it. and are sometimes 
called Meridians. 

11. The Declinatirm of a star is ils angular distance 
from the equator, measured on the arc of a declination circle 
intercepted between the star and the equator ; it is deno- 
minated north and south, according as the star is situated i 
on the north or south side of the equator, and is measured I 
from 0" to go". The Polar Distance is the angular distance I 
from the pole, or the complement of the declination. 

The Right Ascension of a star is the arc of tlie e quator , 
intercepted between a certain fixed point iu the equator, called 
the first point of Aries, and the declination circle passing i 
through the star; right ascension is measured through Stio" j 

■ TItis rude idoIkkI far cxhibidnf; tlii: citcuIbi patb of a itar vnuld siicned \tiy 1 
imperfectly on account of the star being unequally railed in differenl poailions by 



from we»t to east, that is, in a direction cnntrary to tlie diurnal 
niotion of tbe stars. 

TIjus right ascension and declination are arcs of great 
circles (or spherical co-ordinates) which determine the poaition 
of a point on the celestial sphere, with respect to the first point 
of Aries and the equator; in the same manner as its two 
co-ordinates determine the position of a point in a plane, 
with respect to the origin and one of the axes. 

Meridian of a place, and a Star's Hour Angle, defined. 
19. The Meridinn of a place on the Earth's surface in the 
great circle passing through the Pole of the heavens and the 
zenith of the place; it is perpendicular to the horizon, which 
it intersects in a line called the Meridian Line. The meridian 
line cuts the horizon in the north and south points, the former 
being nearest to the visible pole when the spectator is in north 
latitude. 

13. The angle between the nieritlian of a ])lace and a 
declination circle passing through a star, is called the star's 
Hour Angle, bocau.se, the stars revolving uniformly round 
the axis of the heavens, the angle between these circles 
vanes as the time of a star's moving from one to the other. 

The stars appear to revolve round the axis of the heavens, 
or to describe an angle of 360", in an invariable interval of 
as*". 56" mean tinte^ that is, such as is shewn by a well regu- 
lated clock; this is divided into St equal parts called Sidereal 
Hours, consequently the stars revolve through 1.^" in one 
sidereal hour, and through 1" in four sidereal minutes. 

Mo<Ie of Bscertaiumg a body's place relative to the Hurizon. 

14. Vcrticnl Circles are circles whose planes pass through 
the zenith and nadir; of these the Prime Vertical is perpen- 
dicular to the meridian and cuts the horizon in the enst and 
west point. 

Since the equator and prime vertical arc each perpendicular 
to the meridian, their intersection is perpendicular to that 
plane, and the same is true of the intersection of the prime 
vertical and horizon ; hence these three planes intersect in the 
same lino. 
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15. The jlUiUide and Zenith Diatanee of a star are iti 
respective distances from the horizon and zenith, measured ud i 
the arc of a vertical circle passing through it. Hence the | 
altitude together with the zenith distance of a star = 90". 

The Aisimxith of a star is the angle between a vertical circl« 
passing through it, and the meridian of the place, and is mea- 
sured by the intercepted arc of the horizon, being dcnominate4 
north or south according as it commences at the north or south , 
point of the horizon. Thus altitude and azimuth are tiie J 
spherical co-ordinates which determine the position of a point I 
with respect to the meridian and horizon of any place. 

Terrestrial Latitude and Longitude. 

16. The section of the Earth's mean surface made by 
the plane of the meridian, is called the Terrestrial Meridian, 
and that made by the plane of the equator, is called the 
Terrestrial Equator. Also the diameter of the Earth which 
coincides with the imaginary axis of the heavens is called the 
Earth's axis, and its extremities the poles of the Earth. 

17. The Latitude of a place on the Earth's surface is the | 
angular distance of its zenith from the equator, measured by 
the intercepted arc of tiie meridian; the complement of this, 
or the distance of the zenith from the pole, is the Co-Latitude. 

Since the latitude + the zenith distance of the pole = 90" = 
the altitude of the pole + the zenith distance of the polej 
therefore the latitude of any place is equal to the altitude^ 
of the pole at that place. 

The Longitude of a place on the Earth's surface is the'^ 
angle between the meridian of that place, and another, called 
ajirst meridian, passing through a given place; it is measured 
eafit aiid woat from the first meridian, along the equator, 
through IHO". 
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18. First to illustrate the definitions of the great circles 
of the sphere, let T be the center of the Earth, fig, 
situated in the center of the spherical surface ZPRA (of 
which the black lines represent the eastern hemisphere, s 
tlic dotted lines the western, the circle FZHN being in the J 



plane of the paper) in whioli the stars appear to be fixed, 
and which, by its revolution about the axis JP, produces 
the phenomenon of the diurnal motion. Let s: be a place 
on the ilarth's surface, then zT is the direction of the 
plumb-line at a, and meets the heavens in Z and I^, the 
zenith and nadir of sr. A plane drawn through sr at right 
angles to ZN would be the sensible horizon of sr; the great 
circle made by tbe parallel plane HIVRE drawn through T, 
is the rational horizon of x. P and A arc the north and 
south poles of the heavens, p and n those of the Earth, 
pa being the Earth's axis, coinciding in direction with the 
axis of the heavens. PZHN the great circle passing through 
the pole and zenith, is the meridian of z, its plane cutting 
the Earth aceori^ng to the terrestrial meridian xqa, and 
intersecting the horizon in tbe meridian line HR, the ex- 
tremities of which are H the south, and R the north point. 
The great circle ZWNE, drawn through the zenith perpen- 
dicular to the meridian, is the prime vertical, and intersects 
the horizon in E and W, tbe east and west points. The 
great circle EQW is the equator, its plane being perpen- 
dicular to PA, and intersecting the Earth in the terrestrial 
equator qet. ZQ, the distance of the zenith from the 
equator, which is proportional to xq and the angle ZTQ^ 
is the latitude of r, and is equal to PR, the elevation of 
the pole above the horizon, since each of the arcs ZR, PQ, 
subtends a right angle ; ZP or QH is the co-latitude. 

19. '- Next to illustrate the definitions respecting the places 
and motions of the Stars. The small circle I.DM, whose 
plane is parallel to the equator, and on the north side 
thereof, is the circle of daily motion of all stars [situated 
in it, and whose declination is equal to QM ; they rise at 
D, culminate at M, and set at O, being invisible through 
the smaller portion of their course OLD. Stars situated in 
the equator rise in the east and set in tJie west point, and 
lire above the horizon during exactly half their course; those 
situated south of the equator, as in the parallel GF, are 
invisible for the greater part of their course; gf is the 
parallel of a circumpolar star, which is never below the 
horizon ; it crosses the meridian at g and /, which passages 
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are called respectively its iK/tennr and inferior irnnsit», the 
interval between them being half the time of a whole revolu- 
tion. The meridian, as is manifest, intersects the diurnal 
circle of every star in that point whose height above the 
horizon is greatest, and divides the arc of the horizon, con- 
tained between the points where any star rises and sets, into 
two equal parts. 

20. It may be here useful to compare some of the phe- 
nomena presented by different stars at the same place. First 
it appears that, relative to a place situated in north latitude, 
a star having north declination is above the horizon for the 
greater part of its course, and that this portion increases 
with the declination ; when the declinaticm is equal to the 
co-latitude of the place, the star's diurnal circle at its lowest 
point, just touches the horizon; when greater, as Uf, which 
exceeds UR, the diurnal circle lies entirely above the ho- 
rizon. Fer stars having south declination, the larger part 
of the diurnal circle is below the horizon; and if the de- 
clination QG exceed the co-latitude iiH, the diurnal path is 
wholly invisible. 

As the angular motion round the axis of the heavens 
is uniform and the same for all stars, the velocity of any 
star in its diurnal circle is proportional to the radius of that 
circle, i. e. to the cosine of the star's declination ; hence stars 
in the equator move quickest. . 

The place of the north pole P is not marked by any 
star; if it were, that star would be absolutely stationary; the 
star a Ursa.' Minoris, called also Polaris or the pole star, 
is distant only about \".3i\' from the pole, and consequently 
describes a very small circle with a slow motion. 

31. Next to compare some of the phenomena presented 
by the same body at different places. The appearances 
described above are relative to a particular place z ; in 
order to compare the phenomena produced by the same 
body at different places, suppose a spectator, keeping on 
the same meridian, to pass from sr to a place whose zenith is 
Z', and meridian line H'R' at right angles to Z'T; the star 
whose diurnal circle is/g- now makes its superior transit south 



of biin, instead of making both transits north ; the diurnal 
circle ML is wholly visible, instead of being partly below the 
horizon ; whilst GF has quite disappeared, having before been 
partly seen. Also the elevation PR' of the pole, and con- 
sequently of the pole star, above the horizon, has increased, 
an appearance always observed by persona proceeding north- 
wards, and which could have no existence if the Earth's sur- 
face were plane ; for in that case, all places would have the 
same horizon, and lines drawn from any point in it to the 
pole, on account of the immense distance of the fixed stars, 
would be parallel ; i. e. the elevation of the pole would be 
invariable. A person may always obtain a rough determi- 
nation of his latitude by taking the altitude of the Pole star. 

22. If a spectator at x measure the angles between 
the plumb-line, and the lines joining his eye and a, star at 
g and / when crossing his meridian, their difierence will give 
the angle which gf subtends at z ; if now the angle which 
gf subtends at any other point of the same meridian be simi- 
larly observed, it will be found to be identical with its former 
value; this shews that the variation in the position of the 
vertex of the triangle wliose base is fg, is too small to pro- 
duce any sensible effect on the vertical angle ; and it is one 
of the many proofs that may be alleged that the dimensions 
of the Earth are evanescent compared with the distance of 
the fixed stars. 

23. Again, let the point tp , fig. 3, be the first point of 
Aries, or that fixed point in the equator fron\ which right 
ascension is measured ; through a star 5', draw the decli- 
nation circle PSD, and the vertical circle ZSN ; then DS 
is the north declination of the star, T D its right ascension, 
PS its north-polar distance, £. ZPS its hour angle, NS its 
altitude, ZS its zenith distance, and HN or z HZN its 
south azimuth. 

Reckoned time different at differtnt places. 

24. Also let the planes of the declination circles PQA, 
PDA, intersect the Earth's surface in the meridians pqa, 
pma, and suppose pqa to be that meridian from which 
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longitude is measured, which in England' is the tneridian of 
Greenwich ; then rjm or L (jpm is the cast longitude of all 
places on the meridian pm a, and mn is the north latitude of 
all places on the parallel n r ; and, the heavens revolving about 
AP from east to west, that is, in the direction £ t (J, whils 
the Earth remains fixed, any heavenly body will cross the 
plane PDA, which is the plane of the meridian of m, before it 
crosses PQA, which is the corresponding plane for i/; and 
the passage will happen one hour earlier for every 15" in 
the angle of inclination of the planes, that is, one hour 
earlier for every 13" of longitude, that m is east of q. Sup- 
pose, for instance, qm to be 30", then when the Sun is on 
the meridian of </, and it is consequently noon there, it will 
be two o'clock in the al'ternoon at m; and at places whose 
longitude is 30° west of i;, it will be ten o'clock in the morning. 

35. Hence a watch, which shews 1&'' when the Sun is 
on the meridian of 7, will, for every 15" of longitude that 
it is (parried east or west of f/, be one hour too slow or one 
hour too fast ; and by means of it a person may determine 
his longitude, viz, by observing the time shewn by it when 
the Sun crosses his new meridian. If when the Sun was on his 
meridian, a person could start eastwards or westwards and 
traverse the Earth's equator at the rate of 5" an hour, it I 
is clear the Sun would make its subsequent transits over his 
meridian after intervals of 18*' or .'Sfi'' respectively; so that in 
going round the Earth, which would be effected in 7^-, he 
would reckon 4. or 2 days, whilst a person stationary would 
oiUy reckon 3. This is the reason why a ship, in sailing 
round the world, counts one day too much or too little ac- 
cording as she starts eastwards or westwards. 

Clock, Transit, and Cirule. Catalogue of Stars formed. 
26. Altitudes, zenith distances, and the angular distancs 
between two bodies or two parts of the same body can be 
observed with proper instruments. In an Observatory the 
beat graduated instruments are fixed in the plane of the me- 
ridian, and the altitudes observed with them are meridian 
altitudes, which are those used in the most important cal- 
culations. Azimuths are not often resorted to, on account of 



Observatories not being usually furnished with large fixed In- 
struments proper for observing them. We shall, in a succeed- 
ing Chapter, describe various astronomical instruments ; here it 
is only necessary to allude to the most important ones, which 
are, the xidereal clock, the transit instrument, and the mural 
circle ; the use o£ the first two is to determine the exact time 
of transit of the heavenly bodies over the meridian, that of the 
latter to measure their zenith-distances at the instant of transit. 

37. Wemay consider, as has been stated, that the period in 
which the diurnal revolution of the heavens is performed, never 
alters ; in the interval between a star's leaving the meridian of 
any place and returning to it, the nicest observations can detect 
no variation ; this (which is different from the solar day, or 
interval between two successive noons, a variable duration 
as will be seen) is called a sidereal day, and serves as a mea- 
sure of time, forming an important element in the system of 
the universe ; it is divided into equal portions, called hours, 
minutes, and seconds, like the solar day ; beginning at any 
place, when the first point of Aries is on the meridian of that 
place. 

A Clock so adjusted that its index completes a circuit 
in a sidereal day, pointing to o'^. O". O' when the first point of 
Aries is on the meridian, and having the circle on its dial- 
plate divided into 21 equal spaces, and which beats sidereal 
seconds, is called a sidereal clock. Hence wlien the Transit 
instrument is truly adjusted, and the clock goes accurately, 
at the instant the first point of Aries crosses the meridian, 
the index of the clock points o". O". O"; when the first point 
of Aries is 15" west of the meridian, the time shewn by the 
clock is 1", and the star which is in the line of sight of 
the Transit at that instant, has Id" right ascension ; a star 
whose" superior transit happens at 18\ has 270'' right ascension ; 
and similarly the clock will shew the right ascensions of all 
stars that cross the meridian at all subsequent hours, whicli 
are thus expressed and registered in sidereal time. 

28. Again, by means of the Mural Circle the zenith 
distances of the heavenly bodies as they cross the meridian, 
way be observed; and by adding the observed meridian 
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zenith clistaoce ZM (iig. 3), to the known decimation QM 
of a star wbich crosses the meridian a little south of the 
zenith, the latitude QZ of the place is obtained ; and this 
being once* accurately known, the declinations of all stara 
may be determined by taking the sum or difference of the 
latitude and observed meridian zenith distance; the sum, 
QZ + Zg = Qg when the passage is between the zenith and 
pole, and the difference in other cases ; and thus a catalogue 
may be formed of the places of the stars relative to the 
particular positions occupied by the first point of Aries and 
the equator at the time of the observations ; for it will be 
seen hereafter that, whilst the stars preserve their respective 
distances from one another, the situations of the assumed 
point and great circle from which right ascension and de- 
clination are measured are not invariable, but change by a 
slow continuous motion. 

First observBtions of the Sun's proper motion. 

29. Besides the diurnal motion already spoken of, com- 
mon to all the heavenly bodies, some of them have proper 
motions, and are seen to change their place with respect to 
the fixed stars; the most remarkable of these is the Sun. 
The roughest observations shew that the paints of the horizon 
where the Sun rises and sets, and his meridian altitude, are 
liable to perpetual changes ; these, which have no existence 
in the case of the fixed stars, can only arise from cliangt 
in the Sun's declination. 

Also his right ascension alters ; for if a star be situated 
a little to the east of the Sun, it will be seen to set after 
him ; soon it will be visible neither at its setting nor rising, 
being overpowered by the Sun's light ; afterwards it will 
be seen to rise before the Sun ; this shews, since the star'i 
position in the heavens is invariable, that the Sun must 
have moved from west to east till he has passed the star. 
Moreover if the Sun were stationary, the same constellations 
would always be seen, contrary to experience, in the south 
al the same hour after sun-set. 

• The distancen of ihe stara from ilie pole of the small circle descrihcd by 
the Pole.«tBi (i.e. ihe pole of the henvent} mny be determiaed, if ihe 
It only approsiiUBTelj' knoKn for the (iiirpt»e of conecliiiK tbr celtactian. 
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30. If we apply the test of iiiBtruiaental observation, 
we furtlier discover not only that these raotioiis of the SuK | 
in declination and right ascenaioD exist, but that they are ' 
not equable. 

The circle shews that the Sun's meridian zenith distance 
remains nearly the same for successive transits, only at two 
seasons, viz, about the 91st day of June and December, 
when it has respectively its least and greatest ^ 
the former case the Sun being a certain distance north of ] 
the equator, and in the latter, an equal distance south ; 
other times the meridian zenith distance perpetually alters, 
the daily change being the greater, the nearer the Sun is 
to the equator, in which he is found on the 21st day of ] 
September and March, 

Again, the Clock and Transit shew that if a star and i 
the Sun cross the meridian at the same instant on any dayj , 
at the following passage the star comes first, and the Sun i 
after an interval of variable duration depending upon the ^ 
time of year, the average value of which is about i", corre»- J 
ponding to something less than 1° of right ascension, which I 
must have been described by the Sun from west to east, i 
On the second day the interval between the transits of the 
star and Sun will be about 8°', and it will go on accumu- 
lating by variable increments, till after 365^ revolutions of the 
heavens, it becomes 24% or the Sun is again in the decli- 
nation circle passing through the star, and has performed 
the circuit of the heavens. This period, called a year, in 
which the Sun returns to the same position among the tixed 
stars from which he started, forms one of the most im- ] 
portant divisions of time. 

Ecliptic defined. Mode of ascertaining a body's place I'ektive to it. 

31. The comparison of the observed declinations and 
right ascensions of the Sun's center shews that the path which 
the Sun's center describes among the 6xcd stars lies all in 
one plane passing through the center of the Earth ; this 
plane, as well as the great circle according to which it cuts 
the celestial sphere, is called the Ecliptic. 

The angle of inclination of the ecliptic and equator 
called the Obliquity of the Ecliptic, its valixc being 23*. 28'; 



i 



ami the line in which their planes intersect, meets the celeRtial 
sphere in two points called the Vernal and Auttnnnal Equi- 
«ri,c. The ecliptic is divided into twelve equal parts or 
Signs, each consisting of 30", and denoted in order thus ; 
Aries ("r), Taurus ( S ), Gemini ( n ), Cancer (s), Leo 
(SI). Virgo (!!»), Libra {:^), Scorpio (ni), Sagittarius ( ^ ), 
Capricornus (w), Aquarius (^), Pisces (x). 

32. The First point of Aries is the Vernal Equinox, 
where the Sun's center appears (relative to northern latitudes 
at the beginning of spring) wlien lie passes from the south to 
the north side of the equator ; it is the fixed point of the 
equator noticed above, from which right ascension is measured, 
from west to east, or according to the order of the aigits. To 
find the time of the Sun's being in the equinox, we have only 
to observe his meridian zenith distances on two successive days, 
one greater, and the other less, than the latitude; then between 
the observations he was in the equator, and how long after the 
first observation that happened, may be determined by a pro- 
portion, because the change of declination may be supposed 
to be uniform during the interval between the observations. 

33. The Planets or wandering stars, which are dis- 
tinguished from the fixed stars by not preserving perma- 
neiit situations relative to the latter, and by their apparent 
magnitudes, were supposed, prior to recent discoveries, to be 
confined to a space of s" on each side of the ecliptic, which 
*as called the Zodiac; on this account the divisions of the 
ecliptic were called Signs of the Zodiac. 

The Moon's apparent path among the fixed stars is also 
nearly a great circle, inclined to the ecliptic at an angle 
of about 5"; whicli she completes, by a motion from west 
to east, in 27''. 7\ returning nearly to the same point. 

34. The Solstitial Colure is a great circle passing through 
the poles of the equator and ecliptic, and intersecting the 
ecliptic in two points called the Solstices. Since this circle 
passes through the poles of the equator and ecliptic, it is per- 
pendicular to each of them, and, therefore, to the line of their 
intersection, and consequently cuts them at 90" from the equi- 
Doxeg. Tile solstice which lies north of the equator, and ia 
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which the Suii appears at Midsummer, is called (relative 1 
places in noi'th latitude) the Su?nmer Solstice: the other, 
which the Sun is at the beginning of Winter, is called thed 
Winter Solstice. The Equinoctial Colure i^ a declinatioa^ 
circle passing through the equinoxes. 

35. The Latitude of a star is its angular distance from 
the ecliptic, measured on the arc of a secondary to the ecliptic 
intercepted between the star and ecliptic ; and is reckoned 
north and south from 0" to 90". The Sun moving in the 
Ecliptic has no Latitude. 

The Longitude of a star is the arc of the ecliptic in- 
tercepted between the iirst point of Aries and a secondary 
to the ecliptic passing through the star ; and is measured> 
like right ascension, from west to east through 360". 

The latitude and longitude determine the place of a star 
with respect to the ecliptic, in the same manner as right ascen- 
sion and declination determine a star's place with respect to 
the equator; they are not subjects of immediate observation, 
but are deduced by computation from the observed right as- 
cension and declination. The latitude and longitude of a 
star must be carefully distinguished from the latitude and 
longitude of a place on the Earth's surface ; they are equally 
spherical co-ordinates, designed to fix the positions of points 
under consideration ; bnt the planes to which they are re- 
ferred are different. 

Longitude is often expressed by the number of signs, 
i.e. of spaces of 30", which it contains; thus 187"- !9' is 
written 6* . 7° . 19' ; sometimes the symbol for the sign, in which 
the remaining odd degrees, qiinutes, and seconds, are to be 
taken, is substituted for the number of signs, thus the 
above may be written ^^ 7"- 1^'- 

The angle contained between the circles of decliuatiou 
and latitude passing through a star, is called its Angle of 
Position. 

('ombinationof the Sun's proper motion with the general motioD of the 
Hcaveaa. Variation in the length of the Solar day. 

36. We will now trace the changes in the position of the 
Sun''s diurnal circle, as observed at a given place, in the course 
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of a year. I^et iig. 6, represeut the eastern hemisphere of the 
feigped celesitial vault, the dotted Hues being situated in the 
western hemisphere. Z is the zenith and HR the horizoD 
of any place on the Earth's surface having north latitude; 
QEy the equator, and NyM the echptic, intersecting one 
another in the line y ^ . The points T and =i are the 
equinoxes, T being the vernal equinox ; for the Sun in 
passing through it, since he moves in the ecliptic from west 
to east, passes to the north side of the equator, as the figure 
shews, which agrees with the definition of the vernal equinox ; 
the Sun is in y in spring, he then rises in the east point, 
his diurnal circle is the equator, and the day and night are of 
equal duration. A few days afterwards, his place in the ecliptie 
will be S ; then this point and the Sun, by the revolution of 
the sphere, will be transferred to the meridian at C, that is, 
his circle of daily motion will be SOC, being the place 
where he rises, and ZC his meridian zenith distance ; and after 
another interval of a few days, his place will he S' and his 
diurnal circle S'Cf. Advancing in this manner each day along 
the ecliptic, his diurnal circle will recede more and more from 
the equator, and his meridian altitude and the length of the 
day will increase ; till, having described 90" of the ecliptic, the 
Sun comes to the summer solstice M, which is the limit of his 
approach to the north pole ; his circle of daily motion is then 
the parallel BD which touches the ecliptic in M, and is called 
the Tropic of Cancer, and the day is then the longest. After 
passing the solstice, the Sun begins to return to the equator, 
ajipearing, by the revolution of the heavens, to describe tlie 
same series of diurnal circles as before. When he reaches ^ 
the autumnal equinox, he is again in the equator ; he then 
passes to the south side of the equator, and describing 90" 

tof the ecliptic, comes to N the winter solstice ; when, having 
attained his greatest south declination, the length of the day 
is the shortest, and his diurnal circle is FG, the Tropic of 
Capricorn, The Sun then begins to return to the equator 
through JV Y , and the days lengthen; till at the end of a 
year, or after about 365^ revolutions of the heavens, he is 
again in the first point of Aries, 
This combination of the Sun's proper motion with the 
daily motion of the heavens, makes his actual path a sort 
* 
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of spiral traced on the celestial vault ; but ao small i 
proportion which hia proper motion bears to the general 
diurnal motion, that at present it is sufficient to conce 
that every day, from his rising to his setting, the Sun i 
Ncribes a circle like a 6xed star, parallel to the 
and distant therefrom, by hiK own distance when un the mei 
dian; but this circle every day changes its situation, , 
preaching to and receding from tlie equator, on both sidi 
within certain limita. 

37. Next to trace the ciianges in the length of 
solar day at different places on the Earth's surface in thi 
course of a year. In the case of the fixed stars we havi 
seen (Art. 20.) that the nearer any one of them is to 
visible pole, the greater is the portion of its diurnal circle 
which is above the horizon, and the longer consequently does 
the star continue above the horizon. Hence at all places 
having north latitude, from the winter to the summer sol- 
slice, since the Sun's north polar distance when on the meri- 
dian is less eacli succeeding day, a greater portion of hia 
diurnal circle lies above the horizon each succeeding day 
the length of the day increases, and that of the night dcv 
creases; the Sun's being above or below the horizon being 
understood to constitute the distinction between day and 
night. At places having the south pole above their horizon, the 
reverse takes place ; the length of the day decreases from the 
southern to the northern solstice, and increases from the north- 
ern to the soutijern solstice ; at the equinoxes the days and nights 
are of the same length at all places on the Earth's surface. 

Also the length of the day at any piace when the Sun 
has north declination is equal to the length of the night 
when he has the same south declination; for if J/Z, G^_ 
(fig. 2) be the Sun's diurnal circles at those times, it is 
nifest that RV= Hv, and therefore the chords DO, do, being 
perpendicular to HR, are equal; consequently DMO = QFd^ 
and the times of describing them are equal; hence in the 
course of a year, the whole period of day-light is very nearly 
the same at every place on the Earth's surface, 

38. Through iV, fig. 7, the winter solstice, draw JVQ tlie I 
arc of a great circle perpendicular to the ecliptic i thenTJVJ 
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being !10°, tiie point T is the pole of NQ, which therefore being 
produced passes through P the pole of the equator; and if 
JVJT = 90\ K is the pole of the ecliptic, and the great circle 
PKNM is the ■solstitial colure. Also, since the arc of a great 
circle which joins the poles of two great circles measures their 
inclinstion, FK = NQ = i. N"r Q is the obliquity of the eclip- 
tic, or inclination of the ecliptic and equator. The great circle 
i*T^ is the equinoctial colore. 

Through S any star draw secondaries to the ecliptic and 
equator KS, PS, meeting them respectively in O and D ; tJien 
T is the longitude, SO the latitude, and I KSP tiie angle 
of position of the star S. 

If we suppose O to be the place of the Sun in the 
ecliptic, the figure evidently represents the position of the 
great circles of the sphere, with respect to the meridian and 
horizon of the place whose zenith is Z, a short time hefore 
sunrise on some day between the ends of March and June. 
The diurnal motion of the heavens will cause A', the pole 
of the ecliptic, to describe a small circle Tli-, distant 23". 2S' 
from the pole of the heavens, which is called the arctic 
circle; the circle described at the same distance about the 
opposite pole is called the antarctic circle. 

Rotation of the Karth round an axis. 
39- It has been said that the stars appear to describe 
parallel circles round the axis of the lieatens in 93''.56"', but 
it is evident that the same effect will he produced if the stars 
remain at rest, and the Earth revolve uniformly round the 
same axis in the same time, but in the opposite direction. 
For the spectator, not being aware of his own motion, would 
refer the whole change of relative position to the stars, which 
would appear to describe parallel circles in a direction opposite 
to his own motion. That the Earth really revolves is rendered 
probable; Ist, by its greater sioiplicity, when we consider the 
immense distance of the stars, and the enormous rapidity with 
which they must revolve, in order to move round the Earth in 
23''. 51?° ; 2d, from the analogy of the Sun and planets, which, 
although many of them are much larger than the Earth, are 
found by observing spots on their disks to have such a rota- 
tion ; 3d, from the Earth's figure being not exactly spherical, 
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but uearly such as it would be, supposing the Earth to havj 
been originally fluid, and to have revolved round an i 

and from the diminution of gravity in proceeding towards thel 
equator being such as would arise from the centrifugal force f 
of the Earth's rotation. 

It has been tried to determine the question experiment- 
ally, from considering that if the Earth revolve round its 
axis, a stone let fall from the top of a tower, ought not 
to fall exactly at the foot, but a little to the east of it; 
for the stone, at the moment of falling, has the horizontal 
velocity of the top of the tower, and, as this is greater than 
that of the places it successively arrives at, it ought to have 
a relative easterly motion from the tower, and ought, there- 
fore, to fall east of the foot of the tower. The experiments* 
appear to have been tolerably decisive in favor of the hypo- 
thesis of the Earth's rotation, notwithstanding the difficulty 
of measuring accurately the small deflection from the vertical, 
and getting quit of all extraneous causes that may affect its 
amount. 



40. The same difficulty of distinguishing between real 
and apparent motion occurs with regard to the Sun, By 
observing his successive positions relative to the fixed stars, 
we have seen that the Sun seems to move through the 
heavens in a direction opposite to the apparent diurnal mo- 
tion, or from west to east ; but the Sun would appear to 
move in the same way if he remained at rest, and the Earth 
moved round him in the same direction and period. For, let 
S (fig. 8) be the Sun, E, E' the Earth, in any two points of 
its orbit round 5; through E' draw E's parallel and equal 
to ES. Then, when the Earth was at E, the Sun appeared 
among the fixed stars in £5" produced, or, on account of 
their immense distance, in E's produced ; and when the Earth 
is at E', the Sun is seen in the direction E'S ; therefore, he 
has appeared to describe the angle SE'« round the Earth, 
equal to ESE' the angle described by the Earth round the 
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Sun. The Sun's proper motion lying in a plane passing 
through the Earth's center, his apparent path on the snrface 
of the sphere is gii-cular, and depends only on the plane in 
which he moves, and not on the actual curve traced in that 
plane: but since when the Earth was at E, the distance of the 
Sun was ES = E's, and that the angle ESE' = SE's, there- 
fore, the Sun must appear to describe the same curve in space 
round the Earth which the Earth describes round the Sun; 
and whatever variations there may exist in the velocity with 
which the Earth describes her orbit, the same will affect the 
Sun's motion in his apparent orbit. 

4-1. There is reason to suppose that the Eartli i-eallt/ 
mooes rnund the Sun. For, from the distance of the Earth 
from the Sun and the period of the Sun's apparent revolution 
round the Earth, compared with the distances and periods 
of the planets which we know revolve round the Sun, it 
seems probable that the Earth is a planet, and is subject to 
the same laws of motion as the others. The aberration of 
light also, and the stationary points of the superior ])tanets, 
{which will he treated of hereafter) can be simply explained on 
the hypothesis of the Earth's motion round the Sun, but have 
not been accounted for on the contrary supposition. But the 
strongest proof of the hypothesis of the Earth's double move- 
ment, is the perfect agreement which it establishes between ob- 
servations and results; at this stage, it can only be shewn to 
be far more probable than the contrary supposition ; in the 
sequel of the work, it will appear verified by more proofs than 
are united in the support of a theory in any branch of Natural 
Philosophy. We conclude, therefore, that the Earth revolves 
round its axis in a day, and round the Sun in a year; but as 
the general phenomena would be the same on the contrary 
hypothesis, we may, in explaining them, make use of that 
supposition which is most convenient. 

True BtatBineiit oftlie lieuveiily movetui'uts, uiid cointMiiieiil expliiimtiuii 
of the plicnumciiH. 

42. The true statement then of the heavenly movements 
is, that the center of the Earth describes abont the Sun 5', (fig. 
9) fixed in space, an orbit T(T t in one plane, which is nearly 



a ciiclo with the Sun in its center, in a period of 365^ day^J 
moving from west to east, whilst at the same time the Earth i 
revolves about its axis once each sidereal day in the same 
direction ; this axis is carried forward in space, preserving 
its parallelism in all positions, and making a nearly constant 
angle of 66°. 32' with the plane of the ecliptic. 

And it will now be useful to shew that, proceeding upon J 
this true statement, we can readily explain those grand pha- ] 
Tiomena previously accounted for on the supposition of thfl 
Earth ^s quiescence ; viz. the general parallel motion of th« 
Sun and all heavenly bodies, and tht; Sun's proper motion 
in declination and right ascension. 

43. To begin with the apparent daily motion of the 
Sun and the other heavenly bodies, by the effect of the 
Earth's diurnal rotation, the different portions of its surface 
being successively presented to the Sun and turned from himy J 
are made to form parts of the illuminated and unilluminatedJ 
hemisphere, and the alternations of day and night are proti 
duced- Also when the plane of the horinon of any place i 
sufficiently turned away from the Sun, the stars of half the 
celestial vault become visible; and the Earth turning from 
west to east, the horizon gradually uncovers stars in the east- 
ern portion of the heavens, and hides others in the western 
])ortion; and thus, during a winter's night, nearly the whole 
heaven is presented to our view, except two portions, one 
near the south pole which never rises, and another contiguous 
to the Sun's place in the ecliptic at that time, which being 
above the horizon only at the same time as the Sun, is con- 
cealed by the glare of day. 

++. Again in consequeu(;e of the Earth's annual motion, 
the Sun seems to traverse the ecliptic in the same direction 
;is the Earth actually describes it ; when the Earth is at 7', 
the Sun appears to occupy, relative to the iixed stars, the 
])oint where the firmament is penetrated by the line T.S'; 
and in whatever point of the ecliptic the Earth is, the Sun 
appears in the opposite point, separated from the Earth by 
ISO" of longitude, and in the position which the Earth 
really occupy after six months. 
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45. It has been stated that the angular distancG uf two 
fixed stars is the same, seen from all points of the Earth's 
surface; it is further very doubtful whether the sUghtest al- 
teration can be detected in it, when viewed from all points 
of the Earth's orbit ; hence not only is the Earth's diameter, 
but the diameter of the Earth's orbit evanescent, compared 
with the distance of the fixed stars. This removes all diffi- 
culty in reconciling the assertion respecting the invariable 
position, with respect to the fixed stars, of the poles and 
equator, with the actual state of the case which is, that the 
Earth's axis, being carried forward parallel to itself round 
the orbit, describes a cylindrical surface, and being pro- 
duced, its extremity traces out a curve on the feigned celestial 
vault ; and that the equator, retaining its parallelism, has its 
extreme positions widely separated. On account of the pro- 
digious distance of the fixed stars, the different parallel posi- 
tions of the Earth'x axis and equator, being produced, cut 
the celestial vault in invariable points, and in an invariable 
circle, just the aame as if the Earth were fixed. 

Ejqilanatioa of tlic appurtnt changes of the Sim's dei^lination. 
i6. We shall next shew that the regidar periodical changes 
of the Sun's declination, and consequently the vicissitudes of 
the seasons, are owing to the Earth's annual motion, whilst its 
axis preserves a constant inclination to the plane of its orbil, 
and is always parallel to itself. Let S fig. 9, be the Sun in the 
center of the orbit, and T the Earth's center ; let the radius 
vector iST meet the terrestrial sphere in JV; a plane per- 
pendicular to the Earth's axis through iV will give the small 
circle NB, all the points of which, in consequence of the 
Earth's rotation, will in succession pass through N^ and 
the Sun being fixed in S, his diurnal path to a spectator 
placed in T would be the intersection of the conical surface 
NTB with the celestial vault. But a spectator any where 
on the Earth's surface views the celestial movements nearly 
the saine as if he were at the center; therefore, for the pur- 
pose of general explanation, we may say that when the Earih 
is at T, at all places on its surface, the Sun's apparent diurnal 
path is the intersection with the celestial vault of the conical 
surface NTB, and his polar distance is the angle PTS 
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Suppose the Earth at T to have that position for which 
pUne containing the Sun and Earth's axis is perpendicular 
the plane of the ecliptic, this will happen at the summer solstice. 
The circle which the Sun then appears to describe in 2*'', is 
the tropic of Cancer distant 23". 28' north of the equator, which 
name is also given to the parallel NB, similarly situated with 
respect to the Earth's equator. The inhabitants of the parallel 
jV5have the Sun vertical or in their zeniths; those of the zone 
jVPB do not, it is true, see the Sun in their zeniths, but he 
then makes hi» nearest approach to their zeniths. A plane 
UV through T perpendicular to .97' separates the enlightened 
and unenlightened hemispheres ; it cuts the meridian PBA 
23". 28' from P, and consequently all places less distant from 
P will never, by the diurnal rotation, be carried out of sight 
of the Sun, and an equal portion at the opposite pole will 
never be brought into sight of him, when the Earth is in thia 
position ; and the nearer any place is to P, the smaller portion 
of its diurnal path will lie on the dark side of the plane UV. 

When the Earth, after leaving T, comes to the op- 
posite point 7" of its orbit, and the axis Pjt' is again in 
the plane of the solstitial colure, since.it preserves its paral- 
lelism, the angle P'T'N' or the Sun's north polar distance is 
obtuse, and supplementary to its former value; consequently 
the radius vector meets the Earth's surface in a point whose 
declination is 23".28' south; the Sun appears to describe the 
tropic of Capricorn in 24*' ; the inhabitants of the zone N'A'ff 
have summer, whilst in the opposite hemisphere the epoch is 
the winter solstice; the south pole is now turned towards 
the Sun, and at partR near the north pole there is perpetual 
night. 

In intermediate positions, when for instance the Earth' 
center, after leaving T, moves towards t, the angle STi 
which is the Sun's polar distance goes on increasing till 
it becomes a right angle at /'; the radius vector then meets 
the Earth in the equator at q', and the Sun consequently ap- 
pears to describe the equator, the epoch being the autumnal 
equinox ; also the plane which separates the enlightened and 
unenlightened hemisphei-es then passing through the poles, the 
Sun is visible and invisible alternately, at every part of tl 
Earth's surface, for exactly half the time of her rotation. 
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From i to jT" the angle St' it is obtuse, or the Sun's diur- 
nal circle is south of the equator, and liis north polar distance 
goes on increasing, till at 7^ it has its greatest value; and 
through the remainder of tlie orbit it diminishes, becoming 
a right angle when the Earth, at the vernal equinox, is at /, 
and the Sun is again visible every where, and for the same 
time ; after which the Sun's diurnal circle passes to the north 
of the equator. 

47- Thus it appears that the parallelism of the inclined 
axis, about which the Earth rotates, makes us suppose that 
the Sun's declination changes, and that he describes a series 
of parallels to the equator, moving backwards and forwards 
between the tropics ; each of these parallels is the effect of 
our daily rotation, and the [lassagc from one to another, 
or the change of declination, is due to the translation of 
the Earth in her oibit. 

The appearances would be different if the Earth's axis 
were either perpendicular to the ecliptic, or coincident with 
it at the same lime remaining always parallel to itself; in 
the former case, the Sun would never have declination but 
always be seen in the equator, and there would be perpetual 
spring, and days and nights of equal lengths every where; 
in the latter, his declination would admit of all degrees of 
magnitude north and south, and he would be seen alternately 
in each of the poles. 

48. As the Sun seetas to pass to the north side of the 
equator when tlie Earth is at t, his place in the ecliptic (which 
is that great circle according to which the plane of the Earth's 
orbit meets the celestial vault) determined by producing tS 
to meet the firmament, is T the first point of Aries, and the 
Earth's place is consequently ii= the first point of Libra. The 
line ■Y* =s= demands particular attention, as it is often referred 
to ; it coincides, as we perceive, with the intersection of the 
Earth's equator and plane of her orbit, when the Earth is 
at t and t' : but uu the supposition that the Earth's axis 
preserves its paratlelisDi, the line of intersection bkewise 
preserves its parallelism; consequently T^is the line drawn 
in the plane of the ecliptic to which the line of intersec- 



tion i)f the Earth's equator with that plane continues pa- ] 
rallel, as the Earth describes her orbit. Again, when the 
Earth is at T, the Sun is seen to have his greatest north 
declination, and his place in the ecliptic, tletermined by 
producing 7*^, is o the first point of the sign Cancer, and 
the Earth's place is vj" the iirst point of Capricorn. 

49, The Sun's longitude is the arc of the ecliptic be- 
tween his place in the ecliptic and the first point of Aries, 
measured from west to east, that is, in the direction in 
whicli the Earth moves. Consequently when the Earth's 
renter is in the positions t„ t^, the Sun's longitude will be 
the angles f t^ S, y t^S respectively, (the latter being greater 
than 180") ;. for lines drawn from the Earth in all positions 
to the first point of Aries, are parallel to one another. 
Also the Earth's longitudes, seen from the Sun, will be 
TT ^ij , T Sts< in eacli case differing from the correspond- 
ing longitude of the Sun by 180". 

Explanation of thit appareut clianges of tho Sun's right ascension. 

50. We next proceed to shew how the apparent daily 
change of the Sun's right ascension is produced by the Earth's 
motion in the ecliptic. Let at any time the Earth's center be 
in the point 7" of its orbit, (fig. 10) and let the Sun be on the 
meridian of a place M ; then he will appear in the heavens 
contiguous to some star s, which is on the meridian at the 
same time with him. In 21 sidereal hours let the Earth's 
center arrive at t, and let the radius vector St meet the Earth's 
surface in the meridian ph; then the meridian of jtf will have 
performed a revolution, and be parallel to its former position, 
and therefore, on account of the immense distance of the fixed 
stars, will again pass through the same star s ; but will not 
have reached the Sun, which at that instant is on the meridian 
pb a little to the east of ^f. Consequently it will not be till 
some minutes after passing the star s, that the meridian pM, 
by the revolution of the Earth (which takes place in the di. 
rection «y, the same as the direction Tt of the motion of its 
center) will be made to pass through the Sun ; the angle Mpq 
which the meridian describes in that interval, never differing 
much from ft.f or TSl, the angle described by the Earlh'f 
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center round the Sun in tlie same time. This then is the true 
explanation of what is observed, namely, that if a star and the 
Sun leave the meridian together, the following transit happens 
about four minutes later for the Sun, than for the star. 

51, Hence also we perceive not only that the solar day 
exceeds the sidereal day, but that the excess is variable; for 
the angle apq which measures the excess wguld not remain the 
same, supposing litg not to alter, by reason of the change of 
Stp the Sun's polar distance; and there is, as we shall see, a 
second cause of inequality in btg= TSt, the angle described 
by the Earth in a sidereal day, being variable. 

Zones of tLe Earth's surface. Comparison of the. plicnoniena luvscnted 
by tlic Sun at places in different Zonps. 

52, The small circles of the terrestrial sphere parallel to 
the equator and distant 23" . 2&' north and south of it, as has 
been stated, are called the Tropic of Cancer and Capricorn; 
and the portion of the Earth's surface which lies between them 
is called the Torrid or intertropical Kone. Also the small 
circles distant 23" . ss' from the north and south pole of the 
Earth are called, respectively, the Arctic and Antarctic circle, 
and the portions of the Earth's surface which lie within them, 
the Arctic and Antarctic zone. The remaining portions of 
the Earth's surface situated on each side of the equator, be- 
tween a tropic and a polar circle, are caUod respectively the 
north and south Temperate zone. 

The grand distinctions in the phenomena observed in 
these divisions of the Earth's surface, are that at places be- 
tween the tropics the Sun is vertical or passes through their 
zeniths twice in the year; at places within the polar circles, 
during a certain portion of every year, the Sun never sets, 
and during another equal portion he never rises ; whilst at 
places in the temperate zones he is never vertical, but al- 
ways crosses the meridian on the same side of the zenith, 
and is below the horizon a portion of every 21 hours. 

53, To trace the changes in the phenomena oll'ercd by the 
Sun in the course of a year to spectators in different zones. 

To the inhabitants of the equator, the poles are in the 
horizon, the diurnal circles of the Sun and stars arc all 
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perpendicular to the horizon and bisected by it, all the 
year round the days and nights are equal, at each of the; 
equinoxes the Sun is vertical, at the solstices his meridian 
zenith distances are each equal toSS^.'-JS', and in opposite di« 
rections; the shadows at noon fall during one half of the year 
towards the south, and during the other half towards the 
north, and the year consists of two summers and two winterB.' 
At all places throughout the torrid Kone the phenomena ar^ 
analogous, the circles of daily motion make an angle greate^^ 
than 66". 32' with the horizon, and the Sun crosses the me^. 
ridian, part of the year to the south, and part, to the north 
of the zenith. In the temperate zones, since the Sun nevei* 
attains the zenith of any place, the shadows at noon alwayS' 
fall towards the north, or towards the south. At places 
situated on the arctic circle the Sun never sets on the^ 
longest day ; for his north polar distance is then 66^ . 32'^ 
which is equal to the latitude or altitude of the pole i 
those places; hence at his inferior transit the Sun will juat 
touch the horizon,. At places within the arctic circle, sing 
the elevation of the pole exceeds 66".. 12', the limit to vhicl^ 
the Sun's north polar distance diminishes, therefore for i 
certain number of days before and after the summer solstice, 
the Sun's diurnal circle will be wholly above the horizon, i. i 
he will never set, and in the same way for an equal period a^' 
the winter solstice, he will never rise; and at the piRe he wilfc 
be half the year above, and half Ijelow, the horizon. 

The Sun's influence on the climates of different places. The trade winds. 
54. The Sun's influence in producing warmth, depends 
upon the time during which he is above the horizon, and th£ 
elevation he attains above the horizon ; for the greater lengt^ 
of the day gives him a longer time to act; and the j 
his altitude, the greater proportion of his rays does a givt 
horizontal surface receive (for the illumination of a plane vari 
as the sine of inclination of the plane to the direction of tin 
incident rays), and the more directly du they fall upon th( 
atmosphere, and consequently, having a shorter distance td 
traverse through it, a smaller quantity of the solar light anj 
heat is absorbed. At the equator since the Sun is alwaji 
twelve hours above the horizon, the greatest heat will happen 



at the equinoxes when he is vertical, and the least at the 
solaticea. Id the temperate zones, the meridian altitude of the 
Snn and bis stay above the horizon continually increase from 
the winter soUtice to the Rummer solstice (relative to the place), 
which are consequently the periods of least and greatest heat ; 
or rather it is after midsummer that the pei-iod of greatest heat 
occurs, for though the actual quantity of heat then received is 
less, yet the Earth's surface and atmosphere receiving more heat 
than they part with, the general stock is increased. In the 
torrid zune, the two causes of solar power conspire only from 
the winter solstice ^relative to the place) till the Sun becomes 
vertical, afterwards they are opposed, the elevation diminishing 
whilst the length of the day increases, till the next solstice. 

If when the Sun is south of the equator, a person in north 
latitude approach the equator, the Sun's meridian altitude 
above his new horizon and the length of the day are both 
increased, and therefore the causes conspire to make the winter 
milder, as the north latitude diminishes. Uut if when the 
Sun is north of the equator, a person move from a place, 
whose zenith is north of the Sun. towards the pole, the 
length of the day will be increased, but the meridian altitude 
above the new horizon diminished, i. e. the causes of the Sud'b 
power are opposed. The above is a general explanation of 
the way in which the Sun's position affects the climates of 
different places; hut so great is the influence of local causes, 
that frequently the climates of places having the same lati- 
tude are very different. 

55. The solar heat is most effective at the equator, and 
by rarefying the air there, causes it to move in the direction 
in which it is least opposed, i. e. to ascend and expand iteelf 
along the upper strata of the atmosphere towards the poles, 
whilst its place is supphed hy the cooler and denser parts 
ru&hing along the surface iu the contrary direction. But the 
atmosphere partakes of the velocity of rotation of that part 
of the Earth's surface with which it remains in contact 
for any time, and that velocity, as we know, increases as the 
latitude diminishes; consequently the aerial current, rusliiog 
towards the equator, revolves more *!o»ly than the parts of 
lite Earth at which it successively arrives, and bodies on the 



EarlVs surface will strike against it with the excess of their 
velocity, and be opposed by its reaction. Hence to a person 
between the tropics, the combination of the relative eastertjr 
motion, and the absolute motion towards the equator, of th* 
aerial current, will produce the sensation of a wind from the 
north east, or south cast, according as he is in the norlhera 
or southern hemisphere ; at the equator, the wind will blow 
from the east, which is the direction of tlie Trade winds. 
These results are verified by experience, anil so far confirm 
the hypothesis of the Earth's rotation. 

\'ariatioii of the Sun's apparent diamelci'. His appaiTiit orbit an ellipse 
with tlic Earth in the focus. 

56. Hitherto we have said nothing of the Sun's distance 
from the Earth, either as to its actual magnitude or ilt 
variations ; all we know is, that he moves always in the s 
direction in a plane through the Earth's center, and that con* 
sequently, wliatever be his path in that plane, when referrpfl 
to the celestial vault, he appears to describe a great circISi 
It can be readily shewn that his distance is continually varyi 
ing, and that his actual path is an ellipse. Through the Sun's 
center, perpendicular to the line joining that point and the eys 
of the spectator, conceive a plane to be drawn ; this will deter* 
mine the visible hemisphere of the Sun, which appears lik4 
a fiat disk ; and if lines be drawn from the extremities of any 
diameter of the disk to the eye, [he angle between them, 
the angle subtended by the Sun's real diameter at the eye of 
IJie spectator, is called his apparent diameter ; and since this 
angle is very small, the real diameter may be considered as s 
circular arc concentric with the spectator's eye, in which case 
we have, distance x (apparent diameter) = real diameter, which 
shews, since we have no reason to suppose that the real dia- 
meter alters, that the apparent diameter varies inversely as tin 
distance. Now the apparent diameter can be accurately mea« 
sured, and is found to be continually varying, therefore the 
Sun's distance is continually varying; its mean value, as will 
be seen, being about aG thousand times the Earth's radius. 

57- Also the apparent diameters at different times give 
the proportion of the corresponding distances of the Sun; 



and the right ascensions and declinations being observed, give 
hia corresponding longitudes ; hence, knowing the directions 
of the radii vectores and the lengths of lines which are pro- 
portional to their respective lengths, we can trace out a curve 
similar to that described by the Sun round the Earth in the 
plane of the ecliptic ; and this is found to be an elHpae with 
the Earth in ifsfocjis. 

In an ellipse, the longest and shortest lines that can be 
drawn from the focus to the curve, are the two portions 
of the major axis; and accordingly we find that the Sun's 
positions, when his apparent diameter is least and greatest. 
are separated by 180" of longitude; and that the apparent 
diameter continually increases from one position to the other, 
and then diminishes through the remaining half of the orbit. 

58. The least apparent diameter is nearly St^'t and is at 
present observed about the ^nd of July, and the greatest 
12'. 35", observed about the first of January, at which timeit 
(he Sun's distance from the Earth is respectively greatest 
and least, and the corresponding points of his orbit are 
called the apogee and perigei: The extreme variations of 
the apparent diameter being bo small, the solar ellipse in 
nearly a circle; the greatest distance diminished by about 
one thirtieth of itself gives the least distance. Conforming 
our language to appearances, we have attributed to the Sun 
the motion and variations of distance which really belong to 
the Earth ; this the reader will rectify for himself, both here 
and in the following Article; when the Earth is considered 
the moving body, the points in her orbit most remote from 
and nearest to the Sun are called the aphelion and perihelion, 
or the apsides, and the line joining them, the line of apsides. 

Equable description of areas by tile Sun'3 radius rector. 

59. Having thus ascertained that the Sun appears to 
move in an ellipse round the Earth, the next enquiry that 
suggests itself, is whether his velocity in that ellipse is uni- 
form or variable. By finding the Sun's longitudes in two 
consecutive positions, from the observed right ascensions and 
declinations, and taking their difference, we obtain the angle 
described bv the Sun round the E.irth in the time between 
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the observations ; and dividing that angle by the time, w^ 
get a quantity which expresses the angular velocity at th« 
first observation, the more nearly, the smaller the time and 
angle are. Now this angular velocity is found to alter with the 
Sun's distance, so as to be greatest when the apparent diameter 
is greatest, and least when the apparent diameter is least f 
but yet to exhibit greater inequalities than those of the ap* 
parent diameter or distance, and not the same, which would. 
be the case if the Sun moved uniformly in his nearly circuli 
orbit. On accurate comparison of the angular velocities withi 
the distances, it is found that they vary ineersely as th9< 
squares of the distances; consequently, if the square of thtf' 
radius vector be multiplied by the angle described by it in any 
the same small interval, as an hour, this product will be the 
same for every point in the orbit. But half of this product 
expresses the area of a circular sector whose radius is the first 
distance, and angle the small angle in question, an area whicl|' 
(since the Sun's orbit is nearly a circle) is nn distinguish able 
from that contained by the two distances of the Sun and the 
intercepted arc of the orbit ; hence the sectorial area described 
by the radius vector in any small interval, as an hour, is 
independent of the Sun's distance, the change produced in it 
at different points by the increase or diminution of the dis^ 
tance, being exactly compensated by an oppo&ite change in 
the angle. But if the areas described by the radius vector 
in small equal portions of time be equal in every part of the 1 
orbit, the whole areas described by the radius vector in equal 
portions of time of anv magnitude will also be equal. Con- 
sequently the law which regulates the velocity of the Su»- 
in his orbit is, that the area described hij the radius vector, 
in any time is proportionai to the time. 

60. At perigee the arc of the ecliptic described by the J 
Sun in 24\ is 6l',l65, at apogee it is 5?', 192; hence the J 
greatest difference between the angular velocities is aboi 
fifteenth part of the least angular velocity. If we divide 
by 365^ s''. 48"". 49', which is the length of a tropical year,; 
we get 5!)' . s"-^ for the mean length of the arc of the ecliptic j 
or equator described each day by the Sun, that is, liis mean. I 
daily motion in longitude or right ascension. 




I>ifferent lengths of the SyngEms produced by the Suu's elliptic motion. 

61. Let KMN, fig. 11, be the solatitial colure, t MN 
ttie ecliptic, A the place of apogee referred to the ecliptic 
near M the suminer solstice, P that of perigee near N the 

^inter solstice, and consequently AP the direction of the 
jSaajor axis or line of apsides of the solar ellipse anp, passing 
through t, the Earth, in its focus. Then because the Sun's 
angular motion is slower the further he is from the Earth, 
CArt. 59) ho will take a longer time to describe the 180" 
of - longitude, 90° of which are on each side of apogee, than 
tile remaining 180" of his course, in which he passes through 
perigee ; and accordingly we find that he is longer on the 
north than on the south side of tlie equator, by a period 
a^mounting at present to about 7". 16". 50'". 

At apogee the daily motion in longitude is least, and 
•continues the same for several days together, and this hap- 
pening at present near the summer solstice when the motion in 
declination is hardly perceptible, it follows that shortly after 
midsummer the variation in the length of the day will on both 
accounts be less than at any other season, and there will con- 
sequently occur several successive days nearly of the same 
length ; the same thing happens at the winter solstice but 
in a smaller degree, for the circumstance of the Sun being 
then in perigee and moving quickest, soon causes tlie change 
in declination to sensibly affect the length of the day. 

62. Hence we may compare the lengths of the four 
seasons. Of the four sectors into which the solar ellipse 
is divided by the lines MN, t ^ , at right angles to one 
another, that will be the greatest whose bounding radii are 
greatest, viz. mtx, and the opposite one ntv will be the least ; 
consequently the quarter of the year from the northern solstice 
to the equinox is the longest, and the quarter from the southern 
solstice to the equinox the shortest, and that from the equinox 
to the northern solstice is longer than the remaining one. 
Hence if the periods during which the Sim's north declina- 
tion increases and diminishes be called respectively spring 
and summer, and the periods during which his south decli- 
nation increases and diminishes autumn and winter, the order 
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f these periods in respect of length is at present (for we shall 1 
see by the B«Kt Article that it is not permanent) summer^. I 
spring, autumn, winter. 

Hence also the Sun''s influence in communicating h'ghtl 
and heat to the Earth is greatest, alt other things continuing 
the same, at the winter solstice; but the other circumstances 
on which it depends are so much more powerful in modifying 
and increasing it, that the variation of the Sun's distance may 
in comparison he neglected. 

Modes of measurmg time. Different sorts of days. Eg^uatiou bl 

63. We are now enabled to explain the mode of nie»*J 
suring time, which is a matter of great importance, and nofil 
without difficulty ; and it may be proper to repeat the follow-B 
ing definitions. A day is the interval of time between thi 
departure of any m?''idian from a heavenly body and its suc- 
ceeding return to it and derives its name from the body with 
which the motion of the meridian is compared. The interval 
between the departure and return of a meridian to the" Sun's 
center is called a Solai' day ; in the case of the Moon, the inter- 
val is called a Lunar day ; and in that of a star a Sidereal 
day. Apparent noon at any place is the moment when the 
Sun's center is actually upon the meridian at that place. 

64. It has been stated that the diurnal rotation of the 
heavens is performed in an invariable period of 23''. 56", 3',3 
mean time, called a sidereal day ; and not only is the interval 
between a starts leaving the meridian and returning to it in- 
variable, but also the times in which equal portions of its 
course are performed, are equal. However the sidereal day 
would not be convenient as the ordinary measure of time ; 
its commencement, depending upon the presence of some par- 
ticular star upon the meridian, would not be marked by a 
sufficiently striking phenomenon, and in the course of a year 
would happen when the Sun was at various distances above 
and below the horizon. That luminary, which regulates tlw 
operations of mankind and determines the periods of labour a 
vest, is pointed out by nature to fix the standard of time. 

(is. In common language, the period during which tH 
Sun is above the horizon is called day ; but the solar or aetf 



nomieul day, aa has been said, incliities thu uliole duration 
of the Sun's diurnal rotation, and iff the int&val between 
two consecutive noons or midnights; by reason of the Sun's 
proper motion from west to east, it exceeds the sidereal day ; 
and that excess is of variable length both on account of the 
inequality of the Sun's proper motion, and also on account of 
the obliquity of the ecliptic. For since the arc of the ecliptic 
described by the Sun in a day, is at one season 5t' and at 
another 6l', it is clear that even if his declination never altered, 
solar days would be of different lengths. But if through the 
extremities of that arc we conceive two meridians to be drawn, 
the intercepted arc of the equator is the Sun's daily motion 
referred to the equator, and the time which it takes to be 
uarried across the meridian, in the excess of the solar above 
the sidereal day; and this arc of the equator manifestly bears 
a much greater ratio to the corresponding are of the ecliptic 
near the solstices when they are parallel, than at the equi- 
noxes when the inclination of the two arcs to one another 
is greatest. Thus we see that solar days are of unequal 
lengths; and therefore a clock that goes uniformly cannot 
keep with the Sun, i. e. its index, cannot continue to point 
19*, when the Sun is on the meridian. 

The solar day is consequently an unfit measure of time, 

and is superseded by a duration called a mean volar day, 

"hich is the computed average length of the actual solar days ; 

'e. its length is equal to the mean or average of all the 

"Pparent solar days in a year ; as its commencement never 

uiffers much from that of the real solar day, and as its length 

's invariable, it ia free from the objections against either the 

-''laereal or solar day as a standard. 

€6. The mean solar day may be supposed to be de- 

"-'f^nined by the transits of an imaginary Sun which describes 

'ho equator with the Sun's mean motion in right ascension 

"'" longitude. If we conceive a star to describe the ecliptic 

'■"'tlj the Sun's mean motion in longitude, starting with him 

"oiij perigee, its place marks the Sun's mean place in the 

tcU^tic, and the angle between them is called the equation 

if the renter; and the interval between their transits is the 

'"Terence between mean ai»d apparent time as far as it arises 

a— ^ 
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from the Sun's unequable motion in the ecliptic, and vanish! 
at apogee and perigee. Again if we suppose the star to I 
in the equinox at the same instant as the fictitious Sun which, 
moving in the equator with the Sun's mean motion in lon- 
gitude, determines by its transits mean noon, they will always 
be at the same distance from the first point of Aries, and 
will be on the meridian together at the solstices and equi- 
noxes ; the interval between their transits at other times is 
the difference between apparent and mean time as far as it 
arises from the obliquity of the ecliptic. 

67- The arc of the equator intercepted between two 
meridians drawn respectively through the centers of the true 
Sun, and the above mentioned fictitious Sun, reduced to time, 
and consequently expressing the interval between their transits, 
is the equation of time ; as they are not in the equinox to- 
gether, nor in the solstitial colure together, the equation of 
time does not vanish at the equinoxes or solstices. There are 
however four days in the year at some instant of which the 
apparent and mean time are the same; these at present are 
December 24th, April I5th, Juno 15th, and September 1st ; in 
the interval between the first and second of these days, and in 
that between the 3rd and 4th, the apparent is always later 
tlian the mean time, or the clock before the Sun ; between the 
2nd and 3rd, and between the 4th and 1st, the clock is after 
the Sun. The equation of time is computed and registered 
in tables for every day in the year ; apparent time can be 
determined by a dial, or by observing when the Sun is on 
the meridian ; if .to this the corresponding equation be affixed 
with its proper sign (and consequently be either added or 
subtracted) we obtain the mean time. The equation of time 
may amount to 16™. 17' or -14"'. 3?'; i.e. a clock adjusted 
to mean time may indicate 16". 17' or 2 a'", ■t.'i'". 93°, when it 
is apparent noon, i. e. when the true Sun is on the meridian. 

Progresaivo motion of the Sun's Apogee. 
68. It is manifest that the different lengths of the seasons, 
and the variations in the amount of the equation of time, 
depend upon the relative positions of the apogee and equi- 
noxes; if these are fixed points, or preserve always the same 



relative positions, the above results arc permanently true ; if 
not, the equation of time for a given day will be different 
in different years. This leads us to enquire whether the line 
of apsides and the line of equinoxes retain fixed positions in 
the plane of the ecliptic, or are in motion; and the con- 
clusions which we arrive at on these points are very re- 
markable; and they besides exercise great influence upon 
the division of time into longer periods than days, a subject , 
that will next demand our consideration. 

69- The orbit described by the Earth's center in the 
plane of the ecliptic, does not retain a fixed position, but re- 
volves slowly in that plane about tlie focus in which the Sun 
is. This cannot be easily detected by direct observation, be- 
cause the change of the Sun's apparent diameter takes place 
too slowly, and is confined between limits too narrow, to en- 
able us to observe tlie Sun's exact place among the jixed stars 
when at his least or greatest distance, and so to compare the 
positions which the line of apsides occupies at different times. 
But if the Sun be observed in two opposite points of his 
orbit 180° from one another, and if the time of passing be- 
tween them be exactly half the time between leaving and 
returning to the first, those points are the apsides ; if that 
relation does not exactly but very nearly obtain between the 
times, the line of apsides not exactly but very nearly coin- 
cides with the line joining the Sun's places ; and from the 
observations, its exact position relative to the fixed stars can 
he calculated ; and its position having been thus determined 
at different times, the line of apsides is found to revolve 
in the plane of the ecliptic from west to east. If the angle 
described by it in a long interval be divided by that interval 
(by which means the result is affected with a proportion ably 
small part of the errors attending the determination of the 
line of apsides in its two positions) the progressive annual 
motion of the apogee, relative to the fixed stars, is found 
to be ll",25. 

Eetrograde motion upon tlic Ecliptic of tlie equinoctial points. 
70. In Art. 46, we assumed that the Earth's axis strictly 
preserved its parallelism, and consequently that the line 
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intersection of the ecliptic and equator elfio preserved its 
parallelism, and therefore when produced met the celestial 
sphere in invariable points relative to the fixed stars; but 
the fact is that at the end of a revolution of the Earth 
in her orhit, the line of intersection meets the ecliptic in 
points 50",2 6WL of those it occupied at the beginning. This 
slow retrograde motion of the line of intersection of the 
Earth's equator with the ecliptic, the annual amount of which 
is so small, does not of course affect the phenomena hitherto 
described as happening in the course of a year on the hypo- 
thesis of its non-existence ; but in a long series of years its 
effects become very sensible and remarkable. We proceed to 
state how the retrograde motion of the equator on the ecliptic 
may be detected by observation, whence it arises, and what 
effect it produces. 

71. The Sun's meridian zenith distances, as we hava 
stated, may be observed on two successive days one greater 
and the other less than the latitude ; then between the ob- 
servations the Sun was in the equator, and at neither of them 
consequently could the distance of his place in the ecliptic 
from the first point of Aries exceed j"; now if the stars which 
are on the meridian with the Sun the day before he enters 
the equinox, be noted down from year to yeai", it is found 
that they do not continue the same, but are soon replaced 
by others situated to the west; this at first sight seems to 
indicate a alow motion of the stars from west to east. 
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72. Also if catalogues of the stars constructed as ex- 
plained in Art. 28 for different epochs, be compared, it is 
found that the places of the stars are differently described 
in them ; the right ascensions and declinations are variously 
altered, the longitudes are all increased by the same quan- 
tity, whilst the latitudes remain the same, and the different 
stars retain the same positions with respect to each other; 
the same effect as would be produced if all the stars de- 
scribed circles in planes parallel to the ecliptic, with a com- 
slow .ingular motion, from west to east, about an axis 
passing through the poles of the ecliptic. For let JVJf, £0, 
fig. 11, be the ecliptic and equator, K, P, their poles, t =& 
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their line of intersection ; then any star .S* in the circle of 
latitude SS, by the common angular motion about Kt in 
the direction y Q, would be brought into the circle of latitude 
SS't so that A'S = Jr.V; i-e. its latitude would remain unal- 
tered, whilst its longitude would be increased by the z. SKS' ; 
also for a star situated as in the figure, both the right as- 
cension and declination would be increased, but for stars in 
a. diiFerent position, the effect would be different; a star for 
instance in the ecliptic near the equinoxes, would pass from 
one side of the equator to the other. The observed common 
annual increment of longitude is 50",2, amounting to 1° in 
71^ years, and making the time of revolution of the stars 
about Kt nearly 2b' thousand years. 

73. Though this hypothesis of real motions of the stars 
in parallel circles about the poles of the ecliptic, accounts for 
the phenomena, yet as the Sun, Moon and planets, which 
have motions independent of the general body of the stars, 
also exhibit those phenomena, we cannot rest satisfied with 
it; and we are lead to seek, for a simpler explanation, in a 
motion of the assumed points and planes relative to which 
the positions of the stars are determined; such as would 
result from a change in the situation of the EartVs equator 
with respect to the plane of her orbit. Accordingly we 
find, by reason of the action of the Sun and Moon on the 
protuberant matter at the Earth's equator, that whilst the 
ioclioafion of the equator to the plane of the ecliptic re- 
mains always very nearly the same, their line of intersec- 
tion does not preserve its parallelism, but revolves slowly 
in the plane of the ecliptic in a direction contrary to that 
in which the Earth moves and rotates, viz. from east to 
west; and the pole of the heavens consequently describes ft 
circle about the pole of the ecliptic in the same direction. 

fi. To make this clearer, let T, fig. 13, be the Earth's 
center, moving about 5", the Sun in the direction tT, AB 
the intersection of its equator AQB with the plane of the 
orbit, passing through S the Sun, and consequently deter- 
mining the first point of Aries (Art. 48). Then when the 
Earth's center returns to T, if the line of intersection pre- 



se^v(^ its parallelism, it will again pass through S, and tU 
first point of Aries will remain in the same place with respect ' 
to the fixed stars as before ; but if it have a slow angular 
motion contrary to the direction of the Earth's motion, it 
will be brought into the position A'B', and will not now . 
pass through S, having done so when the Earth's 
was at t determined by drawing Sf parallel to J'jff"; conJ 
sequently the first point of Aries has moved backward among^ ' 
the fixed stars through the z T 5 T ', and the longitudes of 
all stars are increased by that quantity ; their latitudes de- 
pending upon the position of the ecliptic which does not . 
alter, are of course imchanged. 

Again, let Ft be the Earth's axis, and JTi perpendie 
lar to the plane of the ecliptic; then PiK the plane i 
the solstitial colure being always perpendicular to tST' 
will, at each equinox, pass through stars situated to the 
west of those it contained at the preceding, and as the i 
Z PtK is nearly invariable, the pole of the heavens wUIj 
describe about the pole of the ecliptic, a circle distal 
therefrom nearly 23" . 2S'. 

75. Since this retrograde motion of the line of inter- 
section of the equator and ecliptic makes the interval be- 
tween its successive passages through the Sun, less than if 
it liad remained parallel to itself, the retrograde motion ac- 
celerates the return of tlie equinoxes, and is therefore called 
the precession or going forward of the equinoxes. 

A catalogue of stars, besides expressing their right as- 
censions on the year for which it is constructed, must give 
the yearly change or annual precession in right ascension, 
by means of which the right ascension and declination of 
a star may be reduced to a preceding, or brought up 
a succeeding year ; this is an instance of the corrections 
be applied, of which it will be necessary forthwith to speal 
more at length. 

Nutation of (lie Eartli's axis. 

76. We have seen that the attractive forces of the^ 
Sun and Moon on the protuberant matter at the Earth's 
equator produce the precession of the equinoxes and cause 



mteiH 
conlfl 
long ^ 
es of 
de- 
not _ 

dieufl 

le (#" 

St' 
the 
the - 
wUlJ 

staoM 

nter-fl 



1 



(he pole of tlic heavens to describe a circle about the pole 
of the ecliptic; on more minute investigation, however, it 
appears that the place of the pole thus ascertained does not 
exactly agree with its real place. The mean quantity of 
precession, which has bren stated at 50 ',23, is that which is 
produced in a whole year; but it is clear that it CBonot 
have been produced uniformly ; for the efficacy of the actions 
of the Sun and Moon depends upon their distances from 
the plane of the equator which are continually varying; if 
both bodies continued always in that plane, there would be 
no precession. The Sun's action therefore must make the 
angular motion of the Earth's axis about the axis of the 
ecliptic inequable ; the correction which it is from this cause 
necessary to apply to the mean quantity of precession, qn 
the' supposition of its being uniformly generated, to get the 
actual quantity at any time, is the solar inequality of pre- 
cession. Also the Sun's action sometimes increases and 
sometimes diminishes the inclination of the axis of rotation 
to the axis of the ecliptic, without permanently altering it; 
the correction arising from this cause to be applied to the 
mean obliquity, to get the true obliquity at any time, is 
called the solar nutation. 

77- Again, as the amount of precession produced by 
the Sun depends upon the inclination of the Earth's axis 
to the ecliptic or Sun's apparent orbit, so the amount of 
the lunar precession depends upon the inclination of the 
Earth's axis to the plane of the Moon's oi'bit. Now the axis 
of the Moon's orbit, as will be shewn, revolves about the 
axis of the ecliptic in about IS'.?"', with a motion nearly 
uniform, preserving nearly a constant inclination to it of 
,^.9'; and the Earth's axis revolves about the same line, at 
an inclination of 23". 28', in a much longer period of 2fi,000 
years ; hence the inclination of the Earth's axis to the plane 
of the Moon's orbit is perpetually varying, and through a 
wide range; and therefore the velocity and direction of the 
motion of the Earth's axis produced by the Moon is also 
irregular ; as before, the corrections which must be applied 
to the mean uniform precession, and mean obliquity, (as 
far as they are rendered necessary by the Moon's action) 
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are called the lunar inequality of precession, and the lunar, 
nutation. They are very much more considerable in amount: 
than the similar irregularities produced by the Sun, 

Also, since the Moon describes a great circle about thi 
Earth in a month, in the same manner as the Sun do«« 
in a year, there will be an inequality of precession and 
nutation produced by the Moon in a month, similar to 
those produced by the Sun in a year; the monthly lunar 
nutation however is bo small that it is seldom considered, 

78. Thus it appears that the Earth's axis has a very 
comphcated actual motion, describing, by the effect of 
tation, a conical surface about its mean position, whilst the 
latter, by the effect of precession, describes a conical surface 
about the axis of the ecliptic. This deviation of the true 
place of the pole of the heavens from the mean place is 
called nutation, as it arises from an oscillation or nodding 
of the Earth's axis ; the motion of the pole to or from 
any star will alter its right ascension and declination ; and. 
as the same motion afiects the place of the equinox, the 
longitude will also be altered by it; but the latitude will 
remain unchanged. 

Consequences of the retvograde motion of the equiaottial points. 

79- Though the rate at which the equinoctial points I 
move backwards on the ecliptic is so slow, yet the accumu- 
lated effects in the lapse of ages become very sensible ; " 
and even in a moderate number of years, Astronomers are 
obliged by those effects to reconstruct their Catalogues of 
the stars, About 2000 years ago, the Sfio" of the ecliptic 
were divided into twelve equal portions each of 30", and were 
named after the most remarkable constellations of the zodiac 
which they respectively crossed; thus the first 30° of the 
ecliptic, running across the constellation Aries, was called the 
sign of Aries, and the equinox was called the first point of 
Aries ; at that time the constellations, and the divisions of ■ 
the ecliptic were equally called signs of the zodiac, without I 
causing confusion. Since that epoch, by reason of the an- J 
nual increase of longitude of 60",il common to all the stauRn 1 
the constellations have all changed their places relative t^J 
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the divisions of the ecliptic. Thougli the vernal equinox is 
still called the first point of Aries, the circumstance which 
gave rise to that name exists no longer ; that point of the 
constellation is now removed 30" east of the equinox, and 
tho beginning of Pisces has taken its place. Hence it is 
necessary to make a distinction between the signs of the 
ecliptic, and those groups of stars which bear the same 
name ; the former are spaces of 30" reckoned fi-om the actual 
position of the vernal equinox ; the latter also occupy 30", 
but are in continual motion along the ecliptic, and are at 
present about SO" in advance of the signs of the same name. 
The beginning of the sign Aries will always be in the in- 
tersection of the ecliptic and equator, the beginning of the 
constellation Aries, only after intervals of 26 thousand years ; 
when the Sun enters the sign Cancer, it will always be mid- 
summer; but he will in the course of ages enter the con- 
stellation Cancer at every season of the year. 

Another effect of precession may be noticed in the pole 
star, which is at present approaching the pole, and its 
distance therefrom, about the year 2095, will be reduced to 
26j^'; after which, in describing its circle round the pole 
of the ecliptic, it will continually recede from the pole of 
the heavens for the succeeding half period of its revolution. 

80. It was stated in Art. (i<), that the apogee has a 
progressive annual motion in the ecliptic, relative to the 
fixed stars, of ll",95; this added to 50",23 which is the an- 
nual retrocession of the eqinnoctial points, gives 6l",47 for 
the quantity by which the longitude of the apogee is every 
year increased. The apogee at present is advanced in the 
ecliptic about 10^ east of the northern solstice ; about the 
year 1250 they coincided, and the major axis of the solar 
ellipse was then perpendicular to the line of equinoxes; and 
about 4000 years before the Christian era, i.e. about the .' 
time of the creation, the apogee was in the vernal equinox; 
the combined effects of their opposite motions, liave since 
brought them into their present relative positions. 

Different kinds of Yenn. Cnlenclur. Juiiaa Correction. 
I 81. The period of the Sun's completing the circuit of 

k the heavens is pointed out by nature for the measure of 



long durations, in the same manner as his returns to the 
same meridian are, for determining shorter intervals; and 
that period may be estimated in three different ways;' either 
as the interval between his leaving an equinox or solstice, 
and returning to the same equinox or solstice; or as that 
between his leaving any position among the fixed stars, and 
returning to the same position ; or as that between his leav- 
ing the perigee of his orbit, or a point at a given angular 
distance from perigee, and returning to the perigee, or to 
the same angular distance from perigee; the first is called 
a tropical year, the second a sidereal, and the third an ano- 
malistic year (for the Sun's angular distance from perigee is 
called his true anomaly) ; and this is the order of their 
lengths ; for since the equinox or solstice moves backwards 
through 50",e, and the perigee advances through ll", 2, every 
year along the ecliptic, the Sun describes 360" minus 50",4 
in a tropical year, 36o^ in a sidereal, and 360" plus n",2, iiL' 
an anomalistic year. 

82. The Sun's position with respect to the equinox, 
as we know, determines what season it is, and his passage 
between the equinoxes occasions the whole variety and suc- 
cession of the seasons ; hence the tropical year includes the 
entire series of natural operations and appearances, and is 
therefore adopted as the unit of long duration. To the 
same epoch of the tropical year the same state of the vi- 
sible face of nature will always correspond; but the same 
epoch of the sidereal or anomalistic year might, in the course 
of ages, answer to seasons perfectly different from one another. 
A duration so adjusted, that it shall consist of a certain num- 
ber of entire days, and that the same position of the Sun 
relative to the equinoxes, shall always happen nearly on the' 
same day reckoned from its commencement, is called a ciml 
year. We cannot take the exact mean length of the tropical 
year, which is 36.5''. 5^. 48"". SI^C, for om- civil year, since it 
would be inconvenient to have the same day belonging to 
two different years. If the tropical year consisted of exactly 
365^ days, then three consecutive years of 36,5 days each, fol- 
lowed by one of 366 days would be equal to four tropical 
years ; this was the adjustment of the calendar introduced by 
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Julius Cssar; but since a tropical year is less than a Julian 
year of 365;^ days by 11™. 8% if their commencements were 
separated by a known interval at any one epoch, for every 
following year that interval would be increased by 11". 8', 

I which in a century would amount to ISj'', and in four cen- 

\. turies to nearly three days, 

; 83. Accordingly, the vernal equinox which, in 325 at 

the council of Nice, fell on the 2ist of March, in 1582 
happened on the 11th of March; therefore Pope Gregory 
caused 10 days to be omitted, making the 15th of Octo- 
ber immediately succeed the 4.th, so that the next year the 
vernal equinox again fell on the 2ist of March; aud to pre- 
vent the recurrence of the error, it was ordained that in 
every succeeding cycle of four hundred years, three of the 
leap years should be common years ; and for the purpose of 
being easily recollected, that the excepted leap years sliould 
be those which complete the three first centuries of the cycle. 
According to this adjustment 40o civil years will only differ 
from 400 tropical years by a''. l6™, and the error will not 
amount to a day in four thousand years; the rule for it is 
this, every year whose date is divisible by four is a leap 
year, except that date be exactly a number of centuries, in 
which case, that number must be divisible by four in order 
that the year may be a leap year; thus iGOO, 2000, 2i00 are 
leap years ; 1700, 1800, lyoo, aiOO are common years. This 
correction was introduced into England in 1751, when it had 
become necessary to omit eleven days in the current year. 

The civil year begins without any astronomical reason, 
about eleven days after the winter solstice ; but the time 
of its commencement is of no importance; for provided its 
length never differ much from that of the tropical year, the 
same day of the year will always nearly correspond to the 
same position of the Sun relative to the equinox, which is 
the principal thing to be attended to. 

Figure and dimensioas of tlic £artb. 
84. To arrive at a knowledge of the absolute distances 
and dimensions of the heavenly bodies in miles, we must have 
,a standard of measure derived from our own globe; it be- 




comes necessary therefore to explain how the size and figure 
of the Earth are determined, especially as its spheroidal 
shape has heen assumed in the explanation of precession 
and nutation. The curvature of the Earth's surface must 
have beeo at first suggested, and is at all times indicated by 
the increase observed in the elevation of the pole in advanc- 
ing towards the north ; and as of all round figures the 
' sphere is the simplest, the Earth was originally supposed to be 
spherical. That this supposition differs very little from the 
truth, may be shewn experimentally as follows. If an observer 
determine two places on the same meridian at which the dif- 
ference of the meridian zenith distances of the same star is 
1", the difference of latitude of the places is also 1°, and 
the distance between them, the length of 1" of the meridian; 
now this distance has been measured in different latitudes 
north and south of the equator, and on different meridians, 
and is found to be everywhere nearly of the same length, 
conditions which can be satisfied only by a body differing 
little from a sphere; its mean length is about 69^^ miles; 
this multiplied by 57,295 which is the number of degrees 
in an arc whose length is equal to the radius, gives 3958 op 
nearly 4000 miles for the length of the Earth's radius. 

85. However the length of a degree of the meridian de- 
termined ill this way at places whose latitudes differ consider- 
ably, is found not to be exactly the same, but to increase from 
the equator to the pole, the excess of the length of a degree 
in any latitude over that at the equator, being nearly propor- 
tional to the square of the sine of the latitude; this, leather 
with the analogy of some of the planets which seem to he 
considerably flattened at their poles, and the consideration of 
the form which a revolving fluid mass would assume, lead 
to the conclusion that the figure of the Earth is more nearly 
an oblate spheroid having its axis of revolution perpendicu- 
lar to the equator. By the figure of the Earth is not meant 
that body with all its inequalities, but an imaginary figure 
such as would result from reducing hills and vallies to the 
same level, or from supposing the sea continued underneath 
the continents ; for the heiglits of its monntains are very 
considerable compared with the Earth's dimensions, and the_ 
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I of great rivers, which are in general navigable to a 
great extent, prove that the curvature of the land differs but 
little from that of the sea. 

Aatronomical correcliona enumerated. 
86. We have seen that by tlic effects of precession and 
nutation the place of a fixed star is differently described at 
different times, and that we cannot consequently make use 
either of the registered right ascension for regulating the 
clock, or the registered declination for finding the latitude, 
without first applying the corrections for precession and nu- 
tation. This leads us to enquire if there may not also 
exist causes which make the observed place of a star differ 
from its true one, as for instance the action of the Earth's 
atmosphere on the light which proceeds from a body and 
makes it visible, the non-instantaneous transmission of that 
light combined with the spectator's moving obliquely to its 
direction, and the circumstance of the observer's not being 
at the Earth's center; we find in fact that all these do oc- 
casion errors, which are called respectively refraction, aber- 
ration, and parallax, and which together with precession and 
nutation, constitute the_^re astronomical corrections necessary 
to deduce from the observed or registered place of a heavenly 
body its true one. 

87- Though comprehended under the same name with 
the others, precession and nutation form a perfectly distinct 
class of corrections ; tliey are not necessary to be applied 
to direct observations, but to registered observations, in 
order to obtain the accurate present values of elements, and 
to connect distant observations, and depend on physical As- 
tronomy for a knowledge of their causes, and for the es- 
pressions of their laws; whereas the three others affect an 
observation at the time of making it, and are designed' to 
divest it of an optical illusion ; but even these are not 
without essential differences; for instance, by the effect of 
refraction and aberration we do not see the body in its real 
position in space, and by the effect of parallax not in its 
leal place with respect to the fixed stars (i. e. such as it 
Would be seen to occvipy from the Earth's center, and which 



15 general to all observes) though in its real podtion in 
space; the two fonner affect all the beaTeolj bodies, the 
latter only the nearer, vii. the Moon a.od Planets, in a per- 
ceptible d^ree; again, r^^ctioo and parallax are totally 
independent of the motioQ or rest of the observer, whilst 
aberration depends upon his motkn. 

Motiim of the itoaa in an enipEe- roand the Eonh. 

88. Of all the heaTcnly bodies after the Sun, we are most 
interested in the Moon, and we proceed to notice her mo- 
tions. It has been stated that the Jfoon has a proper motion 
from west to east among the fi^ed stars, and that her track 
coincides with the intersection of a plane through the Earth's 
center inclined at about S' to the ecliptic, with the imagi- 
nary sphere of the heavens ; this is deduced from observations 
of her plp.ce at different times, in the same manner as for 
the Stin ; and by comparing her distances at those times 
by means of the apparent diameters, we further discover that 
her orbit is an ellipse with the Earth in its focus, that her 
radius vector describes areas nearly proportional to the times, 
and that the line of apsides is not stationary, but moves for- 
ward in the plane of the orbit at the mean rate of 4(y.40'.3a",S 
in every year. 

89. The Moon's apparent diameter varies from 29'. 22" 
to 33'. Si" which are nearly in the ratio of 7 to 8 ; this con- 
sequently is the ratio of the Moon's least and greatest dis- 
tances from the Earth ; the mean distance is about 60 radii 
of the Earth, i. e. about jji,th part of the Sun's distance. 
The points where the plane of the Moon's orbit cuts the 
ecliptic are called the Moon's nodes, that in which she is 
when passing from the south to the north side of the ecliptic 
being called the ascendivg node, and the other the descend- 
ing node; by observing at different times the stars which 
the Moon hides in crossing the ecliptic, it is found that the 
line of intersection of the Moon's orbit with the plane of 
tile ecliptic, called the line of Nodes, has a backward an- 
gular motion on the ecliptic, amounting to i9".2l'.2S",6 

1 year ; hence, as was assumed in Art. 17, the axis of 
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90. The Moon is a round opaque body, whose di&meter 
is about ^ths of the Earth's, giving forth do light of its 
own, bat reflecting the light received from the Sun. When 
the Sun and Moon have the same longitude, they are said to 
be in conjunction; when their longitudes differ by 180", they 
are said to be in opposition; in both cases their centers are 
in the same secondary to the ecliptic, but they are seen in 
the former case in the same, and in the latter in opposite 
parts of the heavens. In conjunction the Moon is between 
the Sun and Earth, consequently her dark side is turned 
towards the Earth, or it is new Moon, and both luminaries 
are on the meridian nearly together ; in opposition the Earth 
is between the Sun and Moon, and the bright aide of the 
Moon is visible, and the Moon is on the meridian at mid- 
night. 

91. The interval between two successive full Moons is 
called a lunation, lunar month, or MoorCs synodic period, its 
mean length being about 29^ days, in which the Moon tra- 
verses not only the circuit of the heavens, but also the space 
described by the Sun in the interval ; this being allowed for, 
we have 27^ days for the period between leaving and returning 
to the same longitude, and 13",10'.S5" for the angle in her 
orbit described by the Moon in 24 hours. Hence the Moon 
moves towards the east IS times faster than the Sun, and 
comes to the meridian later than the Sun every day by the 
mean duration of 4a°',46'. To us the appearance is the same 
as if the Moon described an ellipse in 37^ days, and the Sun 
an ellipse 400 times as great in SCfl^ days, their planes being 
inclined to one another at 5". 9', and the Earth being fixed 
in their common focus and rotating about an axis in one of 
these days. But the reader will not fail to observe that the 
Moon's absolute motion is very different from this, arising, 
as it does, from her apparent motion round the Earth in 
an orbit which itself partakes of the Earth's prcgressive 
motion. 



Tiio Moon's I'liasea. 

92. We proceed in the nest place to describe and account ' 
for those remarkable changes in the shape of the Moon's disk 
called her phases, which recur every lunation, and to which 
the attention of common observers is first and chieily directed. 
After having been invisible far four or five days, in the, 
course of which we know the Moon has the same right i 
eension as the Sun, and comes to the meridian at the samf 
time, she is seen just after sunset 30° or 40" east of the SuHj 
under the form of a slender crescent convex towards th^ 
Sun, As her easterly motion is 13 times greater than tbi 
Sun's, when first seen on each of the following evenings, 
position is more and more to the east; during this time thc 
breadth of the crescent continually increases, the convex ( 
western boundary remaining circular, whilst the concave bouqt 
dary becomes less strongly curved ; until the Moon is dis) 
tant 90° from the Sun and comes upon the meridian aboi^ 
six in the evening, when the eastern edge is changed into \ 
straight line, and the phase is the half moon. 

After this time, the Moon continuing to separate helS 
self in an easterly direction from the Sim, the side most n 
mote from the Sun bulges out, and the bounding curv( 
of the illumined disk have their concavities opposed ; i 
this state the Moon is called gibboiis; and the breadth com 
tinually increases as well as the curvature of the remote sid^i 
till having attained her greatest distance fmm the Sun, vii^ 
180", and therefore crossing the meridian about midnight^ 
she appears perfectly round or it is full moon. 

Prom this time, as the distance between the lumuianes 
diminishes, the appearances presented during its increase suc- 
ceed each other in a reverse order ; the breadth gradually 
diminishes, the Moon becomes first gibbous, then semicircu- 
lar when she is flO" west of the Sun, and therefore comej 
to the meridian at 6 in the morning, then a crescent visiblaj 
in the east just before sunrise, until at length having : 
tained the same distance west of the Sun that she w 
of him when first visible at the beginning of the month, shd 
disappears, to become visible again at the accustomed perioc 
of the next month, and to exhibit the same phenomena iffl 
the same order. 



CHAPTER II. 



ON ASTHO.VOMICAL IN9TRD3IENT9, AND THE FIGURE OP 
THE EAUTH. 



Description of the Transit Instrument. 

107- The Transit, as has been said, is a meridianal 
instrument for observing, with the aid of a clock, the time 
when a heavenly body crosses the meridian of the place of 
observation. It consists of a telescope AB, fig. 4, fixed to 
two arms, the extremities of which are formed into two per- 
fectly equal cylindrical pivots having their axes in the same 
straight line, which is called the axis of the instntmen/. Pa- 
rallel and perpendicular to this axis, at the principal focus 
of the object glass, are usually fixed one horizontal wire or 
thread, and seven vertical wires, so as to be visible through 
the eye piece with the image of the celestial body in the field of 
view; an apparatus of this kind is indispensable to the precision 
of an observation ; for as the field of view is not a mere point, 
there does not exist a single position of the telescope in which 
only the star can be seen. The pivots rest in angular cavities 
formed in pieces of metal which are attached to immoveable 
pillars £ and W, of equal height placed as nearly as possible 
east and west, and are capable of small motions by screws, one 
in a vertical and the other in a horizontal direction. When 
the transit is in perfect adjustment, the line joining the center 
of the object glass with the point in which the horizontal 
wire is intersected by the imaginary wire which is the mean 
of the seven vertical wires in position, which line is called the 
line of coUimatlon, traces out the meridian jilane of the place 
of observation. 

108. The errors of adjustment of the Transit consist in 
ihe axis not being exactly perpendicular to the plane of th<} 



meridian, and in the line of colliniation not being exactly per-. 
pendicular to the anis. 

The inclination of the axis of the Transit to the liurizon 
is the error of level ; it is remedied by elevating or depressing- 
one of the ends of the axis, and so making it horizontal ?■ 
the horizontality being determined by the bubble of a spirit 
level L (whose tube is suspended parallel to the axis of 
the instrument by equal parallel vertical arms from the pivots 
of the axis) remaining stationary, when the position of the, 
level is reversed, 

The complement of the inclination of the line of collima- 
tion to the axis of the instrument is the error of coHimation j 
it is remedied by shifting horizontally the frame in which the 
wires are fixed, till a small well-defined object seen on the 
central wire (supposing that to coincide with the mean wire) is 
still seen there after the telescope has been lifted off its an-- 
gular bearings, reversed, and again directed to the objects 
this can evidently never happen till the line of collimation is 
strictly perpendicular to the horizontal axis ; for if it deviated 
towards the left, after reversion, it would deviate just as much 
towards the right ; and the object which before reversion was 
bisected by the central wire, would after reversion appear to 
the left of it. 

The complement of the inclination of the axis to the 
meridian is the error of deviation or the meridian error. 
It is removed by altering in azimuth the position of one 
of the supports of the axis ; for by this means the line of 
collimation which, after the errors of level and collimation 
have been corrected, describes a vertical plane nearly coin- 
ciding with the meridian, is made actually to coincide with 
the meridian plane; that coincidence being determined by 
the circumstance of the plane described by the line of col- 
limation exactly bisecting the diurnal circle of a circum- 
polar star, so that the observed interval between the superior 
and inferior transit is precisely half the interval between 
two successive transits of the same kind. 

In order to ascertain the permanence of the adjustments* 
it is convenient to have a. well defined distant object in 
the meridian plane thus determined, as a meridian mark 
this ought always to be bisected by the mean or central 



tton, which would he the case if the Moon had an atmosphere 
capable of refraction; for at both apparent contacts of the 
star, its rays, in grazing the Moon's body, would be bent 
inwards, and would reach the Earth, both at the beginning 
of the occultatioD after some part of the Moon was between 
the Earth and star, and at the end before the whole of the 
Moon had passed from between them. 

Proportion of MooiJiglit at different seasons and places. 
96. The most obvious service the Moon renders to 
mankind is to supply light during the Sun's absence, aod 
though she does so for only about a quarter of it, and 
thougli her stay above the horizon of any place as well as 
the light she affords are perpetuidly changing, yet the con- 
ditions of her motion and illumination are such that she al- 
ways continues longer above the horizon of any place as her 
light increases, and the longest at those places where it is 
most needed. As the Moon can never deviate more than 5" 
from the ecbptic and to that extent only during a very 
small part of her course, for the sake of simplicity we will 
suppose her to move in the ecliptic. Between the epochs 
then of the vernal and autumnal equinox, the Moon when 
full has south declination, the greater, the nearer the season 
is to midsummer ; at all places therefore in north latitude, 
when full, she is less than 12 hours above the horizon, and 
for the shortest time and attaining the least altitude at mid- 
suramei"; similarly, for the other half of the vear, when full, 
having north declination she will continue more than Is"" 
above the horizon in north latitudes, and the longer the 
higher the latitude, and everywhere for the longest time 
and attaining the greatest altitude, at midwinter ; i. c. the 
time during which she continues above the horizon when her 
light is greatest, increases, during winter, as the lengths of 
the nights themselves increase, both at the same place for 
different nights, and at difi'erent places for the same night. 
(Arts. 20 and «1.) 



97- Besides thus accommodating her stay above the hori- 
zon to the season, she will always when full, being in the point 
of the ecliptic opposite to the Sun, pass the meridian at 
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midnight, i. e. be most efTective in giving light at the 
riod of greatest darkness; and the periods of her greater ' 
light will always bring her on the meridian nearer midnight, 
than those of her less brilliancy. In the estreme case of 
the pole in the zenith, the Moon will always be above the 
borizon a fortnight at a time, during the whole of which, 
the winter solstice, more than half the disk will be illu- J 
minated ; at the summer solstice, more than half will be 
dark ; and as the Sun approaches an equinox, the light 
given by the Moon during her fortnight's stay will diminish 
in one case, and increase in the other ; it must be observed , 
however, that as tlic Moon may deviate ."J" from the ecliptic^ -■ 
her declination may he north in cases where we have sup^ J 
posed it south; and that consequently our conclusions are J 
true as to their nature, hut not as to their amount. 

98. The motions of the Moon have become of great 
importance to the navigator and geographer, from the pre- 
cision with which the longitude is determined by the occul- 
tations of a star, and by lunar distances, i. e. the Moon's 
distances from the Sun or a star ; the Moon in fact is the only 
lieavenly body whose motion is sufficiently quick to serve 
for the determination of the longitude ; for the error in the 
result, arising from the errors of observation and of the 
tables, will evidently he the greater the slower the motion 
of the body. The times of these phenomena observed un- 
der any meridian, when compared with that computed for' 
Greenwich in the Nautical Almanac, give the longitude of 
the observer within a few miles. 

Propm motiong of some of the sfara. Planets, Kepler's Laws. 

99. The stars, as has been stated, are fixed in the Bf^ 
mament at a prodigious remoteness, and their diurnal motion 
is merely an appearance caused by the Earth's rotation; seve- 
ral of them liowever have small progressive motions, especially- 
fji Cassiopeia; and Gl Cygni, both small stars ; not so with the 
Planets, which though not by a careless or momentary obser-^ 

ation distinguishable from the fixed stars, are soon discovered 
to be incomparably nearer to us, to have proper motions like 
the Sun and Moon, to be round opacjue bodies shining with 



light borrowed from the Sim and rotating about an axis, and 
describing elliptical orbits in different planes with tlic Sun in 
tlieir common focus, but all inclined at a small angle to the 
ecliptic. There are seven principal planets, called in the order 
of their distances from the Sun, Mercury, Venus, the Eartb, 
Mars, Jupiter, Saturn, and Uranus. Mercury and Venus, 
since their orbits lie within that of the Earth are called in- 
ferior planets, and present phenomena different from the 
others; they are aeen in inferior conjunction when between 
the Earth and Sun, and in superior conjunction when the 
Sun is between them and the Earth, but never in oppo- 
sition. There are also four smaller planets, Vesta, Juno, Ceres, 
and Pallas, which were discovered in the first seven years of 
the present century; their orbits lie between those of Mars 
and Jupiter. 

100. The motions of all the planets in their orbits are 
from west to east, or according to the order of the signs, and 
are all subject to Kepler's three laws, which we have already 
1 seen to be obeyed by the Moon and Earth, and which by 
similar observations are found to hold in the present in- 
stances; viz. 

(1) The radii vectores describe areas in one plane pro- 

portional to the time. 

(2) The orbits are ellipses having the Sun in one of their 

foci. 
(S) The squares of the periodic times are proportional to 
the cubes of the mean distancea from the Sun. 

The first shews that the force which acts on the bodies tends 
always to the center of the Sun; the second, that the force 
varies inversely aa the square of the distance; the third, that 
the absolute force is the same for all planets, and conse- 
quently that their masses may be neglected compared with 
that of the Sun ; another statement of this third law is that 
the area swept out in a given time by the radius vector of any 
body is proportional to the square root of the latus rectum 
of the orbit, under which form the law is applicable to the 
parabolic orbits of comets also. The laws were established by 
Kepler from bis own observations and those of Tycho Brahe ; 
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and the consequences demonstrated by Newton ; their discovery 
is an era of vast importance in the science of Astronomy, and 
their truth the basis of the universal principle of gravitation, 
viz. that all the particles of matter mutually attract each other* 
as their masses directly, and as thi? squares of their dis- 
tances inversely. 

101. The true motion of the planets, by reason of their 
mutual attractions, are very complicated; they do not in reality 
move in any known or symmetrical curve, but the overpower- 
ing force of the Sun causes ellipses, nearly approaching ta 
circles, to be the closest approximation to their paths. The 
planes of all the orbits, except those of the recently discovered 
planets, are inclined at small angles to the ecliptic, and cut it 
in straight lines passing through the center of the Sun. The 
lines of Apsides of all the orbits have direct angular motions 
in the planes of the respective orbits, (with the sole exception 
of the line of apsides of Venus, which revolves in a retrograde 
direction) and the lines of Nodes of all the orbits have retro- 
grade angular motions upon the ecliptic ; agreeing in these 
respects with the orbits of the Earth and Moon. Moreover 
the inclination and eccentricity of every orbit are in a state | 
of perpetual but slow change; the eccentricity of the Earth's 
orbit at present diminishes at the rate of nearly a radius of the 
Earth in a century, and the inclinations of all the planetary 
orbits are decreasing, but the mean distances and mean motions 
remain permanently unaffected by secular changes. All the 
variations of the solar system are periodical, that is, after 
increasing to a certain amount they diminish by the same 
slow changes, and for ever oscillate about a mean value; in 
this consists the stability of our system. 

102. The angles of elongation of the inferior planets from 
the Sun can never exceed a certain limit, which is about 47" for 
Venus, and 28",8 for Mercury ; sometimes, when they are to the 
east of the Sun, they are seen in the west just after sunset, when , 
they are called evening stars ; at other times, when they occupy 
the opposite points of their orbits, or are to the west of the Sun, 
they are seen in the east a little before sunrise, when they are 
called morning stars ; but they are never visible at other times, \ 
or in other positions to the naked eye, (Venus excepted, which 



is visible in daylight for a sliort time every eighteen months); 
for being so near the Sun, their orbits are carried along with the 
Sun, in the same manner as the Earth carries the Moon's orbit 
along with her, in her annual course. For the superior planets, 
the angles of elongation admit of all magnitudes ; consequently 
they are seen at all hours of the night, and at various altitudes 
above the horizon ; when they are in opposition they pass the 
meridian at midnight. The inferior planets at their inferior 
conjunctions arc occasionally seen to pass over the Sun's disk 
like black spots, proving thereby that they are opaque bodies 
shining by reflected light; these passages, which arc called 
transits, can never happen for the superior planets, because 
the latter can never pass between the Sun and Earth. The 
interval between two consecutive oppositions or conjunctions 
of a superior planet, or between two conjunctions of the same 
kind of an inferior planet, is called the synodic period. 

103. The combination of the Earth's motion in her orbit 

with a planet's motion, causes apparent irregularities in the 
latter, sometimes making the planet seem to move from east 
to west or to be retrograde, and sometimes to seem stationary. 
When an inferior planet is near inferior conjunction, its ap- 
parent motion from west to east gradually diminishes till it 
becomes stationary ; it then moves backwards, that is, from 
east to west till conjunction, and continues to move with a 
decreasing velocity in the same direction for an equal time 
after conjunction, when it af^ain becomes stationary ; it then 
starts again in a direct course, and goes on in that direction 
through superior conjunction for nearly half a synodic revolu- 
tion, when it becomes stationary and then retrogrades through 
inferior conjunction ; that is, an inferior planet appears always 
to be moving backwards when in the conjunction nearest the 
Earth,, and forwards when in that furthest from the Earth. 
Similarly a superior planet always appears to be moving back- 
wards at opposition, and forwards at conjunction, 

104. The rotation of the planets is from west to east like 
their revolutions; Mercury, Venus, the Earth, and Mars ac- 
complish their rotations in about 24 hours, whilst Jupiter and 
Saturn perform theirs in f„ths of a day. 



I 



I 



There appears to be a relation between the distances of H 

the planets from the Sun first notieed by Bode, who remarked ^| 

that a planet was wanting where the new planets have since ^M 

been discovered ; the Earth's distance from the Sun being 10, ^H 

the distances of the planets are nearly as follows : ^H 

Mercury 4 = 4. ^H 

Venus 4. + y.I = 7. ^M 

Earth 4 + 3.2 =10. H 

Mars 4 +3.S== Iff. ^H 

New planets 4 + 3.2'= 2fi. ^^| 

Jupiter 4+ 3.2'= 52. ^^M 

Saturn 4 + 3.2= = 100. ^^H 

Uranus 4 + 3.2'' = iflfi. ^H 

105. Wc shall now separately notice the chief peculi- ^^M 

arities of the Planets taken in order. ^^M 

The motions of Mercury are less disturbed than those ^| 

of any other body on account of his proximity to the Sun ; ^M 

and his orbit is by far the most eccentric of those of the H 

principal planets. His transits recur at intervals of V, IS, H 

33, &c. years. H 

The great service rendered by Venus is to determine the H 

Sun's parallam, i. e. the angle which the Earth's radius sub- ^| 

tends at the Sun's center, that important element on which the ^| 

knowledge of the dimensions of the whole solar system depends ; ^H 

and which being less than nine seconds requires methods of ^H 

far greater nicety and exactness than those which succeed to- ^H 

lerably for the Moon whose parallax is nearly a degree, and ^H 

can only be satisfactorily determined on the occurrence of rare ^| 

phenomena such as the transit of a planet over the Sun's ^| 

disk. As the Sun is not so remote, but that the Earth's H 

radius has a sensible magnitude when viewed from his centei', ^ 
the chord described by Venus at one of her transits and con- 
sequently the time, varies with the position of the spectator 

on the Earth's surface. Thus, let F (fig. 23.) be Venus, W, T, ^ 

two places on the Earth's surface, AB the Sun's disk; then the ^| 

true line of transitj seen from E the center, is AB, and at T ^H 



and XV the transit seems to be along the chords ab, a'h', of 
which ah being furtlier from the center will be described in a 
shorter time than a'b' ; the diiFerence of duration, being entirely 
the effect of parallax, furnishes the means of computing the 
difl'erence of parallax; also the ratio of the distances, and there- 
fore of the parallaxes, of the Sun and Venus is known from the 
periodic times; hence the Sun's parallax is found. 

The returns of the transits of Venus depend on the ratio 
of the periodic time of Venus to that of the Earth being 
nearly as 8 : 13, or as 233 ; 862. Hence a transit may happen 
at the same node after an interval of eight years, but if it does 
not happen then, it cannot take place again at the same node 
for 235 years; the next transits will happen in 1874 and 1882 
in the month of December, at the ascending node. 

The orbit of Mars immediately incloses that of the Earth ; 
his disk is occasionally gibbous. Spots near his pole that 
augment or diminish according as they are withdrawn from 
or presented to the Sun are supposed to be masses of ice. 

Vesta, Juno, Ceres, and Pallas are all nearly at the same 
distance from the Sun, and consequently their periodic times 
are nearly equal; also the eccentricities of the orbits of Juno 
and Vesta, and the position of their nodes, are nearly the same ; 
for these and other reasons they have been supposed to be 
fragments of a single planet that once revolved about the 
Sun at their common distance. Though they have no sen- 
eible efFect in troubling the other bodies, their own motions 
are made very irregular by the proximity and vast magnitude 
of Jupiter and Saturn. They are invisible to the naked eye, 
and so minute that their apparent diameters have imt yet 
been measured ; Juno the largest is supposed to have a real 
diameter of about 200 miles. 

Jupiter the largest planet in the system is attended hy 
four satellites, discovered by Gallileo in i6i0, and may be 
regarded as an epitome of the solar system. His rotation is so 
rapid that a point in his equator moves S6 times faster than a 
point in the Earth's equator ; his compression is consequently 
very large. The eclipses of the satellites afford the easiest if 
not the most accurate method of finding terrestrial longitud< 
and one which can at all times be used, on account of the 
frequent occurrence of an eclipse. 
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Saturn seen tbrough a telescope offers the most strikina 
spectacle of all the planets. He is surrounded by a ring divide! 
into two parts by a concentric dark band; it has lately bet 
discovered that the rings are not concentric with the planecf] 
they exhibit a variety of appearances depending upon the 
position of the planet with respect to the Sun and Earth, but 
are usually of an elliptical shape. Besides the rings, Saturn is 
attended by seven satellites. 

Uranus was discovered by Herschel in 1781 ; it is accom 
panied by six satellites only visible with the best telescopesjn 
its time of rotation has not been determined. 



Comets, their pecnliaritiea. 
IOC. Comets are luminous bodies occasionally appearing iii|l 
the heavens but never at a great distance from the Sun, The]^ 
are distinguished from the planets in the following respects! 
(l) they are less bright, having somewhat of a nebulous appear- ' 
ance which is supposed to be owing to vapours raised by the 
solar heat at their surfaces in their perihelion passages: (2) 
they never continue visible for more than a few months at the 
most : (3) they exhibit no phases even when viewed with high 
magnifying powers, although it is probable they receive their 
light from the Sun : (4) the directions of the motions about the 
Sun is in some instances retrograde : (.'■) their paths have every 
possible inclination to the plane of the ecliptic : (6) they often 
exhibit tails of light which chiefly makes them objects of generalj 
attention ; these tails are frequently of great length but of sucbfl 
small density that stars arevisible through them, and are generalljfl 
situated in the planes of the orbits : they follow the comets in 
their descent towards the Sun, but precede them with a slight 
curvature in their return. Their masses are so minute that 
they have no sensible diameters, the nucleus being principallTJ 
formed of the denser strata of the nebulous matter. 




At equal angular distances from the Sun, east or west, 
the shape of the Moon is the same; the only difference 
being that the western limb is illuminated in the former 
case, and the eastern in the latter ; i. c. in all cases the illumi- 
nation is on that side of the disk which is nearest the Sun. 

There is no difficulty in shewing that the above appear- 
ances are exactly such as would be presented by an opaque 
spherical body describing an orbit round the Earth, and il- 
luminated solely by the Sun^s rays. 

Moon's rotation, some face alwnj's lumcd towanls the Earth. 

93. Every one has remarked that the Moon's disk ap- 
pears chequered with dark spots and bnes, so distinct in 
their characters, that the disappearance of any of them, or 
an alteration in their position with respect to us, can be 
immediately detected. By observing these spots, it is found 
that the hemisphere turned towards us is always very nearly 
the same; therefore the Moon must rotate about an axis 
b the same direction as she moves in her orbit, and must com- 
plete a revolution in the same time as she completes the 
circuit of her orbit; just in the same manner as a person 
moving round any object with his face constantly turnetl to- 
wrds it, turns himself round in the same direction, for his 
face is successively directed to every point of the horizon. 
This law is found to obtain in the case of all satellites or 
hodies of the same order as the Moon ; their periods of 
rotation are et[ual to their times of revolution, and they 
woBequently always turn the same face to their primaries or 
planets which they attend, A spectator therefore at the Moon 
1" 87i5 of our days would have only one day and one night ; if 
"O the averted hemisphere, his long night would never be 
enlivened even by a Moon, but if on the hemisphere turned 
towards the Earth, he would enjoy the reflexion of light 
f^om the Earth during the whole absence of the Sun ; and 
we Earth when full would present a far more splendid ap- 
pearance than the Moon does to us, its surface being 13 
times larger, and by its comparatively quick rotation, all the 
"arieties of cloud, land, and water coming in rapid succes- 
sion into view. 

\— 1. 



Moon's surface, mountaina, and atmosphere. 

94. On viewing the Moon tlirough a powerful telescope, 
certain bright spots are observed, accompanied by compara- 
tively dark shadows whose directions are always opposite to 
the Sun, and lengths proportional to his elevation above a 
plane touching the Moon at those points; just as would 
happen if the spots were mountains in the Moon. That 
they are so, is further confirmed by observing that the in- 
ner elliptic boundary is evei'y where serrated with lines and 
points of light projecting beyond its general contour, and 
that there are even insulated peaks, situated slightly but 
distinctly beyond it, in the unillumined portion ; exactly as 
in our own globe, the tops of high mountains are enlightened, 
when the surrounding regions are in shade. Hence we con- 
clude that the Moon's surface is everywhere rugged, without 
any great plains or large spaces covered with fluid which would 
necessarily be smooth ; this notion of the absence of evaporable 
fluids is strengthened by there not seeming to be any clouds, 
which, if they existed, ought to cast perceptible shadows. 
Several of the lunar mountains are supposed to exceed two 
miles in height, and one* or two are thought to be as much as 
five miles ; occasionally other bright spots ate seen in the dark 
part so far from the edge of the bright part, that they can- 
not be supposed to be mountains, they are therefore self-lumi- 
nous, probably volcanoes. 

95. The Moon is supposed to have no atmosphere, 
one of extreme rarity, greater than can be produced by 
best air-pumps, for the following reasons; first, the partii 
and faint illumination beyond the boundary of the enlight- 
ened part, which would result from an atmosphere capable 
of producing twilight, scarcely exists at all; secondly, tlie 
Moon in her course through the heavens is necessarily 
sometimes in the same direction with one or otlier of the 
fixed stars, and being much nearer, passes between it and the 
Earth and conceals it from us; this, which may happen to 
any star whose latitude does not exceed fi^", is called an 
occtiUaiion, and it is found that the observed duration of an 
oecultation is not sensibly shorter than the computed dnra- 

■ 32392 Paris feet, according lo Beer anil aiHUler, Selcnvgriiplne. Uerlin, 
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wire, when the instrument is in a state of perfect adjust- 
ment. 

109. Certain stars, in number sixty, from their having 
been observed so carefully and perpetually that their posi- 
tions may be considered known with the greatest accuracy 
to which we can attain, are denominated known stare. These 
stars therefore may be employed in determining the errors 
of adjustment of a Transit, or the error of the clock, as- 
suming the difference between their observed and registered 
time of transit to be entirely due to these errors. For these 
purposes their right ascension and north polar distance arc 
registered in the Nautical Almanac. 

Method of oliserving witli the Troneif. 

110. To one end of the horizontal axis is fixed an index 
n, the extremity of which, as the telescope revolves, sweeps 
the graduated face of a small circle attached to the pillar ; 
the use of this is to adjust roughly the telescope to the 
zenith or polar distance of a star the transit of which is to 
be observed*. By this means such an elevation is given to 
the instrument that the star enters the field of view nearly 
upon the horizontal wire, and the instant at which it is 
bisected by the mean wire is the time of transit. 

In observing at night, the wires are illuminated by the 
light of a lamp admitted into the telescope by an aperture 
capable of being enlarged or contracted, and reflected down 
the tube by a plane mirror within it, having in its center 
an oval aperture through which the body observed is seen. 
The telescope being pointed by the setting circle for the 
approximately known position of the body to be observed, 
a Becond is taken from the clock face before the body enters 
tile Held, and the beats are counted by the ear during its 

■ This, in large instruments is effbcted hy means of a small gmduated circle fixed 
■t llie ej'E-piRce perpendiculsF lo the tutis of the Transit, which circle hsa b nplrit- 
lerel moveable about iU center parallel to its plane. By pointing one end oi' the 
level to the graduation equal lo the nearly known meridian altitude of a heavenly 
body, and thvn turning the telescope about itx axis until the bubble shews the level 
la be horllODtal, the teleacope i» directed to the body. 



The time is noted at which the body crosses th< 
intersection of each vertical wire with the horizontal wire, 
parts of a second being set down by estimation ; and the 
clock face is finally read for assurance that a second has not 
been missed in counting. One seventh of the sum of these 
times of transit is the time of transit over the mean wire. 
If the clock shew sidereal time, the time of transit over 
tlie mean wire, corrected if necessary for the errors of the in. 
strnmentj is the right ascension, in time, of the body observi 

Description of the Mural t'ircle, 
111, The mural circle is an instrument for determining 
the meridian zenith distance of a heavenly body. It con- 
sists of a circle having perpendicular to its plane a concen. 
trie axis which works in a horizontal socket built into 
solid wall standing north and south, so that the circle i 
volves permanently in the plane of the meridian parallel to' 
the eastern face of the wall. Firmly fixed to the tirclt 
a telescope, having in the principal focus of its object glasa 
one horizontal and five vertical wires with a horizontal wire: 
moveable vertically across the field by a screw with a gra- 
duated head, ho that these and the image of a heavenly 
body to which the telescope is pointed are visible together 
through the eye piece. The line joining the center of the^ 
object glass with the point of intersection of the fixed hoi' 
rizontal wire and the imaginary wire which is the mean of 
the five vertical wires in position, is called the line of col- 
limation, and when the instrument is in adjustment traces 
out the meridian plane of the place of observation. The 
limb of the instrument is divided from 0" to SCo" into equal 
' spaces of s' on its outer rim which is perpendicular to the 

L wall; degrees and minutes within five are given by a pointer 

I fixed to the wall ; and the additional minutes and seconds 

I are read by six micrometer microscopes afiised to the wall 

I at nearly equal distances along the limb in pairs opposite 

I to one another, each pair having their axes in the direction 

B of a diameter of the circle; and the microscopes are so 

I adjusted that the image of the divided limb and the spidi 

I lines placed in the focus of'the eye piece of each, are dit 

H - tinctly visible together; and then by a contrivance called 
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micrometer, the precise point between two divisions of the 
limb which ia bisected by the intersection of the spider lines 
can be estimated with extreme accuracy. The axis upon 
which the circle is centered is a solid truncated cone of 
considerable length going quite through the wall, and in 
contact with the socket only at the ends thereof, where it 
works in adjustable collars of wliich the eastern admits of 
an azirauthal, and the western of both a vertical and hori- 
zontal motion. The circle can be clamped and then moved 
slowly with tangent screws. 

112. The mural circle is liable to the same three errors 
of adjustment as the transit, which are remedied by shifting 
the wire frame, and altering the adjustable collars in which 
the asis works. Thus by elevating or depressing the western 
bearing piece, we can level the axii ; the test being that a 
plumb line suspended in front of the circle exactly over the 
center, and viewed through a microscope carried by the circle, 
when the microscope is in its upper position, must occupy 
precisely the same place relative to the wires in the lower 
position of the microscope, when the circle has been turned 
half round. Also by giving the western end of the axis the 
requisite horizontal motion, the line of collimation (supposing 
it perpendicular to the axis of the instrument) may be made 
to move in the plane of the meridian. As the circle cannot 
be reversed, the verification of the position of the line of 
collimation cannot be effected as in tlte transit instrument; 
where the latter instrument is at hand, the easiest way to 
perform both the adjustmeut to the meridian, and that for 
collimation, is to compare the two instruments; that is, to 
adjust the mural circle so that a star which is on the middle 
'^ire of the transit, may also be on the middle wire of the 
telescope of the mural circle. 

The mural circle may at first appear, with the aid of 
Q clock, to be capable of performing the duty of a transit, 
£is well as its own; but the latter instrument is requisite iu 
tin Observatory, because from its lightness it is a more de- 
licate instrument for its proper function, and because being 
vapable of reversion it can be made to exhibit its own error 
of collimation, which the circle caniint do. 
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Method of observing with the Circle. 

113. These adjustments being performed, th( 
will suffice to determine the differences of the meridian zenitl 
distances of the heavenly bodies, but not immediately thf 
absolute zenith distances. The latter is done by taking obser- 
vations of the reflected image of a star from a trough of mer- 
cury, in addition to observations by direct vision in the usual 
way. Let abb', fig. 5, be the rim which carries the divisions, 
A-, S, the horizontal reading microscopes, O the zero point 
of the graduation. Elevate the telescope so that when a star 
S is in the plane of the instrument, its image may be formed 
in the intersection of the horizontal wire and the central verti- 
cal wire; and let Ob, Oba, be the readings-off at the mi- 
croscopes B, A, that is, the number of degrees, minutes, 
and seconds, in those arcs. Now depress the telescope, so 
that when the star next comes into the plane of the instrument, 
its image, reflected from the surface of the mercury in the 
trough A'', may again be seen in the intersection of the hori- 
zontal wire and the central vertical wire ; and lot Ob', Ob'a', be 
the readinga-oft". Let ab, a'h\ intersect in C; draw CD, CD', 
respectively parallel to the lines joining the center of the 
object glass and the intersection of the wires, when the star 
is observed by direct vision, and by reflection; from the 
point where CD' meets the surface of the mercury, draw 
NZ vertical, meeting CD in Z, and let NS' be parallel tq, 
CS ; then because by turning the circle round its axis, the 
z b' CD is made to coincide with /L b CD', 2 ^ DCD' = 2 z 6 Cb' 
= angle subtended at the center by the sum of the arcs 
a a', bb'. 

Hence twice zenith distance of S=2ZNS'=aCNZ 
= ISO" - DCD' = 180" - 1^ (angle subtended by aa + 66'), 
and .-. twice its altitude = ^ (angle subtended by aa' + 66 ) 
= the mean of the diflijrence of the first and second readings'! 
at each of the microscopes. 
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114. To find the meridian zenith distance of a heavenlyi 
body by a single observation with the Mural Circle. 
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Set the teleGcope by the pointer for the approximately 
known meridian zenith distance of the body, and ciatnp it. 
When the body enters the field, turn the circle by the tangent 
screws so that it may be on the horizontal wire at its passage 
across the central vertical wire ; then one sixth of the sum of 
the microscope readings is the additional minutes and seconds 
to be added to the indication of the pointer to give the com- 
plete reading of the circle. If the xenit/i point, or reading of 
the circle when the line of collimation is vertical and object 
glass upwards, be known, the difFerence between this and the 
former reading of the circle is the nieridinn zenith distance of 
the body. 

115. To find the meridian zenith distance of a heavenly 
body by a double observation with the Mural Circle. 

Set the telescope by the pointer for the approximately 
known zenith distance of the body, so that the image of the 
body formed by reflection in a trough of mercury may be in 
the field at its passage over the meridian ; clamp the circle, 
and then read the pointer and microscopes. When the body's 
image is near the central wire, bisect it by the micrometer wire, 
anclamp the circle, and turn it until the body, seen directly, 
is bisected by the horizontal wire; clamp the circle and again 
read the pointer and microscopes. The reading of the micro- 
meter added with its proper sign to the former reading of tlie 
circle, is the reading which would have been obtained if the 
body's image had been bisected by tiie horizontal wire ; the 
semi-difference of this and the reading in the direct observa- 
tion is the meridian altitude of the body. 

116. The senith point is the reading of the mural circle 
when the line of collimation of the telescope is vertical and ob- 
ject glass upwards. The mean of two observations of the same 
star by direct vision and reflection gives a reading when the 
telescope is horizontal; this increased or diminished by 90°, as 
the case may be, gives the zenith point. The practical method 
is this. Stars observed directly and by reflection, are divided 
into three groups, one comprehending stars near the zenith, 
the others comprehending stars far from the zenith, Nortb and 
South respectively ; the mean of the zenith points given by 



each group is conBidered as one result, and the mean c 
thi-ee results is taken for the zenith point. 

117. By using reading microscopes in pairs, any error 
which would arise from the center of rotation of the circle not 
being exactly the center of the graduation is eliminated. 

Let C' he the center of the graduated rim ; and C tl 
center of motion, A, B, a pair of microscopes, DD^, D' 
positions of the telescope when viewing a body directly and by 
reflection, as before; then 

2 ^ DCD' = BCD' + DfD" 

= DD,D' + D"D'D, + DpD" + DD,D' 

= DCD' + D"C'D,, 

so that the semi-sum of the readings of the two microscope| 
gives the angular distance between the two positions of th< 
telescope, whatever be the position of C- 

Three pairs of microscopes are employed in order to i 
the mean of three determinations ; they are disposed at nearlif! 
equal intervals to correct the errors of graduation 1 
as the effect of unequal expansion of the circle. 

118. When a single view of any heavenly body is all that 
ia required, it is sufficient that the telescope should be capable 
of motions in altitude and azimuth; but when the body is to 
be kept in the field of view for some time to afford the oppor- 
tnnity of examining it more minutely, as in the case of 
metrical measurement of the diameter of a planet or of tl 
distance 1)etwcen two contiguous stars, it becomes necesssi 
that the telescope should have such a moijon as will enable 
observer to follow the body through its circle of declination 
without the trouble of making repeated adjustments for new 
altitudes. We proceed to give some account of an instrument 
of this description, which is essential for observations on tl 
planets and comets. 

Dencription of the Equatoreal Instrument. 

110- The Equatoreal Instrument consists of a teleacopi 

Tt (fig. a+.) jiermancntly filled to the graduated limb of thji 
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circle MD, and having its line of coUimation parallel to the 
plane of the circle. At tht- printipal focus of the object glass 
are tjve wires parallel to the plant of ilit; circle and one perpen- 

I diciilar to it, und the intersection of the latter with the tientral 
one of the former set, is so adjiistetJ that the straight line joining 
it and the center of the object glass, called the line of coUima- 
tion, is parallel to the plane of the circle. There is also at the 
principal focus a micrometer of a kind depending on the nature 

I of the measures which the instrument is designed to make. 
The circle above-mentioned, called the declination circle, is 

' moveable about an axis perpendicular to its plane, whose cylin- 
drical pivots work in adjustable collars, each of which is sup- 

' ported between two cylindrical pillars. These pairs of pillars 
are inserted at both extremities into parallel barred pieces of 
metal, and so form a strong frame work for enclosing and sus- 
.taining the declination circle and its attached telescope. The 
frame work has springing from its two parallel ends cylindrical 
■ or conical pivots whose axes are in the same straight line, 
xalled the polar axis of the instrument; the lower of these 
pivots works in a socket or in a hemispherical cup let into the 
stone pier S, and the upper in an adjustable collar attached by 

ra short cast iron neck to the immoveable support A'; the iron 
neck is perforated in such a manner that the stars may be seen 
through the apertures, when the telescope is directed towards 
Also upon the lower pivot immediately below the base of 
the frame work is firmly centered a graduated circle £Q called 
the hour circle, whose plane is perpendicular to the polar axis. 
•The frame work supports two arms bearing microscopes A, B, 
for reading the divisions of the declination circle, which are 
upon its face; there are also two opposite microscopes, of which 
C is one, for reading the divisions upon the rim of the hour 
pitcle, 

"When the instrument is in a state of perfect adjustment, 
^he polar axis is exactl;- parrHel (■> 'hit of thi.- Earth, and 
perpendicular to the plane of the hour circle, and to the 
.axis of the declination circle; also the line of collimation of 
the telescope is perpendicular to the axis of the declination 
circle. In this state the declination circle can be turned about 
■the polar axis so as to coincide with the plane of any meridian, 
1 then about its own axis till the line of coUimation of the 



telescope makes any angle ivith the Earth's axis; thus al 
point whose right ascension and declination are known can bft 
brought into the field of view, and if both circles be then 
clamped, by turning the screw which gives a slow motion to 
the hour circle, any star or planet may be pursued. 

If the polar axis, instead of being inclined so as to 
parallel to the Earth's axis, he vertical, the Equatoreal tl 
becomes an Altitude and Azimuth Instrument. 



Uses of the Equatoreal. 
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120. If an Equatoreal be in perfect adjustment, or if itt 
errors of adjustment be permanent and known, then if a hea- 
venly body be Been in the direction of the line of collimation, 
the readings of the hour circle and declination circle will at 
once give the body's right ascension and north polar distance. 
But this use of the instrument is little to be relied upon, be- 
cause its errors of adjustment will seldom be the same in dif- 
ferent positions, from the mechanical action of its parts. Its 
legitimate use is as a micro metrical instrument, for measuring 
double stars, or the diameters of planets; or for determining the 
position of an unknown body by micrometrical measurement of 
the difference of north polar distance of it and another known 
body, and the difference between their times of transit given 
by a clock. All these being differential observations and made 
in a fixed position of the instrument, are independent of its 
errors of adjustment. The Equatoreal is also the instrumi 
for observing eclipses and occultations with the aid of a clocl 

Description of tte Micromuter Microscope. 

121. The Micrometer Microscope is a contrivance for e 
mating the position of a point between two divisions of t 
graduated limb of an instrument. The microscope is plac 
with its axis perpendicular to the limb AB, so that the limb is 
distinctly visible through it ; and the field of view is the dis- 
tance between two successive graduations. Suppose for ex- 
ample the limb graduated at intervals of .'j'. The appearance 
presented on looking into the microscope is that given in fig, 7- 
Plate 11. At the principal locus of the eye-glass through the 
center of the field is fixed a wire parallel to the graduations of 
the limb defining the point of the limb whose position is to be 



estimated, and above are live fi\L'd teeth, so that each corres- 
ponds to l' of the limb. At the focus of the eye-glaas there 
are also two spider lines intersecting one another and moveable 
across the field by a micrometer screw, by one revolution of 
which they are moved over l' of the limb, so that if the screw 
head be divided into 60 equal parts the reading off of it gives 
seconds. Suppose ah to be the graduation of the limb in the 
field of view, which suppose for example 45". 35', The inter- 
section of the spider lines is made to fall upon the fixed wire, 
in which case the screw-head shews zero, and is then moved by 
the screw until it falls upon the image of ab. Two of the 
teeth having been passed over by the spider lines in this motion, 
indicates 3'; and if the reading off of the screw head be 34, 
then, supposing the graduation to extend from right to left, 
the reading off of the point to be ascertained is iS". 37'. 34". 

Description of tlip Circnlar Micrometer. 
122. The circular micrometer is a flat steel ring fastened 
in the center of a disc of glass, which ring is truly circular 
and made thin at both the exterior and interior edge. This 
ring, when the disc that holds it is in the eye-piece of a 
telescope, appears in the field of view as if suspended in the 
air. When it is applied to a telescope, and the angle which 
its interior diameter subtends at the center of the object-glass 
is determined, it piay be used to compare the place of a planet 
or comet with that of a known star situated nearly in the same 
parallel. For, the telescope being directed to the body, let . 
the body describe a chord of the inner circle from P to P' 
(fig. 8.), and let t, t', be the times of ingress and egress; 
again, the telescope remaining undisturbed, let T, T , be the 
times of ingress and egress of the star at S and S \ then the 
difference of the times of passage over the meridian NS which 
bisects both chords perpendicularly, will be \ (7^+ 7^— i {?'-K), 
which will be the difference of the right ascensions in sidereal 
time. Again, to find the difference of declination, call ^' the 
estimated declination of the planet, Z the declination of the 
star; then for the semi-cbords we have 

P.ff = ^(('-0l5cos^', 
SK = \{X - T) \5\o%%. 




from wliicli, since the angle corresponding to the radius C 
known, Cff, CK, may be found ; and thence tlje dif^re 
of declination UK. 




iffi- 
es^B 



L 



t)n the figure of the Eartli 
123. The shape of our own globe necessarily claim* 
a briuf notice in the Introduction; and some of the 
Qus considerations from which its roundness may be inferrt 
as also the reasons fur supposing it nearly an oblate sphen 
were pointed out. It remains to describe the modes of 
certaining its true figure and dimensions, the chief of which 
consist in measuring arcs of meridians and parallels in different 
latitudes. Operations of that nature are of considerable diffi- 
culty and have been carried on by the ablest of modi 
nomers, furnished with the best instruments ; and to their work*^ 
the reader is referred for an account of the principal mei 
sures that have been made. We shall here shew, how the 
measures of the meridians and parallels wlien made, may be 
used in ascertaining the figure of the Earth. Either of these 
may be employed, but the former have generally been pre- 
ferred because the differences of latitude which they require, 
can be observed with far greater accuracy than the differences 
of longitude required in the latter. 

124. The difference of the meridian sxnUh distances of 
the same star is equal to the difference of latitude of M(f" 
places of observation. 

Let pe (fig. 4.) be a terrestrial meridian; Ce, Cp, tba 
equatoreal and polar radii, ZAG, 7,' AG', normals at 
points A, A', meeting in 0; therefore, AGe (I) and A'G'e^f] 
are the latitudes of A and A'. Let ZAS {z) and Z'A'i 
(s:') be the zenith distances of the same star; therefore, t 
account of the great distance of the fixed stars, AS is j 
rallel to A'S' ; 

.-. x = Z'A'S' = Z'HS = a + J'OA =x+ (t - I); 
or »'-.^ = /'-/ or A'OA. 

• Pkiloiopliicttt Traniactiom, for 1787, 1760, IB03, 1618. Delambre Bma ^ 
Melriqae. Beuel Hitron, A'aclir. No. :)33. The Article in the £nc; 
Melrop. 
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Hence, by observing at what places, on the same mc- 
rulian, the difference of the meridian zenith distances of a 
star is one degree, and by measuring the arc between them, 
the length of an arc of one degree at that part of the me- 
ridian is determined. If the terrestrial meridian were cir- 
cular, O would coincide with C, and the angle of one degree 
would everywhere be subtended by an arc of the same length ; 
but the length of a degree, is found to increase as we advance 
from the equator towards the pole, and since it may be con- 
sidered to coincide with the arc of one degree of t!ie circle 
of curvature at its middle point, it follows that the radius 
of that circle must increase, or the curvature of the meridian 
diminish, from the equator to the pole. 

125. To Jind the radius of curvature at any point of 
the terrestrial meridian, supposing the Earth to be an ob- 
late spheroid. 

Let pe (fig. 5.) be the elliptic meridian ; Ce (a) the 
equatoreal, Cp (b) the polar radius ; PG (n) a normal at 
any point P, and r the radius of curvature at that point, 
/ PGN = I, the eccentricity = e, and the difference of the 
semi-axes a — 6 = (.•- Then (Conic Sections, Art, 136.) 
6' 



a-Zl-e'sin'/ 




(normalf fc= 




(1 latus rectum)- a (I - e' s 


»■()! 


= a(l -e')(l +-e=sin^O = «( 


1 -e" + je'sin'/) 


glecting e', S:c. 




B.. .■="'-'■.»'- '»-"'■ 


.^'^^Iv, 



.-. r = a - ac + 3c sin' /. 

126. Also CN = ~ G.V = ^ K cos / = — -"-^--^ — 
(*■ *- v"] -e"siu^/ 

= a cos /(I -^e'sin'/) = cos/ (n-csin 

; radius of the parallel passing through P. 



And CP^:=^a\ 
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1 -e']\smU + c6^l 



\ - e? sin* I 

= a«{(l -2e^sm^/).(l +e2 8in"i)} neftrly 
= a^ (i - e? sin* I) ; 
/. CP = a . { 1 - ^ c^ sin^ /} » a -^ c sin* /, 

the distance of a point on the surface from the Earth's center, 
in terms of the latitude of the point. 

127. Given the latitude of a place on the Earth's sur- 
face considered as an oblate spheroid^ to find the latitude 
measured from the center. 

Let l^PGe^ (fig. 5.) be the latitude of P, t ^ PCe the 
latitude from the center of the Earth C, Ce the equatoreal 
radius = a, and Cp the polar radius = 6. 

tanr GN V 
Then 



tan I CN a^' 

b^ , b^ 

—„ . tan I = n . tan /, (makinar — 
a^ ^ ^ a' 



b^ b^ 

.\ tan Z* = — . tan I = n . tan /, (making ^ = n) ;' 



Hence, replacing the tangents by their exponential values 
(Trig. Art. 144.) we find by a well-known process, 

I :=l^ .sm2Z4- A. . sin4/-&c. ; 

1+n ^ \l +nj ^ 

or I ^l- -, — rr. . sin 2/ + i . -- — - . sm 4/ - &c. 
a^ + b^ ^ Va + by 

128. Since tan Z = — . tan t^ it may be shewn, in the 
same manner, that 

1= I' -m . sin SZ' + ^m'^sin 4/ - &c., 







1 - 


1 








m 


= 


n 


- 


1 


— n 


1 + 


1 
n 


1 


+ n' 



a3if+^. 



.-. t = 1 - tati-e.sine/ + ^. tan' e . sin 1/ - &c. 
f = I + taxi'e . sin 2 /* 4- ^ • tan' e . sin 4.t + &c. 

129- The z PGe is the true latitude or observed ele- 
vation of the pole, the z PCe is called the correi-.ted latitude; 
the difference between the true and corrected latitude is called 
the angle of the vertical; let it = ^; .-, tan i^ = tan (/- /') 

V a/ e' nine cos I e-sialcoai 

b^ „, cos' I -i- (l — e') sia'^ I I— e'sin'i' 
1 + -„ tan' / 
1 

therefore, considering e very small, 

^ = e^ sin / cos / = - sin 2 ; = - sin 2 1. 

130. As a knowledge of the true figure of the Earth is 
of great importance, the measurement of large arcs of the 

meridian has been executed with great accuracy in most Eu- 
ropean countries, and in British India. The whole distance 
between the extremities of the arc of the meridian to be 
determined is not actually measured, which would in all 
cases be laborious, and in mo.st, impossible. A base of four 
or five miles is first measured with the utmost care, and is 
connected with the two extremities of the arc of the meridian 
by a series of triangles, the sides and angles of which are 
measured or computed ; these triangles are in different planes 
by reason of the inequalities of the surface, and must be re- 
duced by computation to what they would have been, had 
they been measured on the surface of the sea ; they then 
require a correction to reduce them from plane to spherical 
triangles. When the length of an arc has thus been found 
in feet or fathoms, and divided by the degrees and parts of 
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a degree contained in the diifei'ence of latitude of its extreme 
points, the exact length of one degree is ohtained; and from 
several measurernents of this sort it appears that the lengths 
of the degrees increase from the equator to the pole, and 
consequently the convexity of the Earth diminishes from the 
equator to the pole, according to a law which would hold 
in a spheroid whose equatoreal and polar radii are 3963)8 
and 3949,5 miles; their difference, or 13,3 miles, divided by 



the equatoreal radius, 



i nearly, which fraction is 

298,33 ■' 

called the compression or ellipticity ; because according as it 
is greater or less, the terrestrial spheroid is more or less 
flattened at the poles. 

The above is the simplest and least dependent on theory, 
of all methods for finding the Earth's ellipticity; all that is 
required is, the distance of two points nearly on the same 
meridian and the latitude of each, determined at two places 
on the Earth whose difference of latitude is considerable. 
Tliere are however two other methods totally independent of 
one another and of the preceding, viz. the comparison of the 
length of the seconds pendulum in different latitudes, and 
the comparison of the lunar inequalities (i. e. the periodic 
variations in longitude and latitude of the Moon occasioned 
by the excess of matter at the Earth's equator) as deduced 
from observation and from theory. 



Figure of the Earth from 



of Meridioas and Parallels. 



131. Having given D and D', the lengths of two de- 
grees JA', BB'i of the meridian, (fig. 4.) whose middle points 

are respectively in latitudes I and I', to find a, c, and - . 

Since an arc of the meridian, the difference of the lati- 
tudes of whose extremities is 1", may be considered as coin- 
cident with the arc of the circle of curvature at its middle 
point subtending 1" at the center of that circle; if 
note the number of degrees in an arc equal to the radius, 
we have 

r -> mD = a — 2c + Sc sin' I, 
similarly, mD' = o — 2f + 3c sin' I' ; 



,'. c 



11 : 

.*. «« . (D - ly) =• Sc . (sin^Z - sin^Z') ; 
w . (2) - 2)') m (2) - 2)') 



S (sia" / - sin* f) 3 . sin (Z + • «» (^ - ' 
and, substituting this value in the first equation, 

2 (2) - 2)') + 3 (2)' sin« I - 2) sin« 



a^m. 



3 sin (Z + . sin (I - /') 
therefore, by division, the compression 



a 2{D-D') + 3 (2)'sin«/- 2)sinV) 

3 (2/ sin^Z - 2)sin*0 1 3 (2)' sin^ / - D sinV) j 
2>-2)' 



S(2)'sin«/-2)sin=0' 
neglecting the square of 2> - 2)'. 

132. If U be the length of a degree at the equator, 
P at the pole, and M at the mean latitude 45% 

mE = a - 2c, 

mP ss a + Cy 

mM = a — ^c; 

.-. J/ = ^ (P + JC). 

The excess of a degree in any latitude above that at 
the equator, 

or 2> — jB oc sin* /. 

133. From any two measured arcs of the meridian^ to 
determine a and c. 

Let Pe (fig. !).) ss s^ 1=^ circular measure of the latitude, 
and r as before. 
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Then (MiLMa's I>\ff* C'aZ. Art. 95.) 

5= a -5C — |ccos2/; 

Let S be the whole arc taken between the values of t 
and /; 

.-. *? = a . (? - - |c . (^ - /) - I • c(sin2r - sin^Z) 

where p = r-Z, 

and 9 = -^.(Z'-0-|- (sin2/'-sin2/). 

Similarly for another arc S\ 

S' = p'a + qc ; 

pq-qp 

134. From two measured arcs, one of meridian, the 
other of parallel, to find a and c. 

Let 2 be the length of an arc of parallel in latitude X, 
and L the circular measure of the difFerence of longitude of 
its extremities; then (Art. 126.) 

2 = Z cosX {a-^c sin^ X), 

and, as before, 

.5 = a (/'- - |c(^ - - f c (sin 2/'- sin2Z) ; 
from which two equations a and c may be determined, 

Figttie of the Earth from measures of arcs perpendicular to the Meridian. 

135. Since a spheroid is a solid of revolution, the nor- 
mal to the surface at any point will pass through the axis ; 
if, therefore, PR^ QR, (fig. 5.) be two consecutive normals 



79 

to the very small arc PQ, which is perpendicular to the me- 
ridian, they will cut the axis in the same point R; .: PS 
(S) is the radius of curvature of PQ. 

CN "* " 



.«(1- 






Since R — r = 2ccos^l, which is always positive, r is leas 
than R, or the curvature of the terrestrial meridian, is 
greater than that of the perpendicular arc through the same 
point. 

136. Since the parts of the Earth s surface on each aide 
of the meridian are similar, upon the hypothesis of the 
Earth's being n solid of revolution ; therefore of all sections 
of the surface, made by planes passing through the normal, 
the meridian must be the section either of greatest or least 
curvature, and from the preceding Art. is the section of 
greatest curvature ; hence if u be the radius of curvature of 
a section made by a plane passing through the normal in- 
clined at an angle a to the meridian, (Hymers's Geometry of 
Three Dimensions, Art. 922.) 



by substituting the approximate values of R and r, and re- 
ducing. 

137. Given D, the length of a degree of the meridian 
at any place, and A the length of a degree perpendicular to 
the meridian, to find a and c. 



. m{A - i>) = 2ccos^/. 






A. cos'/ 

neglecting the square of A, - D. 

In the same manner, the compression of the terrestrial 
spheroid may be found, by measuring degrees on arcs in- 
clined at any given angles to the meridian, by means of the 
formula 

p = a + csin'/ — 2ccos*a.co^/. 

138. To find the compression by means of a seconds^ I 
pendulum, conniderhig the Earth as a spheroid of equili- 1 
brium revolving round its minor axis. ' 

The length of a pendulum oscillating seconds in any la- 
titude varies as the force of gravity at the same place; but 
considering the Earth heterogeneous, whatever be the law of 
its density, by Clairaut's Theorem, force of gravity in any 
latitude = G(l +«sin=/), (Airy's Tract, Art. 63.), G being 
the gravity at the equator, 

5 m n -b 
and n = — , 



where m represents the ratio of the centrifugal force at equa- 
tor to the equatoreal gravity, and has for its numerical value 
.0034672. Hence, if p, p\ be the lengths of two pendulums 
oscillating seconds iu latitudes i, I', 



1 +)) 



p -p 



■• .0()SC(!7() - 71. 



The value of the compression obtained from observing-! 
tlie intensity of gravity in different latitudes by means of ] 



the pendulum, a method of great facility, appears to be about 



139. Besides the above modes of determining the com- 
pression of the Earth, there is^ as statetl above, a third 
method by observations on the Moon. The Moon's motion 
is subject to several inequalities, which can be determined 
by observation, or calculation; two of these, which are ob- 
served to be fi" and — s", are found by calculation to de- 
pend on the compression ; and the comparison of the calcu- 
lated and observed inequalities, gives, from the first, a corn- 



coincide with each other, and with the mean compression 
deduced from the measurement of degrees. The near 
agreement of these results is a convincing proof of the 
truth of the principle of gravitation. If the Earth had 
been originally a homogeneous fiuid mass revolving about 
an axis in SS"". 56°^. 4', the compression would have been 



not only by her eclipses shews the Earth to be spherical, 
but by her inequalities determines the deviation from that 
figure, and discloses a fact relative to the internal structure 
of the Earth, It must be observed that the difference of the 
compressions given by the comparison of different arcs is too 
great to be attributed solely to errors of observation; there- 
fore the Earth is not exactly a solid of revolution. 

140. The exact determination of the positions of places 
on the Earth's surface, is one of the greatest advantages de- 
rived from Astronomy; these positions are fixed by latitudes 
and longitudes as has been explained; the third co-ordinate, 
■viz. the altitude above the level of the sea, is given by the 
observed height of the barometer. The form of the Earth 
furnishes a standard of measures for the ordinary purposes of 
life, as well as for the estimation of the distances and volumes 
of the heavenly bodies. The length of the pendulum vibrating 
seconds in the latitude of London in vacuo is 39,l373i inches ; 



this is the standard of the British measure of extensioD. TIm 
French unit of linear measure is the metre which is the teal 
millionth* part of that quadrant of the meridian which passes 
through Forraentara and Greenwich, the middie of which is 
nearly in the forty-fifth degree of latitude, and is equal to 
39,37079 inches. The length of tht; pendulum can be more 
easily verified or recovered than that of the metre, and can 
also be ascertained, it would seem, with superior exactness. 

141. In applying the above formidie to the determinatii 
of the compression from the length of two degrees of tl 
meridian in different latitudes, those arcs ought to be chosen^ 
which differ most from each other in situation, aa being moi 
likely to cause a compensation of errors, and to give a 
suit less affected by imperfections in the observations. Ft 
although the general figure of the meridian, from the poll 
the equator may be an ellipse, yet particular ports may 
considerably from it. 

The latitudes of the extremities of an arc of the meridii 
cannot be depended on to more than l", and the deviatii 
of the plumb-line, caused by the attraction of mountainsj 
may sometimes cause much greater errors. From this cause, 
or from real inequalities, the meridian in some places differs 
considerably from the meridian determined above. 



Geodesic liue. 



I 



142. The definition of the terrestrial meridian, given 
the preceding chapter, is not quite correct, for unless tbi 
Earth be a solid of revolution, the meridian will not be 
plane curve. The celestial meridian passes through the axis 
of the Earth and through the zenith of the observer, and 
all places of the Earth, which have their zeniths in the same 

■ Thll wai ihe nriglnal definition of the metre ; but Bessel (Astron. Nachrichten, 
No. 333} has Bliewn tiiBt, in that spheroid which moEl neatly correspondi with the 
existing meaauiementa of Arcs or the Meridiati, the length of the quadisnt of the 
meridian is 10000665-278 metres. He has also, for the same spheroid, oblained d 
rDllDwin|>Te<ulti expressed in Toisea, each of which equals e'3yiS93A English fecL | 

i = 32ei073-W0, „_6-^™''"^- 
Degreeof meridian, the latitude of the middle point of which is 0, 

= 57011-(fl3-3B4-tiBlcos2fl. + 0'B93cos4i(.-0-001'coitJ^.. 
Decree of piicaUel = S71S3'G8a CO! ifi- 47-676 £0330 -HU-OdS cos 541. 




cdesdal meridian, may be considered as having tbe same ter- 
restrial meridian. Now, considering the immense distance of 
the stars, the vertical at each of these places may be con- 
sidered parallel to the plane of the celestial meridian ?: there- 
fore the terrestrial meridian may be defined to be the curve 
in which the vertical lines at the diiferent points are parallel 
to the plane of the same celestial meridian, which will be a 
plane curve only when the Earth is a solid of revolution. 
The terrestrial meridian, determined by trigonometrical mea- 
surement, is not exactly the same as the above, as will ap- 
pear from the mode of describing it. To measure an arc 
of the meridian trigonometrically, a horizontal triangle ABC 
(fig. 6.) is formed, having one angle coinciding with A, the 
beginning of the arc to be measured Aahc, and the other 
angles with known objects B and C: having determined the 
length of the first portion Aa, and its direction with respect 
to the sides of the triangle ABC; to find a second portion 
06, a new horizontal triangle BDC is formed, and ah ia 
drawn in the plane BDC, so as to make the same angle 
with BC that jia does; in the same manner, the parts ab, 
bo make equal angles with BD, and so on for the remain- 
ing parts of the whole arc to be measured. The triangle 
ABC is not in the same plane with BDC; therefore, Aa 
produced must fall above ah, and in the same manner the 
other small parts of the line Abe, which may be considered 
tangents to the Earth's surface at their middle paints, will, 
when produced, fall above the adjacent portions. The line 
thus described is called a Geodesic line, and possesses curious 
properties; it only coincides exactly with the terrestrial me- 
ridian, when the Earth is a solid of revolution ; the differ- 
ence of lengths of these two lines, Is, however, so small that 
it may be safely neglected in any calculations. 
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CHAPTER III. 



a DETERMINE THE PLANE OF THE MERIDIAN OP ANT PI,« 
TO COMPUTE THE EFFECT OP THE ERRORS OP I 
l.\ THAT VLASE UPON THE TraiES OF TRANSIT OP 1 
BODIES. 



143. The principal observations of the heavenly bodii 
are made as they cross the plane of the meridian, which reiu 
ders the exact determination of that plane of great importance. 
The meridian plane may be found, when its intersection with 
the horizon, or the meridian line is determined, by suspending 
two plumb-lines over different points of the meridian line ; 
then both of them, being perpendicular to the horizon, are 
in the plane of the meridian. In the infancy of the science 
the following method was employed for determining the plane 
of the meridian. 
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144. To draw a meridian line by the shadow of a 
tical gnomon on a horimontal plane. 

Let OHRG {fig. S.) be the plane of the horizon, ZPS that 
of the meridian, OT a vertical rod, S the Sun on the east side 
of the meridian in the vertical plane SZO ; therefore Ot, de- 
termined by joining ST and producing it to meet the plane 
of the horizon, is the corresponding shadow of the rod, and 
is equal to OT x tan STZ = OT x tan Sun's zenith distance, 
for ^ STZ is the same thing as i SOZ, the angle which TO 
subtends at S being quite insensible. With center O and 
radius Ot describe a circle, and let t' be the point where the 
extremity of the shadow falls upon the circumference of this 
circle after the Sim has crossed the meridian ; then the length 
of the shadow being the same, the Sun's zenith distance is the 
same as before, that is, ZS = ZS' ; and if his dedinatlon be 
supposed invariable, the co-dccbnations PS, PS are equal, 
and PZ the co-latitude of the place is common 1 
triangles, therefore the sides of the spherical tria 



are equal to the siJes of S'ZP; therefore the Sun's azimuths 
SZP arid S%P at the two observations are equal, and their 
supplements HOB, GOR are equal, or the meridian line OR 
bisects the angle between the shadows. Hence to draw a 
meridian line, we have only to bisect the angle between any 
two equal shadows. 

145. Tli^ exact vertical position of the gnomon must 
be ascertained by a plumb-line, and the horizontality of the 
plane on which the shadow moves, by a level. The objections 
to this mode of drawing a meridian line are, the difficulty of 
noting exactly the e\tremity of the shadow, and the circum- 
stance of the Sun's declination not being invariable, as supposed 
in the proof. The error arising from the first cause, has been 
attempted to he removed, by making the extremity of the 
gnomon globular, and taking tlie center of its shadow for the 
extremity of the rod's shadow ; or by placing a thin lamina of 
metal, pierced with a hole at its center, at the end of the rod, 
and observing where the spot of light falls. AH these methods 
diminish the error arising from the ill-defined shadow of the ex- 
tremity, and it may be more lessened by taking the mean of 
■everal meridian lines determined in this way for the true one. 

Determination of the errors of adjustment of a, Transit. 

146. It was stated in the description of the trai.ait 
instrument in what manner the three errors of adjustment 
might be reduced by altering the position of the wire-frame 
and the supports of the axis; but as it would be attended 
with great trouble, as well as uncertainty, to perform these 
adjustments so frequently as to insure the constant accuracy 
of the instrument, it is preferable to correct the observation 
for the effects of the errors rather than to attempt their 
entire removal. It is therefore a principle in observing to 
regard the instrument as always out of adjustment; and 
the following propositions have for their object the compu- 
tation of the effect of the errors of the instrument on the 
time of transit of the body observed. 

147- To determine the effect on the time of a star's 
transit, of a given small error of level of the axis of a 
transit instrument. 



Let Z (fig. 6. bis) he the zenith, P the pole, HS'h t 
plane in jvhich the line of coUimation of the transit movei'* 
in consequence of a given small error of level (a) = S'HZ. 
Let 5, y, be the places where a known star crosses the 
meridian, and the circle HS'h ; theu S'PS is the hour angle 
corresponding to the difference of the observed and true 
time of transit. 

Let S = declination of the star, and / = latitude of the,^ 
place ; then 

SPS" sin SPS' 

■ M — -; — — nearly 



' ainPy " 
cos (I— 



&iu H8 



arly 



= cos I + sin I tan S 



.-. error in time of transit in hours 

SPiff a , . ^ w 

= = — (cos i + sin / tan 3), I 

supposing a expressed in degrees. 

148. To determine the effect of a given small i 
of collimation upon the time of a star's transit- 
In consequence of this error, the line of collimation trac 
■ out a small circle parallel to the meridian. Retaining tli 
same figure and notation as before, and considering a = (Sffl 
the error of collimation, we have 

SPS' = a sec S; 

.: error in time of transit = — sec ^ hours. 



149. To find the azimnthal deviation from the met 
diao, of a transit instrument, from the observed superl 
and inferior transits of the same drcumpolar star. 

Let Z (fig. n.) be the zenith, P the pole, ZS the ^ 
tical plane deviating towards the east in which the line ( 



collimation of the telescope moves; SS'a'a the parallel of a 
circumpo]ar star, a being the real and S the observed place 
where it crosses the meridian at the superior transit, and 
a', 8", those at the inferior transit. Then 



sin ^Fa' 
sio PZIS" " 



sin STZ sin S'Z 



sin S'ZP sin P^ ' 

But since the angles S' Pa, PZS' are very small, their 
measures may be taken proportiomil to their sines, and 

sin yz = sin Za' nearly = sin (t)iy - 
S^a _ sin (/ + S) 
■ ' PZS^ ~ 
or S'Pa' ■- 



-S) = sin(/ + S 
= cos / tan S + sin /, 



Similarly] 



SZP. (cos Han § + sinO' 
sin SPZ sin ZS 



sin-yZP fiinP^* 



Z5'=Z«nearly = 5-/, 



SPZ^SZP^^"^^ J^ = SZP. (cos^tan^ - sin/). 



Let T, T" be the sidereal times of the superior and in- 
ferior transits over the meridian, t and t' the times of obser- 
vation at S and S (the former of which precedes the transit 
and the latter follows it) all expressed in degrees ; 

.-. 7"=«'-5ZP.(cos/.tanS + sinO; 

T = t + 5ZP.(cosZtanS- sin^; 

.-. r - 7" = ^ -/' +2A'ZP.cos/tan^. 
Now T-T' = V2" or 180"; 



IS I . tan ^ 



vbich is the deviation towards the east, of the plane in which 
the line of collimation moves. This resnlt depends only on 
the latitude of the place, the observed interval of the superior 
and inferior transits, and the star's declination, and does not 
require the difference of right ascension ; but as the tranaite 



take place after an interval of twelve hours, one of them fc 
the greater part of the year must be observed by day-light, 
and the stars near the equator, the time of whose transits 
be observed most accurately from the rapidity of their motions, 
cannot be used. Hence for portable instruments the foUowin| 
method of determining the meridian error is sometimes ei 
ployed. 

150. When the vertical plane in which a transit inatrH 
ment moves, nearly coincides with the meridian, to Jind th 
deviation, from the observed times of transit of two knom 



Let Sa (fig. 11.) be the parallel of a known star, th« 
using the same construction and process as in the former caa 
we have 

.-. SPZ = SZP . Cco3 Man 5 - sin 0- 

Let T be the sidereal time of the star's transit over tl 
meridian, t the time of the observation at 5", both express) 
in degrees at the rate of 15° to an hour. 

Then T = i + SZP . (cos / . tan S - sin I). 

Similarly, if T, t', ^' are values of T, f, S for another star, 

r = /' + 5'Zi'.(cos;.tan^- sin/); 

.-. T- T = t-t' + SZP .cosl. (tan^ - tan S') 

sin (<i — S'^ 
= t-t' + SZP.co&l. J^ li 



SZP= \T - r -it-t')\ . 



cos d . COB d 



is/. 



a(S-S')- 



In this equation T — f the difference of the right ascension 
of the two stars, is known from the catalogues in which all 
stars are registered with their right ascensions and declinationB, 
and t — t' may be observed ; therefore PZS, the deviation a£^ 
the transit instrument from the meridianj may be f 
corrected. 



: deviation aCH 
le found an^H 



In order that the observed error T-t - {t-t')^ caused by 
the deviation of the transit instrument, may be the greatest pos- 
sible, those stars ought to be chosen, in which 3 — ^=90") nearly; 
so that if the one star cross the meridian near the zenith, the 
other ought to cross it near the horizon, or if the declination of 
the one star is small, that of the other ought to be nearly 30". 

151. In dialling, where the plane of the meridian is re- 
quired, it is usual to find it by fixing a plate of metal at 
a convenient distance from a plumb-line, and in such a posi- 
tion that two stars whose right ascensions are nearly equal or 
differ by 180° when viewed through a small hole in the plate 
are bisected by the plumb-line ; then the plane passing 
through the hole and the plumb-line nearly coincides with 
the meridian ; and true noon happens nearly at the instant 
when the Sun's rays, passing through the hole, fall upon 
the plumb-line. 

The pole star, and e in the tail of the great bear, whose 
difference of right ascension = 177". 43'. ll"; or a Ophiuchi, 
and j3 Draconis, where the difference of right ascension is 7", 
01 the pole star and -y Cassiopeife, are adapted for finding the 
meridian by this method. 

152. To find the effect on the time of transit of an 
observed body, considering the errors of adjustment of a 
Transit Instrument coexistent. 

Let P (fig. 7- bis) be the pole, Z the zenith of the place 
of observation, E the East point of the horizon, L the East 
end of the diameter of the sphere parallel to the axis of 
the transit ; S a star on the meridian, T the same star 
on the mean wire of the transit, k its hour angle 

h 

= TPS = TPL - ZPL, then — will be the time when the 

15 

star is on the middle wire — time of star's culmination. 
Join LT, LZ, LP, by arcs of great circles, which, from 



1 of adjustment being small, 
join SP, then observing that when an 

right angle, sin a = 1 , cos « = a, 

nearly, we get 



r nearly quadrants; 
ingle (n) is nearly a 

md that SP = TP 
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cos TL « cos PT cos PL + sin Pr sin PL cos TPLy 



--TL-cos 



5'pg-P£)+sin<S'pg-7'Pi), 

-(f-rPz); 



but h^TPL'ZPL^'^'-ZPL 



A A « - - ZPL + cosec SpAtL'''^\^ cot ^P (| - LP\ , 

which is the error in hour angle expressed by the deviations 
in hour angle and declination of the axis, the error of colli- 
mation, and the declination of the star. 

Again, cos LZ = cos ZP cos PL + sin ZP sin LP cos LPZ ; 



.-. -- ZZ = cos ZP 
2 



(f - ra) + A ZP (f - iPz) ; 



substitute this value of LPZ in the above ; 

.-. A = (- - LZ\ cosec ZP+f^-- Lp) (cot aJP - cot ZP) 



+ (TL--) cosec *yp, 
or sin PZ sin *yP. A- (^-^^) siniS'P+ (i^--) sinZ^ 

+ (tL-'^) sin ZP, 

where the error in hour angle is expressed by the deviations 
in zenith distance and declination of the axis. 

Again, cos SL « cos SZ cos LZ + sin SZ sin LZ cos SZL, 
or, ^-SL^ cosSZ (j- ^z) + sin^JZ (lZP^'^] , 
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and anSP.h = TS'TL-- + -'SLi 

.-. sin SP . A= TZ-|+cos SZ (--LZ\ + sia SZ UzP~\ , 

where the error in hour angle is expressed in terms of the 
errors in level and azimuth of the axis. 



CHAPTER IV. 



TO HMD THE lATITDDE OP A TLACB OS THE EABTH S 

153. The latitude of a place on the Earth's surface may 
be found in various ways, and the mode to be adopted jn ajiy 
particular case must be determined by the observations which 
it is possible to make, from the nature of the instruments 
and the opportunities of using them. 

To jind the latitude by means of a meridian circle. 

1. If the Sun's declination is known, observe the zenith 
distance of the Sun's center as he crosses the meridian 
let this be ZC (fig. 1.) and let QE be the equator; then 
ZQ = QC + ZC, or the latitude = the declination + the Sun'sl 
meridian zenith distance. 

S. Again, if a known star be observed which crosses the 
meridian at C or L, 

ZQ=QC+ CZ, or = Ql - LZ, 

that is, the latitude = the declination ± the observed meridian 
zenith distance of a known star ^ + if the star crosses the me- 
ridian between the zenith and equator, and — if the star 
crosses the meridian between the zenith and pole. 

3. If two altitudes A and a, of the same circuoipolar 
star, whose parallel is LI, be observed at the times of its 
superior and inferior transit over the meridian, 

the latitude = the altitude of the pole = LH - LP, 
= A — the star's north polar distance. 
Similarly, 

the latitude = iff + /i'= a + the star's north polar distance 
.■- the latitude ~\.{A ■\-a'), by addition. 
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These methods may be used -with any instrument adapted 
to observing angles in the plane of the meridian. Or, if the 
exact time of the Sun or star's being on the meridian is 
known, they may be used with an instrument for taking 
altitudes, not fixed in the plane of the meridian, in which 
latter case they are applicable to finding the latitude at sea. 

154. To find the latitude from two 'nv 7 altitudes of 
the Sun, observed before and after noon. 

Let Z (fig. 9.) be the zenith, P the pole, S and y the 
two positions of the Sun at the equal zenith distances ZS, 
ZS\ then, if the Sun's declination, which changes very slow- 
ly, (about 23" in three months) be considered the same at the 
two observations, PS=FS, and 

lSPZ=SFZ = \.K.^PS'). 

Now if t be the sidereal hours by the clock between the 
observations, and T the sidereal hours between the preceding 
and succeeding noon, considering the Sim's motion iu right 
ascension uniform, and consequently his retarded (i. e. with 
respect to the fixed stars) diurnal motion uniform, during 
that interval, 

^-Py (2a) = 360"^, 

which determines SPZ (a) ; and from this angle, the Sun's 
Jeclination (90" - PS), and the observed altitude (90" - ZS), 
PZ the co-latitude may be found. 

Let PZ = 2(f-l, PS=9CP-S, ZS = 90''-a, 
then sin a = cosf .cos^.cosa-|- sin /.sin^. 
Let ^ be a subsidiary angle, determined by the equation 
tan = cos n . cot 2 ; 

2 1= COS ^ . sin ^ . tan ^ + sin I. sin S 
. . cos / . sio0+ sin / cosri> 



nS.sin ( l + <p) ; 
COS (p 




. ,, ,, sin n . cos (b 
.*. sm (( + 0) = — i 

which determines ^ + ^5 and, therefore, the latitude l. 

155. In the same manner, the latitude may be found by I 
two equal altitudes of the same star. 

A mode of correcting tiie error in the determination of tbel 
angle ZPS, introduced by supposing the Sun's declination.| 
invariable, will be given in the Chapter on Time. 

The only use of the two altitudes is to determine the angle J 
SPZ ; but if the time (,1) between the first observation and tlwil 
instant of the Sun's passage aver the meridian be known, thSt 
angle is found at once by the equation 



SPZ = S6&>- 



T' 



and one altitude will then suffice for determining the latitude. 

As the Sun may be obscured by clouds at the instant 
when the second observation ought to be made, the following 
method of determining the latitude by nny two observed al- 
titudes is frequently useful. 

156. To find the latitude and hour ajigle, from two I 
altitudes of the Sun, and the time between. 

Let Z (fig. 19.) be the zenith, P the pole, S and S' the J 
two positions of the Sun's center; then, from the time b^ 
tween the observations, SPS" (a) may be found aa in ikieM 

preceding Article. 

Let ZS = ss, ZS'=ss', which are the complements of thej 
observed altitudes, 

PS = A, PS= A', the co-declinations of A' and ,S', 
SS'= e, and / = 90" - PZ, the latitude of Z. 
Then, in the triangle PSS'y 

\ cos^_(A'- A) 



tan 1 (PSS' ■+ PS'S) • 
tan^{PSS'-PS'S) = 



cos^(A'+ A)* 

sin ^ (A'- A) 

sin^(A'+A) " 



.-. I PSS'= ^ . (FSS'+ PS'S) + ^ . iPSS'-PS'S), is known, 

sin A', sin a 
quation sin y - 

Again in tlie triangle ZSS', 

"^ ' 8in y .sms 

and / PSZ = PSS'- ZS^, are known. 
Lastly, in the triangle ZPS, 

sin i = cos K . cos A + sin k . sin A . cos PSZ, 

oaA sia ZPS = sin ZSP. ----■, which give the latitude and 
cost 

hour angle. 

The last equation but one may be replaced by the formulie 

Ian d> = cos PSZ , tan A, which determines 0, 

COS {x — d>). cos A , . , 

and sin ^ = cos A (cos 2: + sin s tan tp) = ^ — — , whicli 

' COS0 

gives /, both of which are adapted to logarithmic calculation. 

Thus these equations determine successively PSS', 9, ZSS", 
tp, and, lastly, I, and ZPS, which are the quantities required. 

The figure represents the two positions of the Sun on the 
same side of the meridian, but the proof is the same when 
they are on different sides. 

157. The Sun's declination, which is required in the above 
method, is subject to daily alteration, and is registered in tables 
which contain the declinations corresponding to the noon of 
every day under a given meridian. From these registered de- 
clinations, the declination for any intermediate time under the 
same meridian is found, by taking a part of the whole incre- 
ment of declination proportional to the time from the preceding 
noon ; thus if S and S' be two declinations from the tables for 
the times of the preceding and succeeding noon under the given 
meridian, and 7* the time between the two noons, thcii S'— S 
is the increment of declination in 7*, therefore, in ^ from 



the time when the declination was 5, the increment of ded 

nation is—. (S'— ^), and the whole declination = <! + -= 

If, therefore, at the place where the observations are made, 
we have a chronometer which indicates the time at the place 
for whicli tlie tables are calculated, the declinations, and, there- 
fore, the co-declinations A and A', may be found. This re- 
mark will be better understood after the perusal of the Chapter . 
on Time. 
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168. In the same manner, the latitude may be found from 1 
the observed altitudes of two known stars, and the time between. 
If the observations are contemporary, « = the difference of the 
stars' right ascensions (d) ; if they are separated by an interval 
of t sidereal hours, supposing the second observed star S" t 
have been at Si at the time of the l" observation, (fig. 12), 

a = ^^5", -<r S,PS' = d+W.t:, 
if the second observed star is east of the other, a ^^ d -^ 15". t. 

159. If the Sun's declination be considered invariable 
between the observations, or, if the latitude be deduced from 
two altitudes of the same star, the four first equations of 
Art. 156, reduce themselves to 

cos A 
sin ^ = sin 1 a . sin A, 
which are obtained at once from Napier's rules, by dividing 
the isosceles triangle PSS into two equal right-angled tri- 
angles by means of a perpendicular PO. 

The remainder of the solution is the same as before. 

In this manner the general problem is often solved; the 
north polar distance is supposed to remain equal to ^ (A -I- A') 
between the observations, and the error of from l' to 5', thus 
introduced, is got rid of by a subsequent correction. 

160. When the latitude is nearly known, a more correct 
value may often be obtained from two altitudes of thi 
and the time between, by the following method, which is callec^. 
from its inventor, Douwe's Method, and is much used at sea. 
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With the same assumptions as before, let /' be the approx- 
imate latitude, A and h' the hour angles, and A the Sun's north 
polar distance, which is here taken equal to half the sum of 
the polar distances at the two observations, and is supposed 
to remain constant. 

Then cos^ = cos/ sin Acos/t -i- sin /cos A ... (l) 

= 008/* sin Acos/i + sin/' cos A nearly, 

and cosx' = cos/'sdn AcosA' + sin/'cos A ; 

.-. cosjir - COS k' = cos /'sin A. (cos A - cos A'); 

.-. sin ^ (sr' - x) . sin \ (»' + x) 

= cos /' . sin A . sin \ (A' - A) . sin J (A' + A). 

In this equation, A' — A is known from the observed inter- 
val, when the observations are made on the same side of the 
meridian, and h' + h, when they are made on different sides; 
and either of these being "known, the other may be deduced 
from it by the equation, and thus A may be found. 

But from equation (l), 

cos a = sin (/ + A) — 2 cos / sin A sin' 1 A ; 

/. sin (/ + A) = cos » + 2 cos /* sin A sin^ ^ A nearly, 

using the approximate value in the small term; from which 
/ + A, and, therefore, / may be found. 

If the subsidiary angle ip be determined from the equation 

2 cos/' sin A 
cot d) = ~^-. . sin' k h, 



then sin(/ + A) 



sin (n + cp) 
sin 



which is adapted to logarithmic computation. 

If the value of I thus deduced differs much from the ap- 
proximate value /', the operation must be repeated with / in- 
stead of /', in which case the method becomes longer than 
the direct method, without being ao certain. See Delambre, 
Chap, xxxvi. 
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i;j 161, When the latitude is found ai sea, from two altitudes 
of the Sun and the time between, a correction must be applied 
for the ship's change of place between the observations. 

Let P (fig. 13.) be the pole, Z the zenith and S the Sun «t; 
the first observation, Z* and S' at the second. Let SZZ' 
and angle subtended by ZZ' = n ; then wj is known from the 
direction of the ship's motion, and if a be the actual space 
moved over on the Earth's spherical surface, which is known 

from the ship's rate and the time, n = - , r being the Earth's fl 

radius. Let a, z, be the observed zenith distances of S and'J 
S", and «, = Z'S the zenith distance which would have bee 
observed, if the zenith at tlic first observation had been Z,M 
Let Zi = X -y y, then, from the triangle Z'ZS, 

cos(ai + y) = sinn sin x cos m + cos « cos n 

or, substituting for cosy and cosn. 



I 



or 8ia ^ 1 1 + cot s^ tan - 



- cosm + cot K tan - 



But since y and n are very small, substituting the c 
cular measures of these angles instead of their sines and tan- 
gents, 

!/ (l + ^y cot »:) = «(- cosm + ^ncots;); 
therefore, for a first approximation, y = — n cos m ; 
.-. y = « (-cosm + |ncots)(l -^ycotar) 

= ji (— cosw* + ^n cots') (l + ^ n cot JE cos ffl) 1 
= «{-cosm + ^ncatz - ^ n cot z (cosm)*! 



= — n cos 



cot « (sin jh)', 
but s', = .s + y and n = - , 





therefore, expressing the formula in seconds*, 

s . - . ,, ' 

■s■^ = z ~ cosm — r—i^, + ^ cot z [smmy -^ 



Having thus found «,, we may proceed, as before, to find 
the latitude of the ship, at the second observation, from the 
zenith distances z^, x', and the time between. 

162. To determine the latitude from xenitk distances of 
a heavenly body, observed very near the meridian. 

Let z = ZS (fig. 10.) be the zenith distance of the Sun or 
of a known star iS', observed very near the meridian, l^QQl^ — PZ 
the latitude required, 5 = 90° - PS the star's known declination, 
and A = ZPS the hour angle. 

Then cos » ^ cos f . cos S . cos A + sia I sin 5, 

But if m = l -S be the start's meridian zenith distance, 

then zt^m + y where y is very small ; 

.■. cos (m + y) = COS / cos S cos A + sin i sin 5 ; 

therefore, expanding and putting for cosy, cosA, their vidun 

„ . u . h 
in terms of sin - , sin - , 



>8 m ( 1 — 2 sin* - ) — sin m sin y 



= cos / COS d 1 — 2 s: 



- 2 cos I COS 6 sin* - 



or sm V 1 1 + cot m tan 



y\ 2 cos / cos S 



_ 'If a" be the number of sccoods in an angle whose circular mesaure ia 

I H*ce lin 1" ia very nratly the diculw meaiure of ihe angle 1", we hava 



1-^ 



thercfoiv, since y is very small, putting ;/ for sin y, aod^ 

'- for tan - , ive have 
2 2 

y = X {\ — - catm\ ; .•, for a first approxioiatioa y 



. more nearly, y = x \l — 



or, replacing w and m by their i 
formula in seconds. 




, and expressing the 



2 cos / . cos S . sin' ^ k 
' sin 1" . sia (f - S) 



- ^ . cot {/ - 



;in^-iAl» 



1 {( - ^) 



i 



In calculating the coefGcient of sin'^A, / may be taken 
equal to the sum of the least observed zenith distance and fi. 
To find A itself, if a transit instrument be used, the clock 
will shew the interval between the time of observation and 
the transit, from whence A may be found, as in Art. 155. 
If there be no transit instrument, an equal zenith distance ^ 
must be observed on the other side of the meridian, froia 
which A may be calculated, as in Art. 154. 

Having by these means got the correction y, ss -- y, 
meridian zenith distance is found. If, therefore, several meri-j 
dian zenith distances of the same star be taken near the meridian, 
and we call Z the mean of the values of x, and Y of y, 

the true meridian zenith distance = Z - I', 

and the true latitude = S ± (Z - Y). 

'') 163. In general the first term of the value of ^ ife| 
sufficient, and the second, which is easily deduced from it, ■ 
need not be resorted to, unless the star be at a considerable 
distance from the meridian. To facilitate the computation, 

tables are formed of the values of - -. — %- , and [ — r—^j- 1 ^j 
sm I V sin 1 / T 

for all values of h in seconds up to half a degree. 
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The pole star, which is a star of the first magnitude very 
■ near the north pole, on account of its slow motion, may be 
employed with greater advantage than any other in determining 
the latitude by this method ; with this star, y is very small 
for more than a quarter of an hour before and after the star's 
transit. 

This method, by which the latitude is found with very 
great accuracy, may be used by land or sea ; in the latter 
case, h must be determined as in Art. 154. 

Taking only the first term of the value of y, 

ecosU-os^ . h 

y or s — Ttt = ; — 6in' - ; 

SID m 2 

therefore the change of altitude, or zenith distance, near the 
meridian, varies as sin-^A, and therefore as k" nearly, or as 
the square of the interval between the time of observation, 
. .and the time of transit. 

164. To find the latitude of a place by observations of 
the pole star out of the meridian. 

The pole star, on account of the smallness of its north 
polar distance {)". .58'. 47"), may be advantageously used for 
finding the latitude, in any point of its circular course. 

Let A be the apparent polar distance of the star, and let 
X, "B zenith distance corresponding to the hour angle A, 
= c + y, where c is the co-latitude, and y ia always very small, 
and in no case greater than ± 1". 38'. 47" (A) ; then 

A sin c cos h + cos A cos c ; 



cos (c + y) 
therefore, as in Art. 



fil. 



1/ = — A cos A + ^ A" cot c (sin ky nearly ; 
.-. c the co-latitude =z —y = m + A cos A — ^ A' cot c (sin A)'. 

For a first value, c may be taken = a -t- cos A A, from which the 
coefficient of A* may be calculated; therefore, determining n 
co-latitudes c, c', £;c., in this manner, the true co-latitude 

= -.((; + c' + &c.) 
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HeACe if 2 be the latitude, a the true altitude, ^ the sidereal 
timl^ of observation, a the right ascension of the star, SO that 
A K « — a, and p the number of seconds in A, we have 

Z «■ a - p COS A + ^ sin l" (p sin hy tan I. 

The value of the second term is given in the Nautical Alma- 
nac for every 10^^ minute of sidereal time (assuming as mean 
values p = 93\ 6", a = 15°. 2?') and being added to or subtracted 
from a, as the case may be, gives an approximate latitude; 
and the value of the third term is given for every half hour of 
sidereal time and for every 5*^ degree of latitude, and must be 
taken out with the approximate latitude. There is, besides, a 
third correction given in the Nautical Almanac depending 
upon the difference between the true and assumed values of p 
and cu 

The observations required in Articles 162 and 164 may b^ 
made with any instrument for taking altitudes or zenith dii^ 
tances. 




CHAPTER V. 



ON THE SETN S MOTION IN T 

165, To Jind^ by observafioji, the Sun's motion in r 
ascension in any time. 

Let t and t', the respective times of transit of the Sim and 
a fixed star, be observed by the clock ; then, if the clock gain 
or lose uniformly, and Hi + xhe the hours between two suc- 
cessive transits of the same fixed star, tlie difference of right 
ascension of the Sun and star, at the instant the Sun was on 

t'-t 

the meridian = S&y, . 

24 +ai 

If A and a be the differences of right ascension of the Sun 
and the same fixed star, thus found at different times of the 
year, a — A is the Sun's motion in right ascension in the in- 
terval, supposing the star's right ascension to be invariable. 

In thus finding the Sun's motion in right ascension, it is 
not necessary that the hand of the clock should go round ex- 
actly in Si sidereal hours, but merely that the clock should 
gain or lose time uniformly during the same day, and that 
the whole gain or loss be knawn. 

166, The stars, as was noticed in the Introduction, and 
as will he further shewn in the chapters on Aberration and Pre- 
cession, do not always appear in exactly the same place, but 
have small apparent changes of position, which can be ascer- 
tained ; if, therefore, S be the right ascension of the star at 
the first observation, and iS + e at the second, 

J = the Sun's right ascension at the first observation — S, 

a = second — (.?+«); 

,-. a — A = the Sun's motion in right ascension — e ; 

_ ,-. the Sun's motion in right ascension = a ~ A -i- e. 
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To find the Sun^s dedinatinn, by obsenmtion. 



Let the zenith distance of the Sun, when on the meridia 
be observed, then, in north latitudes, the observed zenith dis-4 
lance = the latitude of the place -*- the Sun's declination; there- 
fore the Sun's declination •= the latitude of the place ± the 
observed zenith distance. If the declination, thus found, is 
negative, the Sun is on the south side of the equator. | 

In observing the altitude of the Sun, or of any other I 
heavenly body which has apparent magnitude, the altitudes^ 
of the upper and lower limb are observed, and the semi-sum ' 
of these is taken for the altitude of the center; in the same 
way to find the time of transit, the times of transit of the 
western and eastern limb are observed, and their semi-sum 
taken for the true time of tlie transit of the center. One 
observation of the limb will suffice if the Sun's semidiameter 
be known. 



168. If the Sun's declination be thus found on everyday 
throughout the year, it is found to be at one time, and after- 
wards to increase up to 23". 28', at the end of three months; 
from this time it decreases, and is again 0, at the end of half a 
year, when the declination becomes south, and the same changes 
of south decHnation recur for the next half year. The cause 
of this apparent change in the Sun's declination we have seen 
(An. 46.) to exist, in the Earth's motion in the ecliptic, and the 
parallelism of the inclined axis of rotation. If the Sun's motion 
in right ascension {A) in the interval between his declination 
being and D, be observed, it is found that sin A oc tan D, j 
which proves that the Sun's motion is in a great circle cut- 1 
ting the equator in the points where his declination is 0. For i 
let T be the point in the equator where his declination is (fig. 
14.) and T'i), DS, T d, dS" corresponding right ascensions, 
and declinations; join T S by the arc of a great circle, meeting 
dS'ms; .-. from the right-angled triangles t DS, 'rds, 

„ sin'vj) sinTfrf , sinTZ> sin T d 
cotS'rD= — = ; but = — — ~ ; 

tan DA' lands tan Z>,S' tand.?^ 

.-. tan dS" = tan ds, or dS' = ds, each being less than 90"; | 
that is, the Sun is always found in the great circle t S. 



] 69. To find the right ascension of the Sun, and the 
obliquity of the ecliptic. 

Let T D, (fig. I*.) be the equator, ir S the ecliptic, or 
great circle in which the Sun moves, S and s two observed po- 
sitions of the Sun, when on the meridian of the observer, SD{1), 
and srf(^) the corresponding declinations. LetZ)d(2a) the 
difference of right ascension of S and s be observed ; then if 
T D = r, and SfD the angle between the ecliptic and equa- 
tor, which is called tlie obliquity, = w, 

sin Or' = tand .cot w, 
sin (a! + Za) = tan S* cot w ; 
sin (x + 9a) + sin a? tan o" + tan S 



sin (x + 2a) ~ sin a: 
^_ tan (,r + a) 



tan 6 — tan d 



, tan (,i; + n) = 



sin (S' - 



fhich equations determine .r and w. One of the observations 
must be made near an equinox, and tlie other near a solstice. 
The value of the obliquity thus found = 23" .27' . 36" . 



170. Having found the right ascension of the Sun, that of 
any other heavenhj body may be obtained by adding to it the 
difference of right ascension of the body and the Sun, deter- 
itiined as in Art. 1()5. 

The right ascension of the Sun, when on the meridian, 
Converted into time at the rate of 15" to an hour, will give the 
sidereal time from t!ie first point of Aries being on the mcri- 
cJiaTi, that is, the time shewn by the sidereal clock. 

171. Flamstead's method of finding the Sun's right as- 
cension. 

Let tDI. (fig. It.) be the equator, f SL the ecliptic, S 
the Sun near the equinox t , when on the observer's meridian, 



D his plai:e referred to the equator by the declination circle 
SD. Let m and n be places of D similarly determined near 
the equinox L, where the Sun's declinations S'and &" at succeed- 
ing noons, are one greater, and the other less than SD (5), and 
let D' be the intermediate place where the declination = S. Then 
Dm (2a), the difference of the Sun's right ascensions at D and 
m, may be found (Art. 1 6,^), and mn(2jS) the difference at 
m and n. 

Now the changes of right ascension and declination may be 
considered uniform during the same day ; 



mD' 



time from in to D' 
time between succeeding n 



. mV = Z(i. 



Let A be the Sun's right ascension at the first observation ; 

,'. A ■\-^a is the right ascension of m, 

h' - 
and ^ + 3a + 2/3.-5-7 ^of D', which equals 180" - A ; 




, A=m'-a-ii.-^-^.. 



The differences S' — ^, 5' — ^' are equal to the differences of 
the observed meridian zenith distances, which renders the know- 
ledge of the latitude not requisite in Flanistead's method, and 
causes all errors which equally affect the observed zenith dis- 
tances to vanish. These advantages render the approximate 
method in practice more accurate than the preceding, which 
is theoretically exact. The observations necessary for finding 
the Sun's right ascension by this methoii are separated by an 
interval of nearly half a year^ they are made near the equi- 
noxes because then the changes in declination are most rapid. 

172. When the Sun is in one of the solstices, the right 
ascension = 90", and the declination is equal to the obliquity (m). 
If, therefore, we suppose the Sun (0) to be on the meridian of 
any place whose latitude is (/), at the time when he is in the 



I 
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solstices, end that the altitudes A and A' are observed corres- 
ppnding to the Buminer and winter solstice, 

^=90°- 0's zenith dist.=9O''-(Z-0'sdec.)=9O^-/ + w. I 

Similarly,^'=9O*-0'szenithdist.=9O»~(/+0'sdec.)=9O''-/-M; 

l = f^Q°-\.{A + J'). 

173. To Jind the relation between the Sun's right as- 
cension, declination, and longitiide. \ 

. Let T S (fig. 14.) the Sun's longitude = I, <r D the right | 
ascension = a, SD the declination = S, then applying Napier's ' 
rules to the right-angled triangle T SD, ' 

tano = cosw .tan I (l), 

tan^ = sin a .tan w (2), ^ j 

sin I = einoi . sin / (3), ' 

cos ^ n cosa . Coa5 (4) ; 

which equations, when two of the quantities a, w, S, I are 
given, determine the others. ' J 

174. The equation ] 

1 
tan o = cos w tan /, or tan I = ■ ■ - tan c, 

COSbl I 

admits of useful transformations; substituting in it the expa> 
nential values of tan a, tan /, and proceeding as in Art. 127, we 
obtain, 

R = ^ — tan^^o). sins ^ 4- '^. tan'^ui- sin4/ — &c. ■ 

l=a + tan*^w.sin2a 4- ^. tan^^w. sinia + &c. ^ 
.-. ^-ffl = tan"lw.sin2Z - l. tan'^w. sin4Z+ &c...(a), 
and I ~ a = tan'^£u.ain9a + ^ .tan^^w. sin 4a + &C...Q3). ' 

These series are called the reductions of the ecliptic to the 
equator, amd are useful in calculating tables. 
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175. Proceeding in the same r 
tan 5 = sin a tan o> = cos (90" - a) tan m 
we have 




1 + sin o 1 + cos (90 - a) 

= tan^^M, (if 9 

.-. £0 — S = tan^^M. sinSw — ^. tan'^w. siniw + &c...(y), 

to - ^ = tati*^M. ainsS + ^.tan'^-w. sin4S + &c,..(^). 

The series (7), (§) are called the reductions of the declination \ 
to the solstitial declination, iu terms of the right ascension 
and obliquity, or of the right ascension and declination. By 
(5) the obliquity is practically determined. If the Sun be 
near the solstice, this series is very convergent ; and if S 
be found on several successive noons at this time, the 
of the corresponding values of a* gives the obliquity with I 
great exactness. 

176. The reduction of the declination to the solstitial 
declination, in terms of the longitude, may be deduced from i 
the scries (7), {&), or more readily from the equation 



Let S = w — y, ^ = 90" — M, where m is the Sun's distance 1 
in longitude from the solstice, and both y and u are very small; I 

.■. sin {ui — y) = sintu cos v, 

or sin (u ^1 - 2 (sin^y)'} - cos tu sin y = sin u {l - e (sini«)=} ; I 

.-. 8inj/{l + tan,Jsrtanw) = 2(sin-^M)nanu,, 

or y (1 + ^ y tan w) = 2 (sin ^m)' tan a> ; 



therefore, for a first approximation, y = 2 (sin^w)- taiitu, 
conaequently, j/ = 2 (ain^M)' tanw (l - ^ytaau). 



l|)'.(t.n„)'C.). 



In the equations a, /3, y, S, e the angles w, I, y, he- are ex- 
pressed in circular measures ; expressed in seconds, the last 
equation becomes 



and the equations a, /3, 7, ^ may be reduced to seconds in the 
same way, 

177- The formulas 7, o, e, afford the most exact means 
of finding the obliquity. By Art. IC9, a near value of w 
may be obtained, from which, and an observed declination 
of the Sun near the solstice, u may be found by means of 
the equation 

sin 3 = sin (o . sin / = sin w . cos w. 

Substituting these values in the equation (e), a value of y 
is obtained, and if, from n declinations, 5, ^, &c. near the 
solstices, n reductions y, y, &c. are deduced, the obliquity 



f + Stc. + y + y' + &c. 



very nearly. 



The first term of the equation (e) suffices for finding the 
reduction y, if the observations are made within 7 or 8 days 
of the Sun's being in the solstice; the observations may be 
extended through double that time, if the second term be 

made use of. 



178. To find the position of the ecliptic in the hearens 
at any time, with reference fo the meridian and horixon of 
any place; i. e. fur a given day and hour, to find the lati- 
tude and longitude of the pole of the horizon. 
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Let T E (iig. 15*) be the ef[uator, 

f O ecliptic, 

HR liorizon, 

P, K, Z, their respective poles. 

Let the meridian PZ cut the ecliptic, equator, and horif 
2on, in C, o and H respectively, and let KZ cut fO la 
and HO in /; then C is called the Culminating Point of ti 
ecliptic, or the Mid Heaven, O the Ascending point, and 
the Nonagesimal Degree, being the point of the ecliptic which 
is at the greatest height above the horizon. Now the arc join- 
ing the poles of two great circles measures their inclination, 
and being produced, cuts the circles 90" from their point of 
intersection ; therefore, ZK is the inclination of the ecliptic 
to the horizon, and NO = fiO™; for the same reason, 01, EH, 
•r T, T *, all equal 90", T and t being the intersections of the 
equator and ecliptic with the solstitial colnre. ~ 

Let s he the place of the Sun in the ecliptic, S his plaee 
referred to the equator, by a declination circle ; then the right 
ascension of the mid heaven (^A) = T c = T 5" + Sj^= the Sun*s 
right ascension + the Sun's distance from the meridian measured, 
along the equator = the Sun's right ascension + the hour ang] 
from noon ; therefore A is Isnown, since the day and hour 
given. 

Let ^ = T iV be the longitude of the nonagesimal, 
and a = HO the south azimuth of the ascending point. 
Then, in the triangle ZPK, we have given 
PK the obliquity = to, 
PZ the co-latitude = r, 



i 



" In the figure, the arcs t'O, HR, &.c., are supposed 
iphere, and C y , dT on liie weslem, so ihat OC, or fra 
\ page to Ibe left, i« the direction of the diurnal motioii, a 
' ji the direction {mm west to east, 01 [he ordei 



L 



m the eastern hemi< 

Lght hand lide of the 

ion, or Mim east 10 west, atri CO 

the signs. Since the Sun (1) hi 



jDBt paisetl through an equinox to the north side of the equator, and olao just 
the raeridian ; the figure repregeQiS the position of the great ciwlea of (he 
ihe aftemoou of a i»y at the end of Much. 



1 



and L ZPK -- 
to find 



- ZPT = 1 80" - ( T 7" - T c) = 90" + J, 



lZKP= Nt '^Tt-vN. = 90°-/, 

L PZK = CZN = H0- 01 = a-^, 

and ZK = NI, the altitude of the nonageaimal ; 
therefore by Napier's analogies, 



and sin ZK = sio PK 



sin ZPK sin oi 



sin PZK - cos o ' 

from which equations, a, I, ZK may be found. 

The inclination of the ecliptic to the horizon, and the 
azimuth of the ascending point, are all that are required 
for ascertaining the position of thu ecliptic with respect to 
the horizon i but /, the longitude of the nonagesimal, will 
be required in a subsequent Chapter. 

179. When the first point of Aries rises, which it doea 

^o -£, the solstitial colure and the meridian coincide because 

'neir poles coincide, and therefore K falls on the meridian; 

Y^t. since the Sun in moving eastward through Aries, passes 

'"to north declination, the part of the ecliptic situated to the 

^f^* of Aries lies north of the equator; therefore, when Aries 

's^s in north latitudes, T m the part of the ecliptic which is 

^s*t of Aries, falls below tlie equator Tn, and cuts the 

^^*idian below c, and S lie.s in VZ or PZ produced, and 

^*-*t on the other side of P. As Aries ascends, or moves in 



th. 



direction £c, A' moves in the same direction, and the 



"^^le ZPK increases; therefore, since the sides ZP, PK, aru 

'^'-**»stant, ZK, or the inclination of the ecliptic and horizon, 

"^Creases continually, from tho time when K is on the me- 

^4ian, or Aries rises, till ZPK = ISO", when the solstitial 

w*lure again coincides with the meridian, and Aries sets. 



112 

The diurnal path of K is the polar circle ; the greatest and 
least values of the indination of the ecliptic to the homon 
are, co-latitude + obliquity, and co-latitude-^ obliquity, re- 
spectively. 

180. Given the right ascension and decHnaiion of a 
ter to find its latitude and longitude ; and converaely. 

Let T D, (fig. 16.) the right ascension of the star S, = n, 

SD declination = S, 

y L longitude = 

SL latitude = 

^ LtD the obliquity = ai, and -SxZ* = 

Then, in the right-angled triangle 

SrD, cot = sin a. cot S (l), 

COB0 = tana, cot T 5* (2), 

SvL, cos (0-w) =tan?.cotT5 (3), 

SvD, sin^ = 31110. sin T A' (4), 

S T L, sin \ = sin ((f> — u>) . sin T S (5), 

therefore, from (2) and (3), 

, Icos (0 - ,u) . tan a 
tan/ = ^-r- .-'— . , 



and from (4) and (.5), sin X = 



A - to) . sin S 



from which equations / and X may be found, by means of ' 
subsidiary angle 0, obtained from equation (l). 

181. The right ascensions and declinations of the Sol 
and stars arc deduced from observation by means of the sidere 
clock and transit instrument, and the mural circle, as explai 
in Articles 110 and 11.1; the longitudes and latitudes 
being subjects of immediate observation, are deduced by ci 
putation from right ascensions and decbnations, and are usi 



IS measured doi 
case. They I 
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ill the theory of the at>eiTatiaD of light, hi cei'tain methods 
founded on the oceultations of stars by the Moon, and in the 
comparison of catalogues of stars made at different epochs; 
and aSbrd the most direct method of iiuding the quantity of 
precession of the equinoxes. 

182. The formulEe for finding the right ascension and de- 
clination from the latitude and longitude, may he deduced in 
exactly the same manner, by assuming St L for the subsidiary 
angle (pi but it is obvious that they may be derived from the 
preceding, by changing X into S, I into a, and making fu nega- 
tive, since the new plane to which the co-ordinates are referred, 

nwards, and not upwards as in the preceding 
, therefore, 

cot <p = sinl. cot \, 
1 cos (^ + tu) . tan / 

cos ^ 

£1110 

183. Let OSL, the angle of position, = ^, 

Then in the triangle tt OD, tan0 = sin a. tan u (l), 

sine = tanfl.cotrOlJ.. (2), 

SOL, cos(^ - 6) = cot S. cot yOD.. {3); 

therefore, from (2) and (3), 

^ cos (^ - 0) . tan a 

cot 5 = . ^ > 

sin 6 

which determines S from the right ascension and declination, 
by means of the subsidiary angle B. 

184. Similiarly, if the arc of SL produced, between the 
ecliptic and equator, he talsen for the subsidiary angle 6, 

tan 9 = sin ; .tanoi, 



cot* = 



cos {\-t-e). tan / 



which equations determine the angle of position, when 
latitude and longitude of the star are given. 

185. Produce DS, LS (fig. 17.) to meet the poles of 
equator and ecliptic in P and K, and let KP meet the equator' 
and ecliptic in Q and C; then KP is the solstitial colure, and 
T is its pole, therefore the arcs y C, T Q, f P, tS', each 
= 90", and also the angles Tf KP, T PJC, &c. are right angles; 

.-. SPK = 90" + a, SKP = 9ff' - /, PK = 10, 

SK = go" -X, SP = 9(i*- 5, 

PSK, the angle of position of tlie star, = S. 

Hence cos SPK = — sin a, sin SPK = cos a, 

cos SKP = sin I, sin SPK = cos I, 

and applying tliese values and the fundamental furmulse 
spherical Trigonometry, viz. 



cot A sin C 

sin a sin B 



-- cos a cos h + sin a sin h cos C, 
= cot d sin fc — cos C cos 6, 
; sin A sin h. 



(where (/, b, c, A, B, C, represent the sides and opposite angli 
of any spherical triangle) to the triangle SPK, the followii 
-equations may be easily obtained : 

tana •= cos ui. tan / — tan \ . sin cu sect / (l), 

sin S = sin tu . cos \ , sin / + cos w . sin X ... (2), 
tan / = cos (u . tan a + sin w ■ tan 3 . sect n ... (3), 
sin X = cos w . sin Z — sin w ■ cos 2 . sin a „, (4), 

cos 2. cosu = cosX ■ cos/ (fi) 

cot S - cot (0 . cos ^ . sect « + tan a . sin ^ ... (6). 
= cotu) .cosX. sect Z - tan/, sin X ... (7). 

The figure represents the iirst quadrant of the sphere ; 
second quadrant, SKP would = / - 90", and in the same way, 
that angle and SPK would alter in the other quadrants ; but 
the algebraical results above deduced are of course general. 



and independent of the particular position of tlie geometrical 
figure whence they were derived. 

186. We are now enabled to explain the method of making 
a catalogue of the fixed stars, and of registering their places 
either with respect to the ecliptic or the equator. 

Having found (Art. 171) the Sun's right ascension, let the 
hand of the sidereal cloclc be so placed, that the time by the 
clock, converted into degrees at the rate of IS" to one hour, 
may give the Sun's right ascension, reckoned from the true 
equinox, when on the meridian. Then, when Aries is on the 
meridian, the clock will point to 24*', and if t" be the time by 
the clock at any other instant, 15".^ will be the right ascension 
of all fixed stars then on the meridian, which may therefore be 
found. The declinations of the stars may be deduced, as that 
of the Sun was (Art. 167.), by subtracting the observed meri- 
dian zenith distances from the latitude; considering zenith dis- 
tances which are north of the zenith, negative, and all stars with 
negative declinations to be south of the equator. When the 
stars are thus registered according to their right ascensions 
and declinations, a catalogue, in which they are ranged ac- 
cording to their latitudes and longitudes, may be formed from 
't by Art. 180. On account of the small changes of place of 
liie fixed stars alluded to in Art. 72 and 7fi, the right as- 
censions, declinations. Sic. observed at one time, will be dif- 
ferent from those observed at. another; but since the law of 
these changes is known, we are able, from the observations 
made at different periods, to calculate the right ascensions and 
declinations such as they would have been found if all the 
tibservations had been made at the same given epoch, Tlie 
use of tbis catalogue is for a variety of purposes already ex- 
plained, such as to find the latitude, to regulate the clock, 
w Verify the adjustment of instruments, &c. ; as well as to 
^"^ertain whether any new Irodies may hereafter visit our sys- 
^^m, or any of the known ones depart from it. 
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CHAPTER VI. 



187- AsTKOVOMEits, as has been said, distinguish thi 
kinds of days, the Sidereal, the Solar, and the Mean Soli 
each of which is divided into 24 equal parts or hours, 
hour into fiO minutes, and each minute into fio second! 

The sidereal day is the interval between twt 
transits of the true first point of Aries (t), and begins when 
that point is on the meridian. The sidereal day may bo con- 
sidered the same as tiie time of the Earth's rotation*, 
time between two successive transits of the same fixed star o" 
the meridian. 



188. The sidereal time in common use among Jstl 
namers expresses the actual hour angle from the meridii 
westwards, of the true equinoctial point. The sidereal Hmt 
tit mean noon given in the Nautical Almanac, is the angu- 
lar distance of the true vernal equinox, from the meridian, 
at the instant of mean noon, and is calculated by the formul 

Sid. 7' = — ( g's mean long. - ]5",3a5 sin )) ' 



] 



of th. 



O's true long.) It is therefore affected by the equatii 
,_ : ^j^j jg i^^j^ strictly speaking, a 




uniformly increasing quantity. It ought, therefore, to 



" If yi were a fixed poiul, (he Biiiereal day would be equal to the interval Ije- 
Iween two trunsiw of the same fixed slsr, or to the lime of the Eftrth's rotalion ; 
hut the axis of the Earth, as atmed in Art. 77, and as will be noticed more fuUj 
in the Chapter on Precession, deacribea a conical surface round the axis of the 
ecliptic in 336111) jeam, in conxequent'e of which, the intersection of the ecliptic and 
equator moves along the ecliptic through 50",2, yearlj, in a direction contrary to 
the order of the ai^rmi, This motion causes the length of the sidereal day, a.i dcfmed 
in tlie text, to differ from the time of the Earth's rotation, and from llie interval 
between two successive transits of the same fixed star. There aie alao other cBOses 
(Chap. X, si}, which alter slightly the real or appareivt right ascensions of the fixed 
Stan, and therefore render unequal the intervals between the successive transits of 
different atnts, or of the same star at differenj times. The difference, however, 
sidereal day, and of the interval between two successive transits of the si 
star, except for stars very near the poles, is too small to be noted by the clock, ■ 
cim only be detected in its accumulation for a long period. 






termed apparent sidereal time, in the same manner as appa- 
rent solar time reckons from the actual arrival of the Sun's 
center on the meridian. And in like manner, as mean solar 
time is reckoned from the arrival of an imaginary Sun, moving 
uniformly with its mean velocity, so mean sidereal time (whose 

expression would be simply — g's mean long.) would he 

reckoned from the transit of (not the true, hut) the mean 
equinoctial point. The smallneas of the fluctuations to which 
a clock, regulated to apparent sidereal time compared with 
one regulated to mean sidereal time, is subject, being at the 
utmost only 2", 3 in a period of 19 years, has prevented the 
practical inconvenience of this from being felt ; no clock being 
sufficiently perfect to go during so long a period without fre- 
quent re-adjusting. 

189. A Solar day is the interval between two successive 
transits of the Sun's center over the same meridian, and begins 
at noon. This is sometimes called the true day, and some- 
times the apparent day, because marked by a real phenomenon, 
viz. the appearance of the Sun on the meridian, and not being, 
as the sidereal and mean solar days are, the result of calcula- 
tion. The Afean Solar day, as its name imports, is the mean 
of solar days, and is determined by the transits of an imaginary 
Sun, which describes the equinnxial with the Sun's mean mo- 
tioB in right ascension or longitude. 

The difference between the apparent and mean time is 
fViUed the equation of time, by the addition of which to ap- 
parent time, the mean time may be found. The means of 
determining the equation of time will be given in a subsequent 
'^lapter; here it may be taken for granted, that when either 
Es apparent or mean time is known, the other can he found, 
the Sun's place in the ecliptic be given. 

190. The astronomical day begins at mean noon, and 
continued through the 2i hours to the following mean noon ; 

**^e dvil day commences at the preceding midnight and is 
'Ounted only to 12" or noon, when the 12 hours are reckoned 
'^'Ver again to the next midnight; the civil reckoning therefore 
always 12'' in advance of the astronomical reckoning. Thus 



'^ 



Jan. 1''. 7^49'", Jan. 1''. 15''. SS", astronomical time, o 
pond respectively to Jan. 1''. 7". 49"'i p.m., Jan. 2''. s". 35°, 
civil time. 

191. As the Earth revolves uniformly, a given meridiai 
separates itself from the mean Sun by an angle of 360° in i 
mean solar hours ; therefore, if A" be the distance of the meat 

Sun from tlie meridian, or the hour anele, — will be the n 

solar time in hours. In the same manner, if k" be the hour ' 

angle of the true Sun, or of t , — will be the true, or sidereal 



time, respectively. 

Since any phenomenon, which is visible at the same instant 
of absolute time, will appear to happen an hour later for every | 
15" of east longitude, and an hour earlier for every 15" of wet 
lon^tude ; if the time of any observation he given, the ablfl 
solute instant of its happening is not determined, unless tb( 
meridian from which the time is reckoned be given. 

The time used in this work is always mean time, unless the 
contrary be expressed, and is that to which clocks and watches 
are usually adapted. Astronomical clocks are often regulated 
to sidereal time. The hours pointed out by sun dials are ia 
solar time. 



itant ■ 
very ^1 

A 
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192. Mean solar time, according to another mode of com- 
putation, is sometimes called equinoctial ttme^ which is the 
mean time elapsed since the instant of the preceding mean ver- 
nal equinox. Thus in IS38 the instant of the mean vernal 
equinox was March 22''.463822, consequently at mean noon of I 
March 23, 24, &c. the equinoctial time was 0*.536J78, X''.536l78, 
&c. ; and so on till the instant of the mean vernal equinox of 
1 839. The advantage of this mode of reckoning mean time is 
that it saves the necessity, when speaking of the time of an 
event's happening, of mentioning the place where it was ol>- 
served or computed. Thus it is the same thing to say that 
a comet passed its perihelion ou March 24, 1S38, at 5\ 56". 2l",5 
mean time at Paris, or at 1838''. 1*. 18\ S!)". 5',7 equinoctial 
tipie ; but the former date depends on the locality of Paris, 
whereas the latter expresses the interval elapsed since an e 



an epoctt 



common to all the world, and identifiable independently of all 
localities. 

To convert mean solar into equinoctial time, we must 
add to the Greenwich mean time the equinoctial time at mean 
Doon of the same day at Greenwich. Thus in the above 
example, Paris being 9™. 9l',S east of Greenwich, subtracting 
this from the Paris time we get 5". 47", for the Greenwich 
time, to which adding I*'.536l78, or 1^ IS.". 52". 5',7, the equi- 
noctial time at Greenwich mean noon of March 24, we get 
l*". 18". 39". 5',7 the mean equinoctial time from the vernal equi- 
nox of 1838. 

193. To com/pare the lejigths of a sidereal and mean 
solar day. 

The mean Sun in the equator, which moves with the 
Sun's mean motion in longitude, describes an angle of 59'. 8",33 
in a mean solar day (Art. 60.) ; therefore in the interval be- 
tween two succeBsive transits over the same meridian, the 
Earth must revolve through 3f>o". 59'.8",3S ; but in a sidereal 
day the Earth revolves through 360" j 

a sidereal day 360° 

a mean solar day 36o''.59'.8",33 ' 

194, To convert any duration of sidereal into the cor- 
responding duration of mean solar time, and conversely. 

Since the number of hours, minutes, or seconds, in any 
given interval of absolute time must be inversely as the length 
of one of them ; therefore, if m be any time expressed in mean 
hours, minutes and seconds, s the same time expressed in 
sidereal hours, minutes and seconds, 

. _ _ „ ^^"^ „ 59'.8",33 



■360".5,9'.a",33 36(P.59'.8",3^ ' 

3fiO".59'.8",53 59'. 8",33 



. (^). 



By equation (1) any period, expressed in sidereal time, may 
be reduced to mean, and the converse by equation (2). 

195- These reductions may be facilitated by calculating 
the quantities to be added or subtracted for one day, one hour. 



'tSS 



therefore, subtracting, 
AM 



H-(e-i). 



^ JP-a).S4, 
Zi-e + b 



If the body's motion is retrograde, c is negative, Art. 103. 

199- To find the hour angle described by a planet in a 
given interval of mean solar time. 
Let ¥ (59'. 8",33) be the mean Sun's motion in .^l in 21 hours, 

n" planet's , 

Then, if the planet and Sun be together on the same meridian, 
when the Sun is next on the meridian, the planet will be at a 
distance w" — 6", or, instead of liaving separated from the me- 
ridian by 560", will have separated only by sScf - n" + If, in 24 
mean solar hours ; therefore, if T be the time corresponding to 
an hour angle P, 



Hence T = - 



~ . (360" - «<■ + b"). 



- . 24.", in mean solar hours ; and 



360^-n"+6" 
the time between two successive transits of a planet 

360" 



- . 24 . 



To determine the mean time by obserrstion. 

200, First method. By observing the time of transit 
nf the Sun, or a known star. 

If the Sun be the body observed, the time of transit will 
be apparent noon, and the equation of time being added, will 
give the corresponding mean tiurie. If a star be the body ob- 
served, its right ascension converted into time, will be tbe 
sidereal time, from whence the mean time may be found. 
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201. Second method. By an observed altitude of the 
Sun. 

Let ^ be the Sun's zenith distance = 90^ - the observed 
altitude, A his north polar distance, h the hour angle, and c 
the colatitude ; then in the triangle PZS (fig. 10.) 



. 1 , . /sin i (s? + A - c) . sm i (^ + c - A) 

sm I A = V — 7-^ — 7—^ ; 

** sm c . sm A 

h 
T^hence A, and therefore — , the apparent time, may be found* 

15 

If iv be the zenith distance, and A the north polar distance 

fi ^ h. 
of a star, whose right ascension is a, is the sidereal time; 

+ or — according as the star is west or east of the meridian ; 
for if D be the star's place referred to the equator (fig. 18.), 
<r il = V 2> — AD = a — A ; similarly if the star is west of the 
meridian. 



202. Given a small error in the observed altitude, to find 
' the corresponding error in the time computed from it. 

Let ^, A, be the true zenith distance and hour angle, %\ h\ 
the erroneous observed zenith distance and computed hour 
angle, A the north polar distance and c the co-latitude; 

, , , cos z — cos % 

•*. cos h — cos h = — ; 1 — — — , 

sin c sm A 

. h' -h . h + U 1 . X - X , % +x 

or 2sin sm =: -: ; — -2 sin sm , 

2 2 sm c sm A 2 2 

or, since % - ss and h' — h are very small, 

sin ^ . . ^ 

(h - A)sin ft = -. — -- {% - %)^ 

^ ^ sm c sm A 

sin J sin A . , , . ^, . , v 

but = '—. {A being the azimuth) ; 

sm A sin ^ 



15" sill c sin A 



, error in altitude. 



Hence, the error in time, from a given error in altitude, fa 
less the greater siaA is, or the nearer the body is to the prime ! 
vertical, at the instant of observation. 

203, Third method. By equal or corresponding altitudes 
of the Sun or a known star, taken before and after oulminationt 

Let the star be observed at equal altitudes on each side of 
the meridian, then, since the declination in invariable, the cor- 
responding hour angles are equal, and the time by the clock, 
of the star's transit = half the sum of the times of observation ; 
if this time be compared with the known sidereal time of the 
star's transit (Art. ]86), the deviation of the time marked by 
the clock from sidereal time, at the instant of culmination, is 
obtained. 

The time, by the clock, of the star's culminationj will be 
less liable to be vitiated by errors of observation, if several 
pairs of observations arc made, at equal altitudes, on each 
side of the meridian, and if the sum of all the times, divided 
by twice the number of observations, be taken for the time 
of the star's transit. 



204. If the deviation of the clock from sidereal time be , 
found after one or more days, the rate, or daily gain of the 
clock over sidereal time is ascertained. If the clock gain e" 

in 21 sidereal hours, in /" the gain is ■ — . c", and if t' be the 

interval by the clock, corresponding to an interval oi t sidereal 



" 21-'' + c" ■ "^ ~ 86400 + e ■ '^' 
If the clock loses with respect to sidereal time, e is negative. 




I Hence, if h" 

. clock, 

1 ,. 



if A" be the hour angle described i 



' by the 



86400 + e 
S6400 



In exactly the same manner, as in the last two Articles, 
the deviation of a clock from inean or apparent time may be 
ascertained, and the mean or apparent interval corresponding 
to any interval by the clock. 

205. When equal altitudes of the Sun are taken before 
and after noon, the time of transit is not exactly the semi-sum 
of the times of observation, on account of the Sun's change of 
declination. To correct for this, let h and K be the hour 
angles, ^ and ^' the dechnations of the Sun, corresponding to 
the common zenith distance s ; 



. cos z = cos I . Ci 



i3 A + sin f . sin L 



Then, since a and I remain the same whilst h and ^ change, 
^ is a fiinctioR of h, and the equation for determining d,^^ 
is, = (sin / cos ^ — cos ^ cos A sin ^) d^S — cos^.cos^.sinA ; but 



rf^o = liniiting ratio of contemporary increments = — 



- nearly ; 



i'-J); 



••■ i 



A' — A tan / — cos k tan 3 3' — S 



and subtracting this quantity, which is expressed in parts of an 
hour, from the semi-sum of the times of observation, the 

time — by the clock of the Sun's transit is obtained, sup- 
posing the clock to be adjusted to apparent time. 

If the interval, by the clock, between the preceding and 
succeeding noons, is 34'" 4- e", and not 24'', the correction is 



iSb* 



2 8C400 15 

I S6400 + e tanl - 



cos A . tan S ^ - 



2 sG+OO sin A 15 

which must be subtracted from the semi-simi of the times of 
observation, as before. 

206. Fourth method. From two altitudes nf the Sun, 
vr of a known star, and the time between. 

This method, which is adopted only when the latitude is 
unknown, has been already investigated in Art. 156, where the 
latitude and hour angle were found from two altitudes, and the 
time between ; having found the hour angle, the apparent time 
is known, if the Sun be the body observed, and the sidereal ! 
time, if the body observed he a known star. 

The four methods which have been described are those ' 
most frequently adopted in finding the time by observa- 
tion; the three last may be applied generally by sea or land, 
but the first, in which a transit instrument is required, can only 
be made use of in an Observatory. There is a great va- 
riety of other ways in which the time may be found from 
observations ; and as the investigation in general is attended 
with no difficulty, it will be sufficient here to give one of tbein 
which can he most frequently applied, as it requires only a few 
simple contrivances which can always be procured. 

207- y*' Jt^d the time when two known stars are on 
the same vertical. i 

Let Z (fig. ao.) be the zenith, P the pole, S and ^ the 
two stars in the vertical ZS; draw Pp perpendicular to ZS, 
and let ti and S' be the declinations of the stars, a and a' their 
right ascensions, and h the hour angle ZPS; then SPS'= 
and if SPp = <j), S'Pp = a' — n — (pi therefore, applying 1 
Napier's rules to the triangles SPp, S'Pp, 

coa0 = tanS. tan Pp (l), 

cos (a'- «- 0) = tan S*. tanPp (2); 

cos (a' — a ~ (p) — cos <p tan ^' — tan S 
cos (a' — a — 0) + cos tan ^ + tan S 



Or, tanj(ii'-o).taiil(20-(i'+o)^ 



sin (^ — ^) 



which determines (p. 

Again, in the right-angled triangle ZPp, 

cos (A + 0) = tan / . tan Pp 

= tan / , cos d) . cot S fi'oiii (l), 

from which k and therefore the time of the observation may 
be found. 

The instant when the stars are in the same vertical may be 
eaaily ascertained by suspending a plumb-line, and observing 
when they both cross the line at the same time. The pole star 
ought to be one of the stars chosen for this observation, be- 
cause, on account of the small north polar distance, a star which 
is in the same vertical with the pole star must he near the 
meridian, and, as its motion is then nearly horizontal, the time 
when it crosses the vertical line can be noted more exactly. 

208. If A be the azimuth of the vertical plane in which 
the stars are together, 

sin ^ = cot .4 . cot (A + (p) ; 

.-. cot A = siul. tan (A + (p). 

If S and S' be two positions of the same circumpolar star, 
observed after an interval of St sidereal hours ; SPS'=i5^,.^t; 
.'. <p = l5''.t, and the equation for determining may be 
dispensed with. 

209. By whatever method the time, whether mean or si- 
dereal, is found, if it be compared with that shewn by the 
clock, the quantity by which the clock is fast or slow with 
respect to mean or sidereal time, may be ascertained, and 
also the daily gain, as in Art. 204, 

The rate of a common watch may be eaaily found by ob- 
serving with it the instant of disappearance of a bright star 
behind a building, or any other fixed object. This takes place 
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always at tlie same point, after an interval of SS"" , HG' .i", or I 
s'. 36" earlier every night, hy a watch regulated to mean time; 
therefore, by observing on tlifferent nights the times of disap- 
pearing of sevei-al bright stars, the watch's rate may be ascer- 1 
tained and corrected. This method is available where there J 
is no telescope, the only precaution required being for the I 
eye of the observer to be placed aa near as possible in the 
same place, and to select stars which have small declinations, 
in order that the time of their disappearance may be noted | 
more readily. 



Calculation of tlic lengths of the v 



B kinds of Yeats, 



210. To Jind the length of the tropical year. 

If the Sun be on any meridian when in T at the beginning I 
of the year, after SG.'i transits he will not have reached T , and I 
after 36C will have passed it; therefore the tropical year 
consists of something more than 365'^. The length may be 
found most accurately by comparing observations made at dis- 
tant periods. The Sun's right ascension can be found from 
his observed declination, and by comparing the right ascension 
when the Sun was near t with observations made .^6525 days, , 
or nearly 100 years before, Delambre found the Sun's motioad 
in right ascension in that time to be 100 x 360" + 4-5'. 43". laj 
one year the Sun separates from tp by 360" ; 

.•. the length of a tropical year = 36525''. —, — 

^ * -^ 100x360"+ 45, 4i 

= 3G5''^. 5^ 48'. 5l",6. 

The year thus found is the mean tropical year, as, OQfl 
account of irregularities in the motion of the Sun and of <r^ 
the tropical years differ a little from each other. The tropical I 
year at any time may be obtained, (by finding A", the increaa^fl 
of the Sun's riglit ascension in 365 days,) from the equation. 



length of the tropical year = 365^. 



.ffiO 



211. The correct value of the mean tropical year is I 
365.842218 mean solar days. This length is not convenient fopj 



civil purposes, for which it is requisite that the year should 
consist of ao exact number of days; to insure which, and at 
the same time to make the Sun, on whose declination the seasons 
depend, be near the vernal equinox at the commencement of 
the civil year, Julius Cssar made every 4th year to consist of 
SdS', and other years of 365^ (See Art. 82). This supposes 4 
tropical years to contain 4 x 365 + 1 days, or one year to con- 
sist of Sfifl^SS, which exceeds the true value by O^.OO/TSS, so 
that in 1000 years the civil year would begin more than 7'' after 
the Sun had passed the equinox. To correct this accumulating 
error, Pope Gregory made common years to consist of 365 , 
and intercalated one day every fourth year as before, but omitted 
the intercalation in those years completing centuries, when the 
number of centuries is not divisible by 4, or only intercalated 
97''in 400'' instead of lOO'', as in the Julian correction. This 

supposes the length of one year to be 365" + = 365 , 2495, 

which is too great by .000282, but the error scarcely exceeds 
a day in 4000>'. 

If the Gregorian intercalation of 97* in 400'', or 970'' in 
4000*' be omitted every 4000"" year, the civil year would be 

S65 -i = 365.242250, and it would require more than 

4000 ^ 

30000 years to make the beginning of the civil and tropical 

year be a day apart. 

The Gregorian intercalation is adopted in most Christian 
countries, and is made on the 29'-'' of February, which has 28" 
ID common years, and 29'' in leap year. 

212. The length of the sidereal year, by the most 
recent determination, is 365^. 6". 9 . 10% 7496 or 365'',256374. 

Since Aries moves with a slow annual motion of 5o",23 to 
meet the Sun, the sidereal is greater than the tropical year, by 
the time the Sun takes to move over this space, and they 
are connected by the relation; 

a sidereal year 3G0^ 

mean tropical year 360"— 5o",23 
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this makes the mean tropical year, as stated above, 
= 365^242218 = S65^ 5\ 48"^. 47",6352- 

213. To find the length of an anomalistic year. 

The apogee is not fixed, but moves through ll",25 in the 
direction of the Sun^s motion in the course of a year; there- 
fore, the anomalistic year is longer than the sidereal, by the 
time which the Sun takes to move over this space; 

n A ^ S6oo+ll",25 
/. the anomalistic year = 8o5 ,256374 x --^ ; 

.-. the anomalistic year = S65**,259544 « S&b\ 6^ 13°*. 44",6. 



CHAPTER VII. 



^. 



SETTING OF THE HEAVENLY 



214. To Jind the length of (he day at any place. 

Let Z (fig. 10.) be the zenith, P the pole, S the Sun at 
lising; then, ZS = go", and ZPS is the hour angle from sun- 
rise to mid-day. It is evident that the spherical triangle farmed 
iy P, Z and 5", at sun-set, on the other side of the meridian, 
will be the same as PZS, if PS be constant ; therefore, if 2t 
be the length of the day in solar hours, ZPS = IS'.t. 



h. 



Let I be the latitude = 90" - PZ, 
S the Sun's declination = Qffi - PS ; 

cos 90" — sin / . sin & 

ll?.l = ■■■;-■ = -tan;. 

cos / . COS d 



Hence also, if 2t be the duration of the night in solar 
©uve, since 2t = 24 - 2^ or i = 13 — t, 

cos 15". (12 -t) = - tan ;. tan ^, 

or cos 16". T = tan I . tan S. 



215. If PS be not constant, the hour angles for the morn- 
ig and evening are unequal, and therefore the times; to find 
ie difference, let t he the length of the morning and ^ of the 
peaing, ^ the Sun's declination at sun-rise, and (^ + A) at 
liD-set, where A is very small, then (fig. 10. his), if PS be the 
orth polar distance at rising and PS' at setting, and we draw 
fB perpendicular to SP, SB is the increase of declination 
fiA, and S'PS ia the diiferenee of the hour angles at sun-rise 
4 8un-9et =■ 15" {t' - t). 

9—2 



^mi^fm' 




B„.yp^='^'S,.*«'™f^. 


A sin / sec 5 


cos 3 CO. S 


cosS^l_(,in;,ecS)' 


because Bin PSH.sml^cS; 




^^ .inisec! ____A^ 


sin (sec J 



Hence, if A be positive, or the declination increases, the 
evenings are longer than the mornings, if A be negative, they 
are shorter; and at the solstices, when A = 0, the mornings 
and evenings are equal, and then only noon is the middle 
of the day. 

21 6. To compare the lengths of the day at different times | 
of the year. 

Suppose the observer in north latitude, and 2( as before I 
the length of the day ; therefore, 

cos 15". t = — tan I . tan ^ 

When^^O, cosl5".i = 0; .■.2i = 12\ or the days and 'j 
the nights are equal in all latitudes; as S increases LI*'.; in- ] 
creases, till the Sun reaches his greatest north declination I 
as**. 28' at the time of the summer solstice, when the equation 

cos 15"./ = - tan/, tan 23". 28' 

determines the duration of the longest day. AsS decreases from J 
23". 28', / diminishes, and when the Sun again crosses the equatoi* | 
in Libra, at which time 3 = 0, the days are again \^ long all.J 
over the world. 

After passing the equator ^ is negative, and the equation I 
becomes 

cos 15°./= tan / . tan o ; 

therefore as S increases / diminishes, and when ^ = sa" . 28', the I 
equation 

cos 1 J" . / = tan / . tan 23" , i 

determines the length of the shortest day. As the Sun moves I 
from the winter solstice to the vernal equinox, ^ diminishes I 
from 23^ 28' to and the days increase in length, till at the I 
vernal equinox the day again is 12'' long. 



If the Sun's declination = the co-latitude of the place of 
ibservation, 

cos 15 / = — tan / . tan 5 = — 1 ; 

hcrefore, the day is 24'' long, and the Sun does not set during 
n entire revolution. 

Hence in latitude 6G" . H-i' the Sun does not set for 24" when 
,t his greatest north declination 23".S8'; and in the higher lati- 
udes the Sun will not set from the time when his declination 
» the co-latitude, till it again beconios equal to the same quan- 
i^ after passing through its maximum 23'*. 28'. 

In the same way it may be shewn that the Sun does not rise 
a latitude 66". 32' for 21'' at the time of the winter solstice, and 
ontinues beneath the horizon when south of the equator, at all 
ligher latitudes for the same time that he continued above the 
lorizon when in north declination. 

The preceding observations, applied to places in the southern 
lemisphere, show that the length of the day there increases with 
he Sun's southern, and diminishes with his northern, declination, 
a such a manner that the length of the day at any time, at a 
ilace in north latitude, = the length of the night in the same 
atitude south. Ail this agrees with what was said in articles 
S and 53 of the Introduction, 

1 2X7- It is only at the solstices, that the zenith distance 
f the Sun's center is the least when it is on the meridian ; 
t other times, when, for instance, his north polar distance 
( increasing, the zenith distance of his center will be a mi- 
imum before the transit ; for during a short interval before 
lie transit it will be more increased from that cause, than 
iminished by the approach of the meridian to the Sun ; 
(tnilarly, when the Sun's north polar distance is diminishing, 
pe zenith distance of his center will be a minimum after the 
mnsit. 

To find the hour angle when the zenith distance of the 
iun's center is minimum. 

Suppose the Sun's north polar distance to be increasing, 
md let S (fig. 10.) be the position of the Sun's center at 
ome instant before the transit when ZS (x) is a minimum. 



X«t J) = the meridian zenith distance of the Sun's center, 




then n = PS + 


^.h 


-A + mk, 


suppos 


nowcosa. = cos.e 


3SA + 


sin c sin A 


cos A; 


sin^d,.!tr=-cosc5inA£/, 


A +Binc cos A co 






- sin e sin 


A sin A, 


but (i^x = 


rf^A 


= - )7i ; 




.*. sin/* = m 


{- cot c + cot A 


cos A), 



1 = the increase of thi^ Sun's N.P.D. between tu 
ssive transits, and h - ;.!ic hour ani'le '''',1'S, 



lAdjA 



from which equation k may be determined. The same proce 
evidently serves to determine the hour angle when a Planel 
zenith distance is least. 

Problems depending upon aziinutlis, altitudes, and hour angles. 

218. A great variety of problems relating to azimutba 
altitudes, Sic. may be solved by means of the triangle PZi 
(fig. 10.), in which P is the pole of the equator, Z the zenitl 
and S a heavenly body ; if in this triangle we call 

ZP the co-latitude = c, or 90" - I, 

PS ... co-declination of 5" = A, or giy - 2, 

Z8 ... zenith distance of S = z, or 90" - a, 

ZPS ... hour angle = A, and PZS the azimuth = A, 

then any three of the quantities /, S,ig,k,A, being given, tl 
other two may be found by the common rules of Trigonoraetrj 



Ex. 1. To find the amimufh of a heaven!;/ hndy from 
given declination and sseniih distance at a given place. 

Here we have PZ, PS, Z8 given, and PZS required ; 

, „ , sin^ — sin/cosa; 
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:, in a form adapted to logarithmic computation, 



sinlj= W^ s'"i (^ + g - Z') sJ"i (A + « - c) 
^ sin« sine 

Ex. 2. To find the Sun's azimuth at rising. 
Here « «■ 90^ ; therefore cos A 



cos/ 



Ex. 3. 7\> j/2/ie2 ^Ae iS't^n^^ aximuthy when his declination, 
and the time of day are given. 

Here PZ, PS, ZP8 are given to find PZ8\ let be a 
subsidiary angle determined by the equation 

tan (p >= cos h . cot ^ ; 

tan5 cos/ — cos A sin/ 



therefore, since cot i< = 



sin A 



^ r , > . ,x cotAcos(0 + Z) 

cot A = cot A (cot(p cos/ — sin/i = : — * 

^ sin^ 

If the azimuth, determined by any of the three last articles, 
be compared with that pointed out by the compass, we obtain 
the variation of the compass, or the deflection of the magnetic 
meridian from the true meridian. 

Ex. 4. To find when the Sun is due east on a given 
day. 

Here Z8 is the prime vertical, and PZ8 is a right angle ; 

therefore cos A » cot/ . tan^. 
If iV- be the corresponding zenith' distance, 

sin £ » sin / . cosiir ; .'• cos^ = sinS . cosec/. 

Ex. 5. To find the Sun^s zenith distance at six d'cloch 
^ /^ao therefore cos ;;? » sin / • sin S. 




136 

Ex. G. To find the hour nvgle when ii Slnr's motinn 
vertical, the declination of the Star being greater than th\ 
latitude of the observer. 



•.h&^ 



If a star 8 (fig. 22.) be nearer to the pole than the ol 
server's zenith Z, its circle of diurnal motion will pass between 
Z and P; therefore I'ZS the azimuth, will increase till the 
vertical circle ZS touches the parallel Ss described by the 
star, and afterwards diminish. There will in the same manner 
be another maximum azimuth on the other side of the meridian, 
and at each of these times the star will seem to move in the 
vertical circle which touches its parallel. 

At places between the tropics, i.e. whose latitude is la 
than 23" . 28', the Sun's azimuth admits of a maximum twice 
day, from the time that he is vertical, or that his decUnatio 
is equal to the latitude, till he again becomes vertical, aftei 
passing through the solstice. 

Here Z8P = 90" ; .: cosA = tanA .cote = cotS. tan^ 

Es. 7- Tojind the azimuth of a terrestrial object. 

Let 8 (fig. 23.) be the Sun, S" the object; observe thi 
zenith distances ZS (z),.ZS' («'), of the Sun and object, and? 
the arc SS" (d) which their distance subtends at the observer, 
with an instrument such as the sextant or repeating circla, 
whose plane can be made to pass through them both ; then 



sini (SZS') ■■ 



_^/ sin 4- (rf 4- ^ - ^') ■ sin^ (d + »' -"^ _ 



sins^.Ein^ 



and subtracting SZS' from the Sun's azimuth SZP, the a: 
muth of S" is determined. 

In practice it is more nsual to observe the difference 
azimuth of a land object and a heavenly body with the 
Theodolite ; then if the time be known, the azimuth of the 
heavenly body is known, and therefore that of the object 
But if the time be unknown, then by means of a portable- 
Transit a land object may be determined which is bisect 
by the middle wire at the same time as the Pole star is, win 
its motion is vertical ; then the azimuth of that object 
known ; and the difference of azimuth of it and any oti 
object may be measured by the Theodolite as before. 



CHAPTER VIII. 



ON UEFltACnON. 



219. In order to explain more eimply the phenomena of 
the heavens, it has been taken for granted in the preceding 
Chapters, — that the heavenly bodies are seen in the direction of 
lines drawn to them from the eye of the spectator;— that on 
account of their great distance, it makes no difference whether 
they are referred to planes, passing through the place of ob- 
servation, or to parallel planes drawn through the center of the 
Earth, i. e. that their altitudes, latitudes, Sic. would be the 
same upon either supposition ; and — that the axis round which 
the diurnal motion is performed, always passes through the 
same points of the celestial sphere. None of these assumptions 
are exactly true; therefore the altitudes, latitudes, &c„ calcu- 
lated upon the supposition of their truth, must be increased or 
diminished by certain quantities which are called Corrections. 

An enumeration of the most .important corrections has 
already been given, and the division of them into two classes, 
as affecting presefit, and regisfered observations, pointed out 
in Art. 86 of the Introduction, In this and the succeeding 
Chapters, each correction will be separately considered, and 
the formulee belonging to it investigated ; we shall begin with 
Kefraction. 



220. The atmosphere which surrounds the Earth on all 
sides may be considered to be made up of successive spheri- 
cal strata of an elastic iluid, concentric with the Earth's sur- 
face, and diminishing rapidly in density as their distance 
from the Earth increases. Some persons have supposed 
the Earth's atmosphere to be of finite extent, limited by the 
weight of ultimate atoms of definite magnitude, no longer 
divisible by the repulsion of their parts; but whether its 
particles be infinitely divisible or not, all phenomena concur 
in proving that its density is quite insensible at the height 
of about 50 miles. By the common laws of Optics, a ray 
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of light moves in a straight line through any transparent! 
medium of uniform density ; and in passing from one such I 
medium to another, unless it falls perpendicularly on their I 
common surf&'^e, has its direction changed, and is bent, in / 
a plane thrc:;gh that direction and a perpendicular to the 1 
common surfacv at the point of transition, towards that part 1 
of the perpendicular which falls in the denser medium. 

221. To understand the consequence of this law in the \ 
case of the Atmosphere, let a plane pass through S a star, | 
E the place of a spectator ;t the Earth's surface, and T J 
the Earth's center (fig. II.), and consequently cut all the 1 
atmospheric strata perpendicularly, their sections being re- I 
presented by the spaces between the concentric circles, and 
each having the same uniform density throughout its whole 
thickness, but that density diminishing as the distance of the 
stratum from the Earth increases. Tlien a ray Sa proceed- 
ing from the star and falling upon the surface of the highest 
stratum of sensible density at a, is bent towards tlie perpen- 
dicular Ta from the direction Sax into the direction ab; . 
again at b it is bent into tho direction be, and thus describes 
the polygon abed in one plane, and enters the eye in the 
direction dE, which consequently is the direction in which 
the star is seen. If we now pass to the case of nature by 
supposing the thickness of each stratum to be infinitely small, 
and the density to change by insensible degrees, the polygon 
becomes a curve concave to the Earth, and the apparent place 

s of the star lies in the direction of a tangent to the extremity 
of the curve described by the ray by which it is seen. Draw 
ES' parallel to Sa, then if there was no atmosphere £)S'J 
would be the direction of the star, but this ray describes th«l 
curve zy and never reaches the spectator at E ; hence by ths'l 
eiFect of refraction the apparent place s is elevated in a ver-M 
ileal circle above the true place S, by the zsES", which I 
by observation, and, as we shall shortly see, by theory also^fl 
varies nearly as the tangent of the apparent zenith ZEs, 
the zenith distance be small. 

222. The law just mentioned is deduced on the suppi 
sition that the Earth's surface, and the strata of the atmo^J 
sphere traversed by the visual ray, are bounded by paralle 



planes (which can only be true when the Btar is very near 
the zenith), and that consequently the whole refraction may 
be Bupposed to take place when the air has acquired its final 
density, and it errs in excess; the dimunition of refraction 
occasioned by the spherical shape of the strata, varies as the 
sum of a series involving the 3rd, 5th, &c. powers of the 
tangent of the apparent zenith distance. No formula is prac- 
ticably applicable, if the body be observed within 10" of the 
horizon. The rays which proceed from a star in the zenith 
suffer no refra<;tion ; for inferior altitudes, the refraction in- 
creases as the altitude diminishes, and attains its masimum, 
about 36', when the star is seen in the horizon.* On account 
of the refraction taking place wholly in a vertical circle, the 
azimuth of a heavenly body is not affected by it. 

Effects of Hefraction. Horizontal Sun. Twilight. 

223. We proceed to notice some of the most remarkable 
phenomena caused by refraction ; and first we may observe 
that the diurnal path of a star, being unequally raised in 
different parts, cannot appear accurately circular. Again, no 
heavenly body, independent of refraction, could be seen when 
it was below the horizon EH of the observer, for it woidd 
be hidden by an interposed portion of the opaque Earth ; 
by the effect of refraction, however, when actually in the 
horizon, it is seen elevated above it ; and it is only when 
the body is so far depressed, that its visual ray Sx falling 
on the atmosphere at w, describes a curve ,tE so as to have 
HE for its tangent, that the body appears actually in the 
horizon. Hence a part of the Sun is visible when his upper 
edge is 36' below the horizon both at rising and setting, and 
the length of the day is slightly increased. 

224. Also the amount of refraction near the horizon 
being considerable, its changes near the horizon are con- 
siderable and very rapid ; so much so, that a variation of 
altitude of 33,', which is the Sun's apparent diameter, occa- 
sions a variation of refraction amounting to not less than 4' ; 

• By the Imest ileterminatiOQ (he horiiontal refraclioD 
«»ilisa7",Sj the barometer being at 37'". fij3U"" Paris ni 
U 7°,6 Itcaumur. Schumacher's J ahrbach, 103?. 
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consequently when the Sun is in the horizon, a ray proceed- 
ing from his upper limb deviates less by 4' than one from 
his lower limb, and the apparent vertical diameter is only 28', 
whilst the horizontal diameter, having all its points equally. 
raised, is very little affected, or appears to be 32'. Hence 
the disk of the horizontal Sun will assume a perceptibly oval 
shape deviating more from a circle below than above, and 
having its diameters to one another as 7 to 8. The same 
is true for the Moon in a similar situation. The distortion 
is of course continually varying in degree with the state of the 
atmosphere, and becomes insensible at considerable devations. 
When a body is near the zenith, its visual ray describes 
the shortest course Z£, equally through the denser and rarer 
strata; when near the horizon, it has a much greater space 
xE to traverse, and that too through the denser and less 
transparent strata ; by reason of the absorption of light on 
these two accounts, bodies appear fainter as they approach 
the horizon. 

225. We have seen that Refraction slightly lengthens 
the time during which we enjoy the presence of the Sun;- 
another still more useful effect produced by it, is that pale 
and gradually changing light which precedes his rising am} 
follows his setting, and pr.events the abrupt transition from 
night to day, called Twilight. To understand how this is 
produced, let Civ represent the course of a ray within the 
atmosphere proceeding from a body below the horizon ; when 
the ray arrives at x, its direction may be such that it can- 
not advance further into a rarer medium and must therefore 
he reflected; it may then describe the curve a:E just as if 
it had come directly from a body Si and thus light, too 
weak indeed to produce a distinct image, may be transmitted, 
to E from a body too far below the horizon to be visible' 
upon it by refraction. 

226. Besides this, light is in a variety of ways reflectedVl 
and scattered through the atmosphere ; and it is to this general J 
dispersion that we owe our chief opportunities of sight ; with- 
out it, nothing would bo visible except luminous bodies, anS-\ 
objects BO situated as to reflect rays directly from them ; 
and the stars, instead of seeming to be fixed in an azure vault j 



(the colour of wliicli is owing to the atnio sphere's transmitting, 
or rather to the minute aqueous particles in it reflecting, the 
hlue rays of the irregularly diff'used light in greatest abund- 
ance), would appear immeasurably beyond, like brilliant spots 
in the midst of intense blackness. Wherever the Sun is, rays 
from him fall on some part of the atmosphere and enter it ; 
and it is not impossible that however far he be below the hori- 
zon, some light is transmitted from him to the eye. The 
quantity of light however thus received, diminishes as the Sun's 
distance below the horizon is greater ; and accordingly, for a 
certain interval before sun-rise, and after sun-set, we per- 
ceive the light of day gradually to increase in one case, and 
to fade away in the other ; this interval called twilight con- 
tinues during the time the Sun is invisible and not more than 
18" below the horizon ; for it is remarked that when he is less 
depressed, the greatest observed darkness does not prevail. 

227. The duration of twilight on any day is different at 
different places on the Earth's surface ; and at the same place 
at different seasons of the year it alters, and in general admits 
of a minimum value twice a year ; for it is clear that the 
time of the Sun's moving vertically through 18° depends upon 
the inclination of his diurnal circle to the horizon, and upon 
the magnitude of that diurnal circle. When the poles are iu 
the horizon, and the Sun in the equator, his diurnal path is a 
vertical great circle, and the duration of twilight is the time 
corresponding to an hour angle of 18", i.e. about i^. 12"; when 
he is iu the tropics, it takes about Jfl^" of his diurnal circle 
to be equal to 18" of a great circle, and the duration of 
twilight is about l''.18'". When the poles are in the zenith, 
there are but two twilights in the year, lasting during the 
time the Sun's declination changes from 18" to 0", and from 0" 
to 18" ; i. e. about a month and a half before and after the 
equinoxes; so that the greatest darkness prevails only about 
three months. 

If the greatest depression of the northern solstice below 
the horizon be IS", i.e. if the colatitude = 23". 28' + 18" = 41". 2S', 
or the latitude = ■iS^", twilight will continue all night at the 
summer solstice; at places in lower latitudes, for a portion 
of every 21'', it will be interrupted by the greatest observed 



darkness; but at places in higher latitudes, twilight will cob.^' 
tinue all night from the time the Sun's midnight depression ig 
18°, till it again has that value after the solstice. At London, 
for instance, in latitude 51^", twilight cantinucs all night from 
May asnd to July aist; it is shortest about three weeks after 
the autumnal, and three weeks before the vernal equinox, 
viz. l''.30"; at the winter solstice its duration is a".?"; but 
as mist and clouds prevail most at that season, we may expect 
that twilight should appear shortest in midwinter. 

228. We will now proceed to calculate the dilTeretico 
between the true and observed altitudes or zenith distance^ 
of the heavenly bodies aa far as it arises from Refraction. 

By the principles of Optics, if (p be the angle of 
dence out of a denser medium into a rarer, r the refraction, and, 
therefore, <p + r the angle of emergence, sin {tj) + r) = m . sindi, 
m being a constant depending on the difference of densities of 
the media, and determined by experiment. In media of uniform 
density, the refraction may be calculated immediately from this 
expression, paying attention to the form of the bounding sur. 
face; but the calculation of the refraction for the medium 
which surrounds the Earth, is rendered more diilicult by the 
density of the air, not only varying at different heights, but 
also changing at the same place from alterations in the tem- 
perature and atmospheric pressure. The refraction at different 
temperatures and pressures, may be made to depend on the re- 
fraction at the mean heights of the thermometer and barometer, 

229. Having given the refraction at any apparent alti- 
tude of a heavenly body for known heights of the thermometer 
and barometer, to find the refraction at the same apparent 
altitude for any other heights of the thermometer and baro- 
meter. 

The refraction at a given apparent altitude of a star dfr 
pends chiefly upon the density of the air at the place of obser* 
vation, and is found to vary as it; if, therefore, at the same 
apparent altitude, r be the refraction for a standard density d| 
and / that for any other density d', 
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The values of r are given in the tables for apparent zenith 
distances above 75" at intervals of lo', and for Bnialler zenith 
distances at intervals of l'' ; and the ratio of the densities can 
be expressed in terms of the observed heights of the thermo- 
meter and barometer as follows. Let fl be the pressure and 
VC the temperature of air when its density is d ; XV, T, the 
pressure and temperature when its density is d' ; then (Miller's 
Hydrostatics, Art. 36, 37.) 

d' Ti 1 + ET 

where E is the expansion of air for one degree of beat under a 
constant pressure, and = 0,0036438, according to Bessel (Tab. 
Regiom.) 

Next let h be the height of the mercury in the barometer, 
and t its temperature corresponding to the atmosphere pressure 
n, and h and t the height and temperature corresponding to 
the pressure 11' ; and e the expansion of mercury for one degree 
of heat, = 0,00018018; then (Hydrost. Art. 32.) 
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n' h' l~ et' 



h' 1 -et' 1 + ET ' 
^'h' l-et' l-^ET' 



230, For stars near the ssenitk, the refraction varies as 
the tangent of the apparent xenith distance. 

The rays which proceed from a star near the zenith, fall 
nearly perpendicularly on the strata of the atmosphere, and 
are refracted as they would be by media, boundetl by plane 
surfaces parallel to each other and to the horizon ; therefore 
the refraction is the same as if the rays of light passed im- 
mediately into the last medium ; that is, if HO (fig. 22. bis) 
be the horizon, AZ the highest stratum of atmosphere which 
acts upon light, SA the direction in which a ray from a star 
near the zenith is incident, AO the curve described, Os a 
tangent to its last direction or the direction in which the star 
is seen, so that STs is the refraction ; Os is also the direction 
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into which a ray SO, parallel to SA, passing directly out c^ 
a vacuum into the meclium in wliich the eye is situated at s, 
would have been bent. 

Let JM = sin / -^ sin R out of a vacuum into the air at the 
Earth's surface, 



sOZ, or the angle of emergence into the denser medium, = <j}, 
^rs therefraction = r; .-. S07S= STs + sOZ = (p ■{- r ; 
.'. sin {(p -t- r) =m sin tp, 
or sin <p + cos ^ . r = m sin ip, nearly ; 
,-, )■ = {m — l).tan0, 



fp is the angle between the last direction of the ray, and 
perpendicular to the horizon, or the apparent zenith distance 
of the star ; therefore, for stars near the zenith, 

tlie refraction oc tan apparent zenith distance. 

231, It may be proved in the same manner, whatever 
be the form of the common surface of two contiguous media, 
that the refraction of a ray which passes from one into the 
other = {m — 1) . tan emergence into the denser medium. 
The coefficient »» — 1 is proved by experiment to vary as the 
difference of density of the two media; therefore, if g be the 
density of the air at any distance from the Earth's center, and 
Sg the difference of density of two contiguous strata, the re- 
fraction Sr in passing from the one stratum into the other, 

= \Sq . tan emergence ; -•. d^r = \ tan z, 

\ being some constant. The quantity \ is found by observation 
to be extremely small, compared with unity, so that its square 
may be neglected in any calculations without sensible error. 

Cassini supposed that the rays of liglit proceeding from a 
heavenly body, are refracted jib they would be by an homo- 
geneous atmosphere of the density of air at the Earth's surface, 
and supporting the same mercurial column as that which the 
atmosphere sustains. The following investigation of thi 
fraction is upon that hypothesis. 



the re- ^^ 



Tojind the refraction, considering the atmoaphei 



L-et SDZ (fig. 94.) be the course of a ray of light from a 
star 5', which falls upon the homogeneous spherical atmosphere 
DO at D, and is refracted in the direction DZ to a spectator 
on the Earth's surface at Z. I..et DZO the apparent zenith 
distance of 5' = «, r = the refraction at D, CZ the radius of 
the Earth = a, ZO the height of the homogeneous atmosphere, 
= na, where « is very small, and nearly = .00125 ; therefore 
CZ> = (1 + «) . a. 



Then (Art. 231.) r = (m - l) . tan CDZ.. 

but sin CDZ = — r- . sin .r = . sin z: 

CD 1 + 7j 



..('). 



.■. tan CDZ = ,,- — -- -. -, =- , , 

V (I ■vny — siu*« vcos » + 2n 

= tan s (1 + 2« sec* x)~^ = tan s (X - n sec^ar) ; 

.■. ]• = (m - l) tanj5(l — Jisec's). 

Hence {m — l) (l — 2n) is the refractlbn at apparent 
zen. dist. 45°. But when barometer = 2g,6 English inches, 
and thermometer = g^jS Centigrade or ■t8'',75 F., it has been 
found that refraction at apparent zen. dist. 45" = 57")595 ; 
and therefore (Art. 229) fo"" any other state of the atmosphere 
when barometer = A', temp, of mercury = t', temp, of air = T, 
refraction at 45" 

K^ l + 9,3£ 1 -et! 
29,6 ■ 1 - 9,3e * 1 + ET" ~ 



57",595 



= t»i-l)(l-2n), 



from which equation if (wi — 1) be determined and substi- 
tuted in the above formula, we get 



*" " ^^"''^ '^^ ' 1 + Er ' ^'''" '^ ~ '^ *'>" '^ ^^^'*)- 

233. The preceding method, which resembles that in 
Brinkley's Astronomy, is more simple in its demonstration 
than any other, and gives resulta exact enough for all ob- 
10 



sei-vatioHS where the zenith distance does not exceed 80". I 
The numerical value of the coefficient given by Brinkley i8 

6 1,0375 . 57",82 

29.fi ■ 1 + ,002083 . (i - 32) ' I 

where t is the temperature in degrees, by Fahrenheit's thermo- J 
meter, and b the height of the barometer in inches- I 

234. The following method of finding the refraction, I 
from Littrow, is independent of any hypothesis on the consti- 
tution of the atmosphere, and leads to a differential equation, 
nearly agreeing with that of Laplace {Mec. Cel. Vol. iv, p. S46.). 
the approximate solution of "which, if the coefficients are as- 
sumed properly, coincides with the preceding. 

Let C (fig. 25.) be the center of the Earth, AB its 
face, A the place of an observer whose zenith is Z, Aq the 
curve described by a ray of light proceeding from a heavenly 
body, AT a tangent at its extremity, in the direction of which 
the body will be seen. Take any point q, join Cq, and draw 
the tangent qZ; then, if q he the density of the spherical 
stratum of air at q, r tiie whole refraction from q to jl 
= iATZ, and CqT the angle of emergence at q = x, {by 
Art. asi.) 

d^r = \ tan s; ; 
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let CA .1, Bq- I, AC<i -S, Cq~- 
tlien r - TZD - Z = fl 



. 1 +« 



ZAT.Z. 



. d,r = d,9-vd,s: hrf-sf; •■■ tan £ = i>(/„0= (l + m) d,6 

but d^r — XtRnsd^q; 



= \d,q-- 



u 

■ ■"■ log, sin « = X} - log^, (1 + *) + constifli, 

L Let & be the value of q at J, where oi - ; 



147 
.•. log^ sin Z s= X5 + constant ; 

sinZ«-^(^-9> 

.*. sm z = ; 

1 + ^ 

but d,r « Xd.,g tan jy « — ^ ^ i ; 

V 1 — sin^ijf 

consequently, substituting the value of sin ^, 

XsinZe-^^^-9) 
a^r = — . . d.fl'. 

This equation cannot be integrated in general, unless some 
hypothesis be formed as to the relation between the density of 
the air and its distance from the Earth, i.e. unless q be an 
assumed function of a?; but for zenith distances less than 80°, 
it may be solved in a rapidly converging series, since the 
greatest value of a?, at which light is refracted, is known to 
be very small compared with the Earth's radius 1*. 

In this case, neglecting the square and higher powers of \, 

X . sin Zd^q 

VI + 2ci' + d?^ - sm^ Z 
X. sin Ttd^q 



\/cos*Z + 2a? + ii^ 
X tan Zdj^q 



(2) 



\/l + (2zr + a^) sec^ Z 
= X . tan Zd^q . (l - a? sec^ Z), 
neglecting w^, &c. ; 

.-. T::^ f„\ tan Zd^q . (l - a? sec* Z), 

• According to Vince, {Astronomy, Chap, vii.) the atmosphere does not act 
upon light at a greater altitude than 77,25 miles ; which, divided by 4000, gives 
the greatest value of j? =5.01931. 

10—2 



the integi-al being taken from the greatest value of a? to 
iv = 0, and consequently from 9 = to q = S. 

The integral of X tan Zd,q between these limits 

= \ tan Z . S ; 

and fc'Xd^q = qx ~ j^g, 

of which, the part gx vaiiislies between the limits, and the 
part f,q = the atmospheric prt^ssure, or the weight of the 
mercury in the barometer, neglecting the variation of gravity 
within the limits of .r; therefore, if b be the height of the 
mercury, considering its density unity, 

)-=X^tanZ. {l-^.sec'Z}. 

The mean value of S, if the density of mercury is 1, = , 

and the mean value of & : 1 :: 29.6U inches : WOO miles nearly ;. 

therefore, the mean value of ^ ■= .0012517, which may be 

used without sensible error for the coefficient of sec' Z ; there- 
fore, substituting this value, 

r = \S. {tan Z -,0012517. tan Z.sec^Z}, 

or if, at A, height of barometer = h', temp, of mercury = (', 
temp, of air = y, 



where the coefficient X must be determined by observation. 

If the expansion of equation (2), be carried on as far as 
j^, the refraction 



23S. To determine the coefficient of refracikm from oh- 
nervations of circumpolar stars. 
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Let s, k' be the greatest and least observed zenith distance 
of the same circumpolar star, )-, r the refrattious, and *; the 
colatitude of the place of ohservation ; then, if a be the 
required coefficient of refraction, which is the quantity de- 
signated in the last article by A, and ascertained nearly to 
equal 59",8, r = au, u representing in this equation a known 
function depending on the observed zenith distance, and the 
observed height of the thermometer and barometer; similarly, 
r' = /iu',u' being the corresponding function for the zenith 
distance x' ; therefore, because z+ r and «' + / are the true 
zenith distances of the star, (as in Art. 153.), 

.-. 2c = sr + )- + ^'-f./ 

= a + »' 4- a . (?* + u'). 

If «,, a'j', 7(„ ^l^, are corresponding values of is, z, v, u 
for another circumpolar star, 

2c = 2rj + ff^i' + n . («] + "]') : 
.•, ar + jb' + a ..{u + u) = «, 4- ~i' + « ■ C«i + Wj') J 



The numerical value of a determined by numerous observa- 
tions, is, as was before observed, = 59", 8. 

236. Bradley made use of the solstitial meridian zenitli 
distances of the Sun in deternu'ning the coefficient of refrac- 
tion. If s and *' be these distances, r, r' the refractions, tn 
the obliquity, and I the latitude of the place of observation, 
(as in Art. 172.), 



l- 
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or 180" - 2c = s + «' + n. (ff + 0-'), 
,nd a' being the known functions of s and s. 



1 



but, by the preceding Art. 2r = x + x' ■^■ a.(u + u'): 

.: 18(y = s + 8 + n + ::' + a . {(T + a-' + U + u), 

, ISO''- - s - s' - X ~!s' 

and a = — -; — , — . 

a+ tT +u +11 - 

Bradley calculated his refractions from the equatioa 

r=57". tan(s;— 3r'), determining r' by the equation /=57". tani. 
He never gave any demonstration of his formula, and most 
probably obtained it by conjecture and trial. From Cassini's 
hypothesis, (Art. 232) an equation of the same form may be 
obtained. See Delambre, Chap. xiii. 

237. If the declination of any one star were known cor- 
rectly, a table of refraction might be easily formed, by observing 
its altitude and azimuth at the same instant. From the time 
elapsed between the observation and the star's transit over the 
meridian, the hour angle of the star may be found ; and from 
this hour angle, the star's declination, and the observed azi- 
muth, the true zenith distance of the star, at the insfant of 
observation, may be obtained : having thus found the true and 
the observed zenith distance, tlie corresponding refraction is 
known. In this manner the accuracy of any table of refrac- 
tion may be ascertained. 

The refraction found by the preceding methods cannot be 
relied on, when the zenith distance is greater than 80"; beyond 
this limit, it does not depend solely on the state of the atmo- 
sphere at the place of observation, but sometimes when the 
zenith distance is near 90°, varies at the same place on different 
days by 3' or 4', whilst the temperature and barometric pressure 
remain unaltered. 

238. The propositions of the preceding Chapters have 
been demonstrated without taking into consideration the re- 
fractive power of the atmosphere; therefore the altitudes and 
zenith distances which enter into them, are not the results of 
direct observation, but are formed by correcting the observed 
altitudes and zenith distance for the error of refraction, by tables 
calculated from formula similar to those in this Chapter. 

Since refraction causes the heavenly bodies to appear ele- 
vated above their true places, it accelerates their rising, and 




^tards their setting ; but, as the azimuth is not altered by it, 
le times of transit over the meridian are the same as if there 
■ere no refraction. 

239- To Jind how much the time of a star's rising is 
tiered by refraction. 

Let A = ZPS be the hour angle when the star really rises, 

h' = ZPs appears to rise, (fig. 10. bis), 

r when the zenith distance = !)0° + the horizontal refraction (r). 

Ss 
Then A' - A = — -. = - 



,s3 cos S cos FSH v^(cos Sf - (sin If ' 
:■ Ssco&PSU=sO = r, 
nd sin / = cos ^ sin PSHtTom the right-angled triangle PSH; 

... h' -h= ,^ ^ — =— ^ , 

Vcos (I + S) cos (_l - S) 

rom which the acceleration of rising is known. 

On account of the sniallncss of r, this equation gives 
he acceleration in the time of rising with sufficient accu- 
acy ; A and h' may however be determined exactly from the 
ormulae 

COB h= — tan I . tan S, 

cosh' = — sin r. sec/ .sec 5 — tan/, tan^, 

lerived from the triangles ZPS, ZPS", where Z.S" = 90" + r ; 
ind then h' ~ h may be found. 

240. Let T and 2" be the times during which a star 
learly in the equator, is above and below the horizon ; then 
^(T - T") is the error in the time between rising and culi 
lating caused by refraction, for without refraction, T would 

iqual T ; also Ss or I SPs = - - ^„ , since 3 = 0; 
^ cos PSH 



Id I 

J 





.-. r = h-ir,''.(T-T').cml. 
The mean value of r, found in this way, is 33', 



241. Exactly in the same way, the duration of Twilight 
may be found. 

If A' and h he the hour angles corresponding to the begin- 
ning and end of twilight, and f and S as before. 



COB h= — tan / . tan ^, 
cosA'= - sin 18°. sec/ 



- tan / . fan 5 



from which h and k', and the difference h' — h, may be deduced. 
In summer the greatest depression of the Sun below the 
horizon — the distance of the equator from the horizon — the 
Sun's declination = go" - / - 3 i therefore twilight will continue 
all night, if 

go" - / - ^ is less than 1 B", or / + S > 72°. 

\i I + ^= 72°, the evening twilight will end, when that of the 



242. Tojlnd the alteration produced by refraction on 
any diameter of the Moon. 

The differences of refraction for the small extent of the 
lunar disk may be considered proportional to the differences 
of altitude; therefore, if the horizontal diameter of the Moon , 
be taken for the axis of ,v, the ordinates perpendicular to it 
will be diminished in proportion to their lengths, and the cir- 
cular disk will become an ellipse. 

Let A be the Moon's apparent horizontal diameter; and I 
therefore A — n the vertical diameter, n being the difference of ] 
refraction for a difference of altitude A, then the etjuation to | 
the ellipse is 

, (A - nf 



A' 



■ H-^'-^'}- 
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If 2 jR be any diameter inclined at an angle a to the hori- 
zontal diameter, ^ = jR sin a, and of^R cos a ; 

(A -71). A 
.-. 2jR= ^ ^ 



\/A^ sin* a + (A - rif cos* a 
A^- Aw 



\/ A" — 2 A n cos' a 



, nearly, 



-A.(l-^).{l + ^cos«a} 

« A. {l ---sin^a}. 

But if 5 (fig. 26.) be the true horizontal diameter LM of 
the Moon, the extremities of which L and M are raised by 
refraction to I and m in the verticals ZZ, ZJI/, then /w = A. 
Draw ZO bisecting LM and /m, and let Zo = %^ then Oo = r 
= refraction at apparent zenith distance % ; 

5 sin af 5 - 

.-. A = -r-} T = :; — nearly ; 

sm {% -{-r) 1 + r cot ^ 

/. 2jR = \1 - If. (1 +rcotiif).sm^a} 

1 + r cot ;2f ^ d ^ 

s 5 . (l - r cot «) . {l - jsin^ a}, nearly. 

The use of this formula is to correct an observed diameter 
of the Moon, or an observed distance of the cusps in a solar 
eclipse; 2i2 may also represent the apparent small distance 
between two stars observed with a Micrometer, and then 5 
will be their true distance. 



CHAPTER IX. 



Nature and variation of Parallax, and mode of finding it. 

243. Hitherto no account has been taken of the place of 

the observer; only it has been considered to coincide with 
the Earth's center, because the distance of by far the greater 
part of the heavenly bodies is so great, that the Earth's 
diameter compared with that distance is evanescent. There 
are however several todies, as the Sun, Moon, and Planets, so 
near to us, that the Earth's dimensions in regard to them can- 
not be neglected; — bodies, whose apparent places relative to 
the fixed stars are different to observers at different stationi 
and also different from their true or geocentric places, 
such as would be seen from the Earth's center ; for since 
the Earth's center is nearly at the same distance, and in 
known direction from every point of its surface, and 
it is through that point that we have supposed the axis of 
the heavens and all the great circles of the sphere to pi 
it has been agreed to consider that as the Irtie place of 
heavenly body which it would be seen to occupy among tho 
fixed stars from the Earth's center. Hence it becomes ne- 
cessary to assign, for all distances and positions of these bodies, 
this difference, called parallao!, between their true and apparent 
places; in order tliat observations made at different places may 
be generalized, and put into a state of being compared with one 
another, by being redueetl to what they would have been if 
made from the center. As was before stated, the correction of 
parallax is applied, not because we see the body in a point of 
space which it really does not occupy, as in the instance qC; 
refraction, but because we do not see it in the position it ougl 
to occupy, conformable to previous calculations and siip^ 
tions, and so as to be convenient for comparison with oth< 
observations; the manner in which its amount is to be asct 
tained we proceed to explain. 
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94ii. Let O fig. 15, plate i, be an observer, iS' a heavenly 
body, and T the Earth's center ; then the body's apparent 
zenith distance is Z ZOS, and its true zenith distance z ZTS, 
less than the former by the angle OST wliich is subtended by 
the Earth's radius at S, and is called the parallax of 5'. From 
O, the body is seen among the fixed stars at a, and from T it 
is seen at 6; hence parallax, bke refraction, takes place in a 
vertical circle, but it makes the apparent place lower than the 

true place. Also i 

the same body, since we may suppose its distance from the 
Earth's center not to sensibly alter whilst passing from the 
meridian to the horizon, the sine of the parallax in altitude 
varies as the sine of the apparent zenith distance. Since it 
has a course of variation comprised within the time the body 
is above the horizon, this correction is called the diurnal 
parallax. 

246, To find the parallaw in nUit.ude of n known body. 

Let TO, the distance of the observer from the center of 
the terrestrial spheroid =r, TS <=' R, ZTS the true zenith 
distance = z, OST = p, and ZOS the apparent zenith distance 
= x + P = ~'; 



. ainp = 



smix+p) (1) 



I = — . (sin;E.cosp + cos st. sinp) ; 

therefore, dividing by cos p, 

r sin « 

tanp = ^- — ;: (2)- 

I — -- . cos X 



246. The parallax is generally so small that, except f< 
the Moon, no sensible error is introduced by making sin jj =jj 
therefore, from (I), 



thcrefo 



■ p diminishes as Ji increases, and although ^i ( 



never be really 0, yet if R exceed - 



'ould be t( 



lall to sdn 



t of det 



1 by c 



detection c 
mcnts. The fised stars have no sensible parallax; and in 
this the effect of parallax differs from that of refraction, that 
the latter is independent of tbe distance of the body observed, 
whilst the former diminishes as the distance increases, and 
length becomes insensible. 

247. When the body is seen in the horizon, z + p = 9(fiji 



: Bin p = Bin P . sin a 
or p =. P . sin w' . 



■ (*), 



which is the parallax at the apparent zenith distance as', in ten 
of the horizontal parallax and that zenith distance. 

We can also expand the parallax in altitude in terms e 
the true zenith distance and horizontal parallax ; for sine* 
sin p = sin P ■ sin (^ +p), by a common process we get 

p = sinPsinjs + i^sin^ P sio2Tr + ^ sin' PsinS^ + kc, 

248. If P* be the horizontal parallax at the equator, antfi 
a the radius of the equator, 



.•.P = 



.P'=P'.^/l-e- sin' I, 



(Art. 126), P being the horizontal parallax at a place i 
latitude /. 

Parallax, as we perceive, is greatest when the body is in 
the horizon ; and the sine of the hori;^onfal parallax equals 
the Earth's radius divided by the body's distance from the 
Earth's center. Hence the horizontal parallax will vary with 
the latitude of the observer if the Earth be not spherical, 
for in that case, the Earth's radius will ditninish from the 
equator to the pole; but at the Moon's mean distance, it jg 
found that her horizontal parallax varies in different latitudi 
this proves the spheroidal figure of the Earth. 



udeft^H 
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Again, during the time between culminating and setting, 
the Moon's distance from the Earth's center continues nearly 
the same; hence in the triangle OTS, OT and TS remain- 
ing constant, OS will increase with the zenith distance ; and 
therefore the apparent diameter will diminish from the time 
the Moon is on the meridian, till she sets, at which time 
it will differ least from the true apparent diameter observed 
from the center ; of course the effect is the same for the 
Sun, but too small by reason of his vast distance to be of 
practical importance; but though it is thus unquestionable 
that both the Sun and Moon are seen under the least angle 
when in the horizon, yet by reason of their being then referred 
to a part of the lieavens at a greater apparent distance, their 
disks appear larger in the horizon than in t!ie /-nith. 

249. To Jind the effects of parallax on the hour angle 
and declination of a known bodjf, i.e. tojitid the errors with 
which they are affected, if computed from an observed zenith 
distance. 

Let Z (fig. 29.) be the zenith of any place, P the pole of 
the equator t MI, S the true place of a heavenly body, de- 
pressed by paralla>c to S" in the vertical ZS. Draw SO per- 
pendicular to PS', and let a (SPS') he the parallax in the 
hour angle ZPS (h), and /3 {S'O) the parallax in the declina- 
tion SI (^) ; make S'Q = 90', producing S'P if necessary, and 
join ZQ by the arc of a great circle. 

SO SS'.^inZS'P 
Then a = ^-— ; = 
sm PS 



E 





tir, PS 




.p 


smZS' 


mzsrp 


Sll 


PS 


-p 


sinZP. 


»in ZPS- 


am 


PS 




COS i. sir 


(* + o). 
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^ = y « ^y COS' SSfO c= P sin ZS' cos ZS'Q 

= P cos ZQ, from the triangle ZS'Q in which ^Q = 90°, 
= P (cos ZP . cos PQ + sin ZP sin PQ cos ZPQ) 
= P {sin Z cos5 — cos Z sin S cos (A + o)|. 

Let a be determined by the equation 

f ^ cos Z . sin A 

n' ^ P • • 

a — XT . ^ , 

cos 

then hour angle affected by parallax - true hour angle 

cos I . sin (h + a ) 



= P. 



cos 



declination affected by parallax - true declination 

= — P . {sin Z cos S — cos Z . sin ^ • cos (h + a')}. 

250. The error in the right ascension of S causec^ 
by parallax, is the same as that of the hour angle; anc^ 
ZPS c= T / — T il/ = the right ascension of S {a) - the righ 
ascension of the mid-heaven {A) ; therefore 

R. A. affected by parallax - true R. A. 

cos Z . sin (a — A) 



= P. 



cos 



251. To find the effects of parallax on the latitude an 
longitude of a heavenly body. 

If P be the pole of the ecliptic, S^O is the parallax in lati 
tude, and SPS' the parallax in longitude of the star S; there 
fore, the parallax in longitude 

^ sin ZP. sin ZP^ 
smPS 

and the parallax in latitude 

= P . {cos ZP . sin PS - cos PS . sin ZP. cos ZPS] . 



In this case, ZP" the height of the nonageBimal (n), 

and ZPS or ZPS' = the longitude of 5" (I) - the longitude 
of the nonagesimal (L) ; therefore, if A bi? the body's latitude, 
longitude afi'ected by parallax — true longitude 

„ sin ». sin (;-/.) 



latitude affected by parallax - true latitude 

= — P Jcos n C03 X — sin n . sin \ . cos (/ — /,) J . 

252. To find the ait^mefitatton hij parallax of the Mooii's 
diameter. 

Let D lie the apparent diameter of the Moon p (fig. 28.), 
seen from the center of the Earth, and D' the apparent 
diameter seen from 0, then since the body is the Game, 



Op 
. D'-D = 



sin (k* - p) 

If A be the value of />' when the Moon is in the horizon, 
in which case z' = 90^ and p = the horizontal parallax P, 

COS P 

The same formulte may be applied to the Sun or any of 
■the planets, but these latter bodies are too distant for parallax 
to produce any sensible effect on tlieir apparent diameters, 

253. To Jind the true latitude and longitude of a 
heavenly body, from the latitude and longitude affected by 
parallax, by a more ewact method. 

Let I, X, r, be the longitude, latitude, and distance of a 
heavenly body as seen from the Earth's center, t, \\ r' the 



sin («:' - 


-P) 






sin «' - 


.in 


(=''- 


P) 


sm 


(«'- 


P) 




sin J p. cos (« 


-i.P) 



/) = A COS P. 
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correspondiag quantities from the surface; A and L the^ 
latitude and longitude of the observer's zenith, and R hia 
distance from the Earth's center, which = r' sin P. Let 
the planet's place be referred to rectangular co-ordinateB 
x, y, s, the center of the Earth being the origin, and the axis 
of X passing through the vernal equinox, and that of a through 
the pole of the echptic. Similarly, let X, Y, Z, be the co- 
ordinates of the observer's place, and let x\ y, x be the co- 
ordinates of the planet, referred to parallel axes passing 
through the place of observation. Then 



,T = r cos X . COS I, 
,v' = r' cos X' cos t, 
X ='R cos A.cos Z., 
=r'sin Pcos A-coa Z, 

H .: X =a/ + X = r' . 



i=r cos X . sin ^, k = )■ sinX...(l), 
' = / cos X' sin i', x = /sinX'.-.(2), 
'= R cos A.sin L, Z=R siDA...(s), 

=r'siiiP.cosA.BinZ.j =r'sinP.sinAi ] 
[cosX' cos? + sin P. cos A-coa L J, 
y = y' -i- Y = r' . -[cosX' sin I' + sin P. cos A.sin i}, 
a — x' + Z = r . {sin X' + sin P. sin A J. 
But, from equations (l), 

tan / = — , tan X = — . cos I ; 

X it- 

cos X' sin l' + sin P ■ cos A . sin Z 



\ 



. t&xil = 



tan X ■■ 



OS X' cos i'-4- sin P . cos A . cos L 
\ sin X' + sin P . sin A 5 . cos I 



cos X' coa t -f sin P . cos A . cos L 
if these formtd^ I may be found, and then Xl 



From the first 

from the second ; and these being known, 

by the equation 

X , { cos X' • cos I' + sin P . cos A 



may be obtainedfl 



cos X . cos I 



eosX . 



aSi, If D be the apparent diameter of the body seeii^ 
from the tenter of the Earth, D' the diameter at the place \ 
of observation, 



„ r „, D . cos \ . cos / 

D = — . D = 7— — -,-^.-- 7 . 

r cos \ . cos I + sin i* . cos A . cos L 

A, the latitude of the observer's zenith, is the same as 
the zenitli distance of the nonagesinial, and L, the longitude 
of the zenith, the same as the longitude of the nonagesinial. 

255. In the same manner, if a and ^ be the right as- 
cension and decJination of tlie planet as seen from the center 
of the Earth, a and 3' at the place of observation, A the 
right ascension of the zenith, or of the mid-heaven, and D 
the declination of the place of observation as seen from the 
center of the Earth, which is equal to the latitude of the 
place «f observation ; 

cos ^ . sin a + sin P . sin A . cos D 
cos S* cos a' -I- sin i* . cos A . cos D 

. {sin ^ + sin P , sin D\ cos a 

tan d = s , ■■■■ . ■ ■ - ■ — t;^ —T . 

cos 6 . cos a + Bin P . cos D . cos A 

256. Many methods have been proposed for determining 
the amount of the parallax of those heavenly bodies for which 
it is of sensible magnitude; some of them being of great labour 
and requiring observations at distant places. Thus let 0, o, 
(fig. 15.) be two observers on the same meridian, on which 
also is the body S; and let its zenith distances ZOS, xoS be 
observed; then the £ OTo which is the sum or difference of 
the latitudes of the places, and tiie radii TO, To being also 
known, both TS and the angles OST, oST, whicli are the 
parallaxes at the two stations, may be determined. In this 
manner the parallax of the Moon, and of the planet Mars, was 
ascertained by observations at the Cape of Good Hope, and at 
Stockholm, places nearly on the same meridian on different 
sides of the equator. For all the heavenly bodies however, 
except the Moon, the amount of parallax is exceedingly small, 
and can only be satisfactorily ascertained on the occurrence of 
rare phenomena such as the the transit of a planet over the 
Sun's disk; but the Moon's parallax can be determined with 
tolerable exactness by observations made at the same place, or 
at two distant places in the way just stated; and we shall now 
investigate the formulse for that purpose. 
11 
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257* To measure the parallax of a heavenlg hodjy hj 
observations made in the plane of the meridian. 

Let ZAPix) (fig. SO.), Z'A'P{%') be two meridian aeiith 
distances of the Moon^s center P, determined simultaneously at 
two known places A and A\ on the same meridian, by measur- 
ing the difference of altitude of the Moon^s limb and a known 
star nearly in contact with it ; as the zenith distance of the star 
is unaffected by parallax, when corrected for refraction it will at 
once lead to the zenith distance of the Moon affected only by 
parallax. Take C the center of the Earth, draw the lines 
CP, CAa, CAW, and let CA =. r, CA' = r , CP^R, l^ the 
latitude of -4, V = the latitude of -4'; then, if 0, Kp! be the 
known angles between the normals at A and A\ and the 
lines CA, CA' (Art. 129), PAa ^ « - 0, PA'a' ^ z -^ <(/; 
therefore, if p, p\ be the parallaxes at A and Al, we have 

from the triangle C-4P....p = -— . sin (iif — 0), 



r' 



6'J'P..y=-.sin(«'-0'); 



R 



, r . sin (« - d)) + r . sin («' - d>') 
... p + p = ^ jg '^ ^-^ • 

But /) + p' = APA 

^ PAa + PAW - ACA' 

= iJf - + ^' - 0' - (Z - (jf) + Z' - 0') 

= j?f + ;??' — /— Z' ; 
r . sin («f — 0) + r' . sin {% — 0') 

SIS ■¥ ss —1—1, 

therefore, if P be the equatoreal parallax, and a the radius 
of the Earth's equator, 

. % + z' - I - I' 

^ = ® • -^~7 :z\ . . , / — TT. 5 (Art. 248.) 

r sin (^ - 0) + ^ sin (i5? - ) ^ 

J and A' are supposed on different sides of the equator ; if 
they are on the same side, I' is negative. 



258. If p and p are too large to be considered equal 
to their sines, we have 

siiip = -.sin(a-^) (l„ 



sinp =-.sin(.= -<p'), 
and calling x + s:' — I, — t = m, or making p = m — p, 
sin (m - p) = ~ . &itt {~ - 0'), 



therefor 



, sin m cos jt — cos m sinp = -^sin (;r' 



•P'). 



and dividing this hy equation (l) ; 



sni m .cotp - 



therefore, tan p = 



r' sin (x' — 0') 
r sin (« — 0) 
. sin (jr — 0) .sin v 



r' . Bin (^' — (p') + r . cos m . sin (x — ip) 
Whence p may be found, and thence 

„ sin (s - (A) , , „ ^ 

R=r. — V- -C- , and therefore i^ = 



R 



259- By this method, the jiarallax of a heavenly body, 
the declination of which is unchangeable, may be found if 
the observers are on different meridians; but if the declina- 
tion and, consequently, the meridian zenith distance changes, 
as is the case with all the bodies which have a sensible pa- 
rallax, the meridian zenith distance at J' must be observed 
for Several snccesaive days, from which, by the method of 
interpolations, we may find the meridian zenith distance as 

I seen from a place in the same latitude as A' at the time 
when the body was on J's meridian ; that is, the meridian 
distance which it would have at A\ if it were to move from 
the meridian of A to that of A', without changing its de- 
jy, cliiHUion. 
I 11—2 
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260. To find the MoorCa parallcucy by observations, made 
out of the plane of the meridian. 

Let I be the latitude of the observer, 5 the declination 
of the Moon, h the hour angle calculated from an observed 
zenith distance, and which is therefore affected with the error 
of parallax 

^ cos Z . sin A , . 

a^ P. s • (Art. 249.) 

cos 6 

Let a', A', be the values of a and A, corresponding to an- 
other observation ; then, as before, 

, _ cos I . sin A' 

a =^F. 5 5 

coso 

neglecting the small change of declination between the obser- 
vations ; 

sin h — sin h' 



•v a — a = P . cos I . 



cos 



cosZ 
cos S 



2P . -^— ^ . sin ^ (A - A') . cos^ (A + A'); 



now A and A' are known from the observed zenith distances, and 
therefore A - A' the apparent decrement of the hour angle in 
the time (t) between the observations ; let m be the increase of 
the Moon's right ascension in the time t, furnished by the tables 
of her motion, then the real decrement of the hour angle be- 
tween the observations = 15° . / — wi, = , also A — a — (A' — a') ; 

.•. a - a' « A - A' - (l5^ . t - m) is known ; 
therefore we know 

n I (" •" <^') • ^^^ ^ 

^ * sin ^ (A - A') . cos ^ (A' + A) • cos / * 

If the observations are made on different sides of tir^^e 
meridian, 

(a + a) . cos S 



P = i 



^ sin i (A + A') . cos i (A' - A) . cos / 
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261. The quantities h ami h' must be calculated from 
the observed zenitb distances corrected for refraction; this cor- 
rection may be avoided by ascertaining, at each of the obser- 
vations, the zenith distance of a star nearly in contact with the 
Moon, which will be affected with the same error from refraction 
as the corresponding zenith distance of the Moon is, but will 
be unaffected by parallax. Let tticn the computed hour angle 
of the star at the first observation be h^, and at the second h', 
and let r, r', be the errors of refraction ; .'. the true hour 
angles are A, -|- r. A/ + r', and their diflFerenee 

= A, - A/ + (r - r') = d + 15" . t, 

d being the differenceof right ascension of the stars. (Art. 158.) 
But the true hour angles of the Moon at the first and second 
observations are A — a + r, A' — a' + r', and their difference 

= A - A' - (o - a') + r — / = - )R + l^'^ ,t; 
hence, subtracting tliis equation from the former, 

(A, - A,') - {h - h') 4- (a - a') = d + m, 
which gives (a — d). 

The two preceding methods enable us to determine the 
Moon's parallax with considerable accuracy ; they may also 
be applied to the planets; but the Sun's parallax, which 
is one of the most important elements of Astronomy, is too 
small to be discovered in this way, as a slight error of observa- 
tion may entirely vitiate the result. An accurate mode of 
determining the solar parallax, is described in a subsequent 
Chapter. 

Distances of the heavenly boiiips dcfluccU from pnrallax. 

262. The most interesting results deduced from the ob- 
servations and theory of parallax are the distances and magni- 
tudes of the heavenly bodies. We liave seen that the sine o 
the horizontal parallax is equal to the Earth's radius divided 
by the distance of the body ; hence the distance of the body 
equals the Earth's radius divided by its horizontal parallax 

ST^-Sq^TS _ , , ,. , P 

= =-r X Earths radius, where represents the 

J" 57.29578 ^ 



I 



circular measure of the horizontal parallax and is substituted * 

for ita Bine, since it is very small, ,'i7'',2JJ57S being the number 
of degrees in an arc of a circle whose length is equal to the 
radius. Now the Sun's distance is variable and the Moon's 
also, as we have seen, therefore the eq. horizontal parallax 
both of the Sun and Moon varies ; taking however the mean 
values, they are respectively 8". 57116 or ff',00238, and 57'.l",8 

or Of-QSOS ; hence the Sun's distance = — x Earth's eq. 

,00238 ^ 

radius = 24074, or nearly 94 thousand times the Earth's radius, 

i.e. about gG millions of miles; and the Moon's distance =- ■ 

,9305 

X Earth's eq. radius = fiO,9796 times the Earth's radius. 

As the Sun's horizontal parallax is so small, a very slight 
error in it, causes a great error in determining his distance; 
but an error of \" in the Moon's parallax does not affect her 
distance with an error exceeding 70 miles. 

263. Again since the apparent radius of a body is equal 

to its real radius divided by its distance, we have the real radiu^ 

apparent radius t. , , ,. i - ■ ■ -m, , 

= , — -. 1 X £.artn s radius ; this gives the Moons 

horizontal parallax 

radius about ,2723 or -ntlis of the Earth's, and the Sun's about 
112,15 or 112 times the Earth's; taking the apparent ^ diame- 
ter of the Sun and Aloon, at their mean distances from the 
Earth, at \6'.o",9 and l,'j'.3l",95 respectively. Hence if the 
Sun's center coincided with the Earth's, his body would in- 
clude the whole of the lunar orbit, and extend almost as fat 
again beyond it. Also the Moon's volume is about ^th part, 
of the Earth's volume, and the Sun's between 13 and 
hundred thousand times that quantity. 

As the horizontal refraction never exceeds 36', the Moon 
ia more depressed by parallax than raised by refraction 

Annual Parallax. 

364'. Though the Earth's radius bear no assignable ratin 
to the distance of the fixed stars, yet that may not bo (h«? 
case with respect to the radius of her orbit which is 24Q0C 



I 
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times as great ; consequently the apparent places of some of 
the stars, thougli unaffected by the diurnal parallax, may not 
be the same for all positions of the Earth in her orbit. The 
angular distances of a star from the line joining the Earth 
and Sun, as observed from the Earth and Sun, will differ 
from one another by the angle subtended by the radius of 
the Earth's orbit at the star, which, since it runs through 
all its variations in the course of a year, is called the star's 
annual parallax ; whether this angle has a perceptible mag- 
nitude even for the nearest of the fixed stars seems doubt- 
ful ; by determining the value which it cannot exceed, we 
ascertain the limit of the proximity of the nearest fixed stars 
to be at least eighty thousand times the Sun's distance from 
the Earth. 

Astronomers have sought with great care to find by obser- 
vations, if any of the stars have a sensible annual parallax ; 
and we shall now give the method employed for that purpose. 

265, To find the annual parallaai of a JUeed star in 
latitude and longitude. 

Let S be the Sun in the center of the sphere, (fig. 29. bis) 
£ the Earth in its orbit, Z its place referred to the ecliptic, JT 
the pole of the ecliptic, s a fixed star whose true angular dis- 
tance from the line ES is £sSZ, but apparent angular distance 
z s£Z. Therefore in the plane £Ss drawing Ss' parallel to Es, 
s' is the apparent place of the star ; and drawing so perpendicu- 
lar to the circle of latitude through s', 0/ is the annual parallax 

. . . , , ,.,,., . , ., sm SbE es 
inlatitude, and Z j;Aj< that m longitude. Now-^ — ■ = .^; 
sm ESs Es 

.: sin SsE or z s Ss' = -^ sin Zs oc sin Zs nearly ; for ES 

h nearly constant, and the star being at so immense a distance 
from the Earth, any alteration produced in that distance by 
the Earth's change of position must be insensible. Let tp equal 

greatest value of sSs', i. e. when Zs becomes = 90"; .', tp ^-tt' 

and s^s' = ^sinZs- Let the longitude and latitude of the 
star be /, X, and the longitude of the Earth seen from the Sun 
be©; .•.LZ = l-®. Hence 



longitude ail'tictcd by parallax — true long. ^ 



ss' &in Ksa 
sin Ks sin Sa 
_ ^sinZ s ai n/.sZ ^BJnZX ^ sin (/ - ©) 
cos is COS Ls cos A 

Latitude affected by parallax — true Int. = ss'cos A'ss' 
= sin Zs cos ZsZ. = ^ sin Zs tan X« cnt Zs 
= <p tan Zfi cos Ls cos iZ = ^ sin /,s cos Z.Z 
= ^fiinX cos(/ - ©). 

The parallax in latitude can never exceed ; and is, there- 
fore, not so proper for attempting to detect ip from observation] 

as the parallax in longitude. 

266. Tojind, by observation, the annual parallax nf a 
given Jiiced star, jf it has any. 

Let the star's longitude be found when l~@ = go", then if 
I be the longitude seen from the Sun, the apparent lon^tude 



W + 



At the 
gitude 



therefore, if A be the 
tudes at these times. 



- / = f)0'' and the apparent lon- 



'-.^.sec\; 

)bserved difference of the star's longi- 



Seculai' Parallax, 

267- ^'1 ^1^*^ fixed stars have slight apparent changes ofj 
place, arising from causes which arc well known, and which will 
be explained in the Chapters on Precession and Aberration. 
Besides these, many of the stars have other changes of position, 
which are generally believed to be proper motions; though 
some writers, who considered that they were not independent 
of each other, have thought that they were only apparent, 
and caused by the motion of our system about some distant 
point, perhaps the center of gravity of the universe. 
effects of such a motion of the Earth upon the apparent 



distant ^H 
plac^H 



of the stars, will evidently be similar to that produced by pa- 
rallax, and may be calculated by similar formula; ; but as the 
Earth's radius was considered evanescent in the investigations 
of the annual parallax, so in these motions, which, (if the hy- 
pothesis of their cause be correct) arise from a secular parallax, 
the whole of the solar system must be considered as occupying 
a mere point. 

If AA' (fig. 31.) be the arc described in a century by our 
solar system, an immoveable star C will be seen in the directions 
AC, A'C, when the Earth is at A and A' ; therefore considering 
AA' a straight line, on account of the immense radius of the 
orbit of which it forms a part, and making ACA' the secular 
parallax = TT, CAA' = m, AA' = r, and AC = p. 



In this equation r and p arc unknown, and will probably 
remain so; therefore the absolute secular parallax cannot be 
discovered. We have it, however, in our power to determine 
by observation the direction of the motion of tJie solar system, 
if any such motion exists. 

268. Let P (fig. 29.) be the pole of the equator, Z that 
point of the heavens towards which our system is supposed to 
raoTe, S a fixed star, which, in consequence of the Earth's 
motion from the center of the sphere towards Z, appears to 
describe the small arc S^ in ZS produced ; exactly in the same 
manner as the displacement of the observer from the EartVs 
center to the place whose zenith is Z, apparently depresses the 
star from S to S" ; then, \fxhe the right ascension, and y the 
declination of the point Z, a and S the right ascension and 
declination of S, m and n the apparent motions of S in right 
ascension and declination, and <p the motion which a star gC 
from Z would appear to have; we have, as in Art. 249, 



zmZP.%mZPS 
' sm PS " 



■sy-sinCa-*) 



..(1). 



n = ^ . {cos ZP . sin PS - cos PS . sin ZP . cos ZPS\ 

L0 {sin y.cosS-sinS. cosy. cos(«-,r)i (3). 
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Eliminating^ between (l) and (2), andsubstitutingfor sin(a-j?), 
cos (a-cT), their expansions, 

m . {sin y cos 5 — sin 5 . cos y . (cos a? . cos a + sin a? . sin a)} 

(sin a cos w — cos o sin ai) 

= 7^ cos y . sj ; 

cos a 

therefore, multiplying by cos 5, and dividing by sin y, 

m {cos* 5 - sin 5 cos 5 cos a . cot ^ . cos oo 

- sin 5 . cos 5 . sin a cot y sin x\ ; 

= n cos <v cot ^ sin a — n sin (T cot y cos a ; 

.•. m cos'^ 5 = (m sin 5 cos 5 cos a + ^ sin o) cot y . cos (s 

+ (m sin 5 cos ^ sin a — w cos a) . cot y . sin «r, 

or, calling the known coefficients p and g, 

m cos* 5 = p . cot y cos w + q , cot y sin a?. 

Another simple equation may be formed in the same manner 
from the apparent motions of another star, and from these 
two equations the values of cot y.cos a?, cot y.sin «r, and, there- 
fore, of y and a? may be determined. 

269. When the numerical values deduced from observa- 
tion are employed for determining y and a?, the values which 
are deduced from the observation of different stars, differ con- 
siderably from each other, whence it may be concluded, that 
the apparent motion of the stars does not arise solely from the 
motion of the solar system. 



CHAPTER X. 



OS I'HKCESSION . 



970- The comparison of ancient and modern oliservations 
shews that the longitude of every fixed star has an annual in- 
crease of ahout 50",2, whilst the latitude remains nearly un- 
changed. This increase, which arises from the regression of 
the first point of Aries from which the longitudes are reckoned, 
and not from a real motion of the stars, is called the Precession 
of the Equinoxes. Tlie reason of the name as well as the 
cause and some of the consequences of Precession were explained 
in the Introduction. 

The same observations point out a contemporary decrement 
of the obliquity, which is called the Secular diminution of the 
OhUquiiy, and amounts to o",48 or about half a second yearly. 

Both these uniform changes are subject to variations, which 
recur after a period of 18 years, and are called Nutations. 

27I- Precession and Nutation arise principally from the at- 
tractive forces of the Sun and Moon acting on the protuberant 
matter of the Earth's equator. These forces may be resolved 
into two, one in the plane of the equator which cannot change the 
position of that plane ; and the other perpendicular to it, which, 
if the Earth had no rotation, would diminish the inclination of 
the planes of the ecliptic and equator, without altering the line of 
their intersection. But, in consequence of the Earth's rotation, 
these effects are reversed, and the inclination remains unaltered, 
whilst the line of equinoxes moves backwards on the ecliptic 
annually through an angle called the Luni-aolar Precession the 
present value of which is 50",3538. 

The disturbing forces however, although thus altering the 
direction of the Earth's axis in space, do not "alter the velocity 
of the Earth's rotation, nor displace the poles of rotation on its 
surface ; that such is the case appears both from the sea main- 
ly taining its level, which it could not do if the motion of the axis 
L were not accompanied with a motion of the whole mass of the 



Earth ; and from the latitudes of places on the Earth having 
undergone no sensible change from the earliest times. 

272. The planets are too distant to produce aDy sensible 
effect on the protuberant matter of the Earth, but by their mu- 
tual attractions they produce a slight change in thi; position of 
the ecliptic, causing the secular diminution of the obliquity, and 
an annual motion forwards of the equinosial points through an 
angle whose present value is about 12"; this being subtracted 
from the Luni-solar Precession, 5o",35, leaves 50",23 for the 
present value of the annual regression of the Equinoxes, which 
is termed the General Precession. These effects of the plane- 
tary attractions are independent of the figure of the Earth, but 
as they change the plane of the Sun's motion, they must cause 
a corresponding change in the Sun's action on the protuberant 
matter of the Earth, similar to the lunar nutation, but much 
less in quantity, and immensely greater in its period. 

273. As it thus appears that the positions of the Ecliptia 
and Equator arc continually changing, it becomes necessary to 
have some fixed great circle of the sphere relative to which, at 
any assigned time, those positions may be determined. This 
after the example of Laplace, is generally taken to be the great 
circle with which the Ecliptic coincided at the beginning of 
the year 17.^0; let K (fig. 32.) be its pole, and IC the pole of 
the ecliptic in 1750 + i; KK" their inclination =p, S any 
point in JCK" produced ; P the pole of the equator in I750j 
/"'the pole of the equator in 17 M + 1, so that at that timeP'JiT 
= £0 is the obliquity of the fixed ecliptic, and P'K' = w the ob- 
liquity of the actual ecliptic. Also let it be the intersection of 
the ecliptic and equator in 1750, and t' v" the position of 
the equator in 1750 + *, so that tp" is the actual equinox at 
that time, and t' is the position it would have had, if there 
had been no motion of the pole of the ecliptic. Let the two 
positions of the ecliptic intersect on the line Nn ; and let the 
longitude of the ascending node of the actual ecliptic upon the 
fixed ecliptic reckoned from the equinox of 1750 or y N'= Hi 
the motion of the point of intersection of the equator with the 
fixed ecliptic, reckoned from the same epoch or •r x '=»//, 
which is the luni-solar precession; and the motion of the 
points of intersection of the equator with the actual Ecliptic 



I 



* - 



or N'y"-N'r = <j}, whith is the general precession; and 
the motion of the ecliptic upon the equator or I KP'JC'= X. 
Then the values of the quantities rj/, d>, w, w, given by Physical 
Astronomy are 

\\A = t (50",37572) - f (0",00012I7945) 

fp = t (50",21I29) + /' {0",000 122 1483) 

(0 = 23*. 2S'. 18" + f (O", 00000984233) 
w = 23^ 28'. 18" - t (0",48368) - ^ (o" ,000002 7 2295). 

274, We shall now shew how the actual positions of the 
ecliptic and equator in the year 1750 + t may be determined 
relative to the great circle which we have assumed to be fixed. 
From the spherical triangle KP'Jt, observing that 

i K'KP'^K'KN-P'KN=9o''- { -r '^'N- ^ '^i*')=l80«-n-i/' 

/.K£'P'=90'>-t-RK'y" = g(y + (n + <p-i:]0'') = U + (p, 

we get 

tan ^p^n{n + l(yp + <p)]= sin J {^ - f) tan ^ (a. + w'), 

tanlpcos {IT + -^(1//^ + ^)J = cos^(i|/ -(^) tanl (to' - w), 

tan i \ cos ^ {w ^■ 01) = cos L (w' - w) tan ^ (>^ - 0), 

from which, substituting the values of \p-, 0, w, to', and develop- 
ing the results in aeries of powers of t, we find 

n = 171". 36' 10" -i(5",21) 

p = t (0",1.88()2) - ^ (0", 000003071 9), 

\ = t (0",1792()) - f (O",000266039+). 

275. Gicen the latitude and longitude of a fixed star at 
one epoch, to find them at any other. 

Retaining the same construction and notation, lot S (fig. 39.) 
be a fised star, SC (\i), its latitude at the fixed epoch llTiO, 
SC (\) its latitude at any time 1750+^, /, and I the correspond- 
ing longitudes. 
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Then I = v"N --r'NO-i- CO 

= 'r"N+NC + C'0 

= v"Ar + /, - Nt + CO 

= /, + ^ + CO. 

But CO = sin Co = tan X . cot SOC, 

and cot SOC = tan CNO .cosNO=p. cos (i, - H) ; 

.-. I = lfi(p+ p. ta.n\. COB {li -n) (1), 

and \ = SC-CO = \i-p. sin (^, - H) (2). 

Similarly, if l', X' and p' be values of I, X and p, for any otha J 
time 1750 + 1', 

/'=;, + ^'+i/.tan\' .cos (/i - n') (3), 

X' = \, -p'.sin(/,- n') (*). 

But tan V = tanX nearly ; and /, — and /, — H' each nearly | 
equals i, — ^ . {n + n') ; therefore calling this quantity L, and ll 
eliminating /j between (l) and (S), andXi between (2) and (4), I 

we get 

I' ^t + tp' — </> + Cp' ~ P) ■ t^" ^ ■ '^''^ ^' 
and X' = X - (jj' - p) . sin Z, ; 
therefore substituting in the equations the values of ^, p, &c. 
we get 

t = 1 + (f-t). 550",ail29+ (t' + i)0",000J22148aJ 

+ (t'-i) ■ {0",i8li92-(i' + 1)0", 00000307 19\ .tanX.co8i,.i 

X' = X-(^'-0- {o",*8Bgs - {('+ o",ooooo307i9} sini, 

where L = h- ^ (U + W) = I - <p - ^{U + H'), nearly 

= I- ni" . Sff . iO" - (.',0",21).i+ (5" ,2]) (t + t). 

The above methods of finding the values of t and X' will not | 
apply, unless p, which does not amount to l' in a century, 
very small; and for very considerable intervals the relations I 
between t and /, or between X' and \, must be found by the | 
common rules of Spherical Trigonometry. 



276. From the latitudes, longitudes, and obliquity cor- 
rected as above, the right ascensions and declinations may be 
found ; but it is obvious from the inspection of the values of 
I' and X', that the latitude may be considered as unclianged for 
moderate intervals, whilst the longitude has an annual increase 
of 50",2 ; and it is upon this supposition that the precession in 
right ascension and declination for intervals not exceeding 5 
years, is found in the next article. 

277- Tojind the precession in right ascension and decli- 
nation of a given star. 

Let P (fig. 33.) he the pole of the equator, K of the ecliptic, 
T P the equinoctial colure, S and S" two apparent consecutive 
positions of a fixed star in the first quadrant, after an interval 
of t years; then the co-latitudes KS, A'lS" remain unaltered, 

fS", the apparent motion in longitude, = (5o",S)t. 
w S'O perpendicular to PS, and let 
SO the precession in declination = a, 
SPS" the precession in right ascension = /3, 
and the angle of position PSK = S. 
!n a = SS". COB S' SO = 50", it .sin KS. sin PSK 
= 50",2/ . sin PK . sin KPS 
= 50",2t . sin w . cos «, 
since EPS = 90" + a. 
iiiriivi;, Declination aft'ected by precession — mean declination 
= t. 50",2 sin w cos n. 

Again, in SP produced make SQ = 90" and join XQ by 
the arc of a gi'eat circle ; then 

(3 sin PS = S'0= SS. sin S'SO = 5o",2t . sin A'S cos S 

= SQ",2t . cos KQ, from the triangle ESQ, 

=. 50",2i . (cos KP cos PQ + sin ^Psin PQ cos KPQ) ; 

50",St (cos u + sin to tan S sin a). 
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But qn 'd = qn f)r' cos q> = A / cos w, 
and ts' =: tan S . mn = tan 5 (wo + wo) 
= tan 5 (- Po . cos a + po . sin a) 
= tan 5 (- Aw . cos a + AZ . sin w sin a) ; 

.*. R. A. affected by nutation - mean R. A. 

= Al • (cos CO + sin 0) sin a tan ^) — Aoi • cos a tan S. 

Hence, substituting for Al and Aw their values, taking how- 
ever only the most considerable terms depending upon Q and 
20, namely, 

A f == - 16",783 sin Q - l",3S5 sin2 O = - (g^sin a +g^'sin 2 0) cosecw, 
A w = + 8",977 cos a + o"5579 sin 2 = A cos ft + A' sin 2 0, 
suppose, we get 

Declination affected by nutation - mean Declination 
= (h cos Q + A' cos 20) sin a — (g'sin & +^'cos20) cos a, 
R. A. affected by nutation — mean R.A. 

= - (A cos ft + A' cos 20) cos a tan 5 
- (^ sin ft +g-' sin 20) (cot w + sin a tan S). 

280. The change of the equinoxial point in longitude 

= - 16",783 sin ft nearly ; 

and the change in R.A. = nn nr ' cos co — - l6'',783 sin ft cos <w, 
which is called the equation of the equinoxes in R.A. 




281. The last of the corrections to be considered is Aber- 
ration, If light be not propagated instantaneously, and if its 
velocity bear any assignable ratio to the velocity of the spec- 
tator resulting from the Earth's motion in her orbit, the di- 
rection in which rays from a heavenly body will enter the eye 
from the combined effect of these motions, and in which the 
body will appear, will be different from the line joining the 
body and the eye at the same instant which is its true di- 
rection; the angle between these directions is called aberration. 

That light is not transmitted instantaneously was shewn 
by Roemer, who observed that the eclipses of Jupiter's 
first satellite happened sooner than they ought by computation 
when Jupiter was in opposition, and therefore nearer the Earth 
than when at his mean distance, and later when Jupiter was 
in conjunction and therefore more remote; and that these ir- 
regulaiil.i'n ivere attributable to the unequal times which light 
': from the satellite employed to pass to the spectator from Jupiter 
at his different distances. From a great variety of observations, 
it appears that light comes from the Sun at his mean distance 
of about 96 millions of miles in 8'". 13'; hence the velocity of 
light is more than ten thousand times greater than the velocity 
of the Earth which is 19 miles in a second. 

282. To understand how the velocity of the Earth in her 
orbit, combined with the velocity of light, makes the apparent 
place of a star differ from its true one, the following illustrations 
may be of assistance. 

Suppose SA (fig. 55.) the open window of a carriage at rest ; 

then drops of rain falling in a direction parallel to SA, will 

none of them enter the window; but if, whilst a drop falls 

I through SA, the carriage move over BA, the drop being 

icaught when at S before it reaches the ground will fall on the 



point ]i within tlic carriage, and tlie traveller not attending to 
Ilia own motion, will suppose the rain to beat in, in the direc- 
tion SB or s A, As being parallel to BS. The motion of light; 
combined with that of the Earth produces a similar deception 
with respect to the places of the fixed stars, so that if the 
Earth in its orbit move over BA, whilst the light from a fixed 
star moves over SA, the light will appear to come in the direc- 
tion sA, or the star will be seen in the direction As, instead of 
the true direction AS. The angle SAa, which measures the 
apparent deviation of the star from its true place, is the Aber- 
ration. 

283. Again, let S (fig. 16. Plate I.) be a star, T a spec,. 
tator at the Earth's center, and Tt a portion of a tangent to! 
the Earth's orbit at 7" described by the Earth in the time light 
takes to pass from S to T\ for since the velocity of the Earth's 
rotation, being sixty times less, may be neglected in comparison 
with the velocity of translation, and since rays from every point 
of the disk of a heavenly body may be supposed to be parallel 
to the line joining its center with the Earth's center, the phe- 
nomena under consideration will be presented to an observer 
any where on the surface, just the same as if he were at the 
center. To S and T, suppose velocities equal and opposite 
the Earth's velocity communicated which will not alter thi 
positions relative to the line Tt; then the spectator will be 
rest ; and drawing Ss parallel and equal to Tt, the star will. 
be at s, at the instant the ray it emitted when at S reaches 7*, 
i.e. the apparent direction TS corresponds to the real direc 
tion Ts ; and drawing tS parallel to TS, when the spectator' 
is at t, the star will be seen in the direction tS'. 

284. Besides, it is manifest that if TS were a tube carried 
parallel to itself along with the Earth, a ray entering it at S iai 
the direction ST would, by impinging against its side, be im-. 
mediately stopped ; but a ray entering in the direction Sf% 
would always be in the axis; for when the tube was in the 
position mn, we should have Sa : ah :: St : tT :: vel. of 
light : vel, of Earth, therefore the ray would be at a when 
the Earth was at m; and when the ray entered the eye at i, 
the tube would have the position tS', and consequentl; 
body would appear in that direction. 
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Hence tl]e aheiTatioii lakes place in a plane passing through 
the heavenly body, the Earth, and a tangent to the Earth's 
orbit, and is always in the direction towards which the Earth 
is moving, i. e. to the point of the ecliptic 90" behind the Sun's 
place; the heavenly body is consequently elevated or depressed 
with reference to the line of the spectator's motion, according 
as he is moving from or towards the bpdy. 

285. The phenomenon of aberration, though not the most 
striking, is one of the most pleasing in Astronomy, and its ex- 
planation, though refined, is perfectly satisfactory. It affords 
a direct proof of the motion of the Earth in her orbit ; and the 
exact correspondence of the velocity of light deduced from the 
observed aberrations of the fixed stars, with that given by the 
eclipses of Jupiter's first satellite, as also of the apparent places 
of the stars with those deduced from the formula! of aberration, 
leaves not a doubt of the truth of the theory. In consequence 
of aberration none of the heavenly bodies are in the places in 
which they seem to be; they are made visible by rays which 
left them some time previously, during which we have changed 
our position, and the eye strikes the light in an altered direc- 
tion ; consequently we refer them to situations in which they 
are not. Thus the center of the Sun appears always 20" less 
advanced in the ecliptic than it would be, if light came instan- 
taneously; also at Sun-rise we receive the first rays 8". 13" 
after their emission, and the last rays at the same interval after 
Sunset. The satellites of Jupiter have, for some minutes, passed 
from their eclipse before we are sensible of it ; and the altera- 
tions in the positions of those stars which have small proper 
motions may precede by several years the instant of their being 
observed here. The places of the Moon and Planets, by rea^ 
son of their proper motions, are affected by Aberration in a 
somewhat different manner from those of the fixed stars; the 
amount is estimated first by considering the effect of the Earth's 
motion on the apparent place, and then the aberration arising 
from the body's own motion. 

286. To jind the aberration of ajiaied star. 

Let be the Sun, (fig. 35. bis) T the Earth in its orbit, 
T LE that orbit extended to the fixed stars, or the ecliptic ; 



TO a. tangent to the Earth's orbit at T, S a fixed star in the 
circle of latitude KSL, SO the intersection of a plane through 
T and S mth tlic celestial vault. Let Tt be a portion of the 
orbit traversed by the Earth's center, in which we suppose the 
spectator placed, whilst light describes ST, that is, let ST, Tt 
be to one another in the proportion of the velocities of light and 
the Earth ; complete the parallelogram Ts, then 3"* is th« 
apparent direction of the star, and STs or Tst the aberration; 
but 

sin Tsl __Tt _ vel. of Earth 

sine 7"^ st vel, of light 

and 8 Tt = STO nearly, ^ the angle which a line joining the 
Earth and star makes with the direction of the Earth's motion, 
which angle is called the Earth's way ; also sin Tat = Tat 
= STs nearly ; 

- -^, vel. of© 

.-. aberration = sm ® b way x — =- -i-,^— r- ■ 
■^ vel. of bght 

Now light is a" . 13' in passing over a radius of the Earth' 
orbit (r), and in this time the Earth describes an angle of 
20",5 round the Sun, or an arc = 20,5 sin l"r; 



sm tg s way=20 ,5 . sin ® s way. 

287- It is niost convenient, in treating of the effects at 
aberration on the apparent places of the stars, to refer them to 
the surface of a sphere having the Sun in its center. As the 
plane STO, in which the aberration takes place, does not pass 
through the Sun, its intersection SO with the surface of the 
sphere is not a great circle ; but if we suppose a plane to pass 
through the Sun and the true and apparent places of a fixed 
star, this plane may be considered parallel to the former, on 
account of the immense distance of the stars; and the aberration 
and Earth's w.iy may be considered without sensible error, at 
measured on tlie arcs of the great circle in which this plattfr 
cuts the surface of the sphere. The plane thus drawn being 
parallel to the direction of the Earth's motion, cuts the ecliptic 
in two points f)0^ distant from E the Earth's place, if the Earth's 
orbit be supposed circular. In order to represent then the 
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of aberration on a given star at a given epoch, take E (fig. 38.) 
the corresponding place of the Earth referred to tJie ecliptic, 
make EO = 90", and through S the fixetl star draw the great 
circle OS, and on it measure Ss = 20",25 sin OS in the di- 
rection OS, because we suppose the Earth to move in the order 
•v OE ; then s is the apparent place of the star. 

288. If S (fig. 35. bis) be the true, and s the apparent 
place of a fixed star, ^s is parallel to the direction in which the 
Earth moves, and therefore, to the ecliptic, and is to ST the 
distance of the star from the Earth as vel. Earth to vel. light. 
The velocity of light is constant, and that of the Earth may be 
supposed uniform, since the Earth's orbit, as will be shewn in 
the next Chapter, is nearly circular ; also TS may be con- 
sidered constant and parallel to itself in all positions of the 
Earth, because the diameter of the Earth's orbit subtends no 
finite angle at S ; therefore Sa is constant, and the apparent 
place s describes a circle found S, the true place, in a plane 
parallel to the ecliptic, in the course of a year. This circle is 
seen from the Earth, projected on a plane perpendicular to 
TS, or to O S, and will therefore appear elliptical, unless TS 
Le perpendicular to its plane, or S be situated in the pole 
of the ecliptic. But the inclination of 50 to the plane of the 
circle described by s round S, or to the plane of the ecliptic, 
■which is the same thing, is SL the star's latitude; therefore 
the i- axes of the projection of that circle upon a plane perpen- 
dicular to OS will be Ss, and Ss sin SL ; therefore, the major 
axis of the ellipse which a star appears to describe about its 
real place, in consequence of aberration, = 4l", 

and the minor axis = 4l" . sin star's latitude. 



I 

I 



280. Hence it results that the stars will seem to have 
small annual proper motions, corresponding exactly to what 
was observed by Bradley when, in 1725, in endeavouring to 
determine the parallax of -y Draconis ho discovered the aber- 
ration of light. A star in the pole of the ecliptic appears 
to describe a small circle parallel to the plane of the ecliptic 
about that point, whose diameter is 4l"; stars situated in 
the ecliptic appear to describe in that plane 20",5 on each 
side of their true places in the course of a year ; stars in 
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intcrinediate Bituations seem to describe ellipses whose centers 
are their true places, greater axes parallel to the ecliptic and 
4l" in length, and lesser axes proportional to the sine of the 
star''s latitude. 

290. To Jind the resolved pari of the aberration per- 
pendicular to a given plane. 

Let E be the Earth's place in the ecliptic, (fig. 38.) S the 
true place of a fixed star ; take OE = 90", then the great circle 
OS is the plane in which the aberration Ss takes place, s the 
apparent place of the star being deflected from O, since T OE 
is the direction of the Earth's motion, Art. 287. Let IS be 
the given plane passing through the star, the deflection from 
which caused by aberration is to be estimated, / being the 
point of intersection of the given plane and the ecliptic, behind 
E i draw aa perpendicular to IS, then 

8(T " Ss. sin OSI = so", 5 . sin OS . sin OSI 

= 20",5 sin / sin 01 = 20",5 sin /cos IE. 

Hence the aberration perpendicular to IS (mr) towards E 
= so", 5 Bin I cos IE i when cos /£ is negative, the aberration 
towards E will be negative, i. e. it will be from E. 

291. To Jind the aberration of a given star in longitude^ 

Let E he the Earth's place in the ecliptic (fig. 39.), and 
consetjuently H the Sun's place as seen from the Earth ; S the 
true place of a star whose latitude and longitude are respective- 
ly X and /, s the apparent place. Through K the pole of the 
ecliptic draw the circles of latitude KS, Ka, meeting the ecliptic 
in /, i; then 



aberration in longitude = Ti- t I = li-^ ~ — r— 
" sm JTa 



aberration perpendicular to IK , 

= . p-p ■ nearly 

sm KS 



1 



or apparent long. — true 1( 

©being the Sun's longitude seen from the Earth T //, and 
therefore IE = 'rE-'rI-= 180° + O - ^. 

292. To find the aberration of a given star in latitude. 

Draw the great circle fSa' (fig. 39.) perpendicular to KI 
or Ki, then aberration in latitude = ia— IS 

= aa' = aberration perpendicular to I'S, 

= - 20",5 . sin /' . cos PE. 

But since the angles fSI, I'lS, are both right angles, 
f is the pole of KSI, and .-. /i /* ■= /j^ = X ; 

also I'E B 1800 + - (/ - 90") - 270» + © - / ; 

.'. apparent latitude - true latitude =- 20",5 sinX sin (o -0' 

293. To find the aberration of a given star in right 



Let T £ be the ecliptic (fig. 40.), if A the equator, K and 
P their poles, S a fixed star, E the Earth's place, EO = 90", 
OS the great circle in which the aberration Sa takes place, 
and which tends from O because the Earth's motion is in that 
direction. Draw the declination circles PA, Pa. through the 
true and apparent place of the star, and ia perpendicular to 
PS or Pa; then 



aberration in right ascension = 'va — 'vA = Aa =■ - 



iPa 



, nearly, = 



ao",5sin 1 00% IE 



sin PS ' 

Let y I = (j), y A = a, then from the triangle t/j< 
cot ^ = coBtucot a which determines 0, and sinscisindi. sin/; 
also co&IE = cos (180* + O— 0) = -C08(o -0); 
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,■. apparent R.A. - true R. A. = 

If o - = go" or SJQP, i. c. if the Sun's longitude 
= 90" + 0, or 270" + 0, 
the aberration in right ascension vanishes. 

294. To Jind the aberration of a given star in decH- I 
nation. 

Draw the great circle TScr perpendicular to PA or Pa, 
(fig. 40,) meeting the equator in ill", and ecliptic in /;■ then 
aberration in declination = as — AS = su' = aberration perpen- 
dicular lo fS 

= - 20",5 . sin / cos EI'. 

Now M is the pole of AS^ and therefore z AMS = AS = 
hence in the triangle P t M, we have 

JVf^ = gO"-a, M'vr = ai, and I'Mt = 18(fl -S, 

from which data I' y = 6 may be found by the usual methods, 
Also in the same triangle 

sin 9 sin /' = sin Jlf f sin M = cos a sin 5 ; 

.'. apparent declination - true declination 



-co6(l80''+O+fl) 



sinS 

cos a sin ^ cos (q +6) 



If the Sun's longitude = 
in declination vanishes. 



goo-0 or 270" -e, the aberration 1 



295. In the four cases for which the aberration has been 
deduced, the Earth has been placed in such a position that the 
latitudes, longitudes, &c. have been increased by the effects of 
aberration ; therefore the aberrations, calculated by these for- 
multe, must be all added, with their proper signs, to the true 
latitudes, longitudes, kc. to obtain the apparent values of tbi 



,r-_ 

ue ^M 



same quantities. In the second and fourth cases, EI has been 
taken greater than 90". These observations require attention 
in order to obtain the right sign of tlie aberration. 

The subsidiary angles tp and Q have been introduced in 
the two last articles to facilitate the logarithmic calculation 
of the aberrations \ there is, however, not much difficulty in 
obtaining formula depending on the right ascensions and 
declinations only, and these are most frequently employed. 

296. To find the aberration in right ascension and de- 
clination, in terms of a and S. 



The aberration in right ascension = 
„ sin/, cos /£ 



(fig. 40.) 



. sin / cos ('r E - 



= — ~. fcosTT^. sinZ-cosin /+ sinTii;. sin /. 

COSd ' 

but sin /. sin T / = sin a ; 
.-. sin/, COST /= sin /.sinr /.cotx/ 

= sin o . cos to . cot o = co 
and "r E = 180" + o ; 
therefore, apparent R. A. — true II. A. 
'-20",5 



nT/}i 



- cos O . 



■= — 20 ,5 j cos a . cos (0 . cos O 
The aberration in declination aa-' 
: — 20",5 . sin /' , cos El' 
= - 20",5 . sin /' . cos (/' T + T E) 
» - 20",5 . J cos T £ . sin /'.cos/' <r ~sinT£.ain/'. 



sin o . sin a } 
I a . sin O j sec S. 
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but sin /'.sin /'^Y^ = sind. cos a; 

.■. sin /' . COS I' T = sin /' . sin /' Y . cot /' T = sin S cos 

Also in the triangle f t M, 

sin a. cos ID = cot 0. cos a— siiiw .cot (180° — S) ; 



. cot 9 = tan a 



. cot S 



,-. ain /' . cos /' T = sin 5 . sin a cos w — cos ^ sin ui ; 
therefore apparent declination - true declination 

= — 2o",5 { — cos O . (sin ^ . sin a coa w — cos S sin m) 

+ sin 0. sin S. cos a} 
» — so",d (cos a sin O ~ cos as sin a cos Q )sin S 
- 20",5 sin to COB o cos S. 

297- T'o find the aberration, taking into account the 
elliptic form of the Earth''a orbit. 

At any point of the orbit we may suppose the Earth's; 
velocity made up of two parts, one perpendicular to, and 
the other in the direction of the radius vector ; call these v, u', 
and let any radius vector be produced to meet the ecliptic in jB, 
(fig. 41.) take EO = 90", and through the fixed star S draw the 

great circle OSs ; make 5s « - sin OS, where V = velocity of 

light, then Ss will be the aberration arising from that part 
of the Earth's motion which is perpendicular to the radius 
vector. Also it is manifest that the effect of the motion in the 
direction KE will be precisely similar to that produced by the 
motion perpendicular to the radius vector, when the Earth's 
place was 0; i.e. drawing the great circle ESff; and making 



i 



5'«' = 



5**' will be the aberration in consequence of the motion in the 
direction of the radius vector. 



I 

he ■ 



Now, employing the usual notation, « = pdt9 = - 

the supposition of the Earth's describing a circle whc 
ia the mean distance, we have found 

its velocity ( r ) = 20"^ . velocity of light ; 

therefore, eliminating h ; 



also v =d,p=!=~ dap (pd,S) = ;; ; 

<r ^ r\r ' J i + g cos 

.-. - = 20"-^- e sin 0. 

Let IS he any plane perpendicular to which the aberration is 
to be estimated; draw scr, sV perpendicular to IS i 

;•. sa = 20"^ . sin 7 . cos IE(l + e cos 6), 

s't/ = 20''^ . sin / . cos 10 . c sin 9 ; 

.■. whole aberration perpendicular to IS = 20"^.sin I cos IE 

+ 20"i e sin / (cos IE cos Q + sin IE sin 6) 

= 20"^ sin / cos IE + 20"i e sin / cos {IE - 9), 

where = longitude of @ — longitude of perihelion 

= (ISO" + o) - (18CP + n) = - n, 

n being longitude of perigee. 

The aberration caused by the eccentricity 

=. eo",.5e.sin/.cos (IE + n - 0), 

which cannot exceed 20",5 e or 0",g5, and may therefore be 
neglected. If, however, it should be thought useful to have 
the aberrations caused by the eccentricity, they may be easily 
obtained from the preceding values of/ and IE. The aberra- 



tions thus deduced by Delambre, {Astronomic Lecon. XIX.) 
are 

aberration in longitude 

= - 0",34 . cos (n - ^) . sect \, 

aberration in latitude =■ o",34 . sin X . sin (11 - X), 

aberration in right ascension 

= — o",3i . (co3 (ii . cos a . cos n + sin a . sin FI) . sec ^, 

aberration in declination 

= 0",S4 . ^sin2. (cosfo. sin a. cosll — coaa .sin 11) 

— cos 3 . sin (i» . cos U] ■ 

298. To find the coefficient of aberration from observa- 
tions of the stars without previous knowledge of the velocity 
of light. 

Let T* LM he the ecliptic, (fig. 42.) T> ^ , LAI, the equi. 
noctial and solstitial colures. At the vernal equinox when the 
Earth's place in the ecliptic is ^ , and the direction of its mo- 
tion it M, a star S in the solstitial colure, by the effect of aber- 
ration, is depressed to s, and Ss = m sin MS ; at the autumnal 
equinox when the Earth is at T and moving towards L, the 
star is elevated to «', and Ss'=a! sin MS; if therefore the 
difference of the latitudes or declinations at these times be ob- 
served = Df we have 



2Ss = 



■e sin MS = 2aj sin (§ + w) ; 



L 



Hence the polar distance of a star in the solstitial colure 
appears greatest in spring and least in autumn ; also since the 
star's right ascension is 270", it is 90^ of right ascension west of 
the Sun in the former, and 30° east in the latter case ; therefore 
it will cross the meridian of any place, most southerly at six in 
the morning in spring, and most northerly at six in the 
ing in autumn. The above is the explanation of the 



the eveo* ^M 



nieoa described by Bradley, as having been observed in the 
motions of -y Draconis, a star situated nearly as above, which 
< led him to the discovery of the aberration of light. 

299. The tables of aberration may be made use of in 
calculating the values of thtf annual parallax of the fixed stars, 
as the formulas by which both these quantities are expressed, 
have a close analogy. 

By reference to fig. 35, bis, it is seen that the annual parallax 

takes place in the plane ST.E, and varies as sin E8, and the 

aberration in the plane STO, and varies as sin SO; but since 

z.OTS=Q0f, after three months the plane STE will be 

brought into the position .STO, and the arc E8 will become 

OSi consequently the formula? which express the variation of 

aberration three months after the present time, represent the 

j existing variations of annual parallax. If therefore in the 

I formuljE for aberration we alter the coefficients, and increase 

■ the Sun's longitude by 90", we obtain the formulas for annual 

I parallax. 

Thus, aberration in longitude = — 20",5 — — , 

latitude = - eo",5 sin X sin (O - I) ; 



therefore, changing into 90" + 0, and replacing 9o",5 by (p, 
annual parallax in longitude = + <p , 



. latitude = - sin \ cos (©-/); 



or if a and /B represent the aberrations taken out of the tables 

corresponding to the Sun\s longitude flO" + 0, 



will represent the parallaxes corresponding to tiie longitude Q. 
The annual parallax in right ascension and declination may 
I be deduced in a similar manner from the aberration in right 
1 and declination. 




From the comparison of these expressions for the aberration 
and parallax, it appears that the parallax is greatest when the 
corresponding aberration is least, and conversely. 

300. The diurnal motion of the Earth combined witb the 
motion of light will also cause a small change in the places of 
the stars, but too small to have any observable influence, except 
perhaps on tlie right ascension of stars near the pole. The 
coefficient of this aberration for a place whose latitude is / 

vel. of the place vel. of equatoi 
vel. of light 



vel. of light 



= o",3 COB I, nearly. 



ascension 



and 



301. To find the aberration in ri 
declination caused by the diurnal rotation. 

Let OE (fig. 43.) be the equator, P its pole, Z the zenith, 
draw the declination circle PZE, then the direction of I 
motion of the place is manifestly parallel to the tangent 
E ; take therefore OE = go", and draw the great circle OJ 
through the star 8, then Ss = o",^co%lsmSO, 

and aberration in right ascension = 'vi — T I = li 

8<y fio" , , , 0",3cos Zsin/cosi£ 



sin Ps cos h 



0",S c 



since IE= I ZPS = h, the s 

Again, draw the great ci 
then aberration in declination : 
lo rS = - 0",3 c. 



ar's hour angle. 

cle I'Srr' perpendicular to Px 
■■ SO'' = aberration perpendicul 
B I sin /' cos /£, 



but ^t = 13= S, and TE = 90" + k; 
: alierration in declination = 0",3 cos / . sin ^ . 



sin A. 
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These formulEe shew that at the superior transit a star^ 
R. A. IB increased, on account of the diurnal aberration, by tl 
quantity o",3 cos / sec ^, and diminished by the same quantit]^ 
at the inferior transit ; and that the declination is uRaffectef 
at both transits. 



302. To find the effect of aberration on the Sun, Moon, 
and planets. 

Let p and e (fig. i'l.) be cotemporary positions of the Earth 
and a planet, P and E other cotemporary positions after an 
interval {t^) in which light moves from p to e. Then if the 
Earth were at rest at E, the planet would be seen by the ray 
pE, emitted when the planet was at p. Take now Ee' = Ee, 
and complete the parallelogram Eq, then pEg is the aberration 
caused by the Earth's motion ; tbercfore the whole aberration 
= PEq, or the planet, when at P, will be seen in the direction 
Eq. But PEq = PEp + ^£17 = PEp + Epe = the motion of 
the planet round E at rest + tlie motion of E round p at rest 
= the whole geocentric motion of the planet in ^, which, if m 
be the geocentric motion of the planet in 1% = mt. Now if D 
be the planet's distance from the Earth, considering the distance 
of the Earth from the Sun unity, / = D (8"'. 13') ; 

therefore tbe aberration = -i-;i3"mi). 

This aberration may be resolved in any direction, and will pre- 
serve the same ratio with the planet's geocentric motion resolved 
in the same directions, so that 

T=A-'^93"7nD, 

■where T is the true and A the apparent latitude, longitude, 
right ascension or declination of P, and m the increment of 
the same quantities in l^ 

Fig. 4i. represents the planet's motion retrograde, if the 
motion be direct as in fig. 45, PEq = PEp — Epe = , as before, 
the geocentric motion of P round E in f. In the case of the 
Sun, the true position is always in advance of the apparent, 
so that when the Sun's radius vector in parts of bis mean 
dist. is p, true long. = apparent long. + 20",5j0. 

General FonnultB for the iciluction of the Fixed Stars. 

303, By collecting the results obtained in this and the 
preceding Chapter, we see that if t denote the time from tlie 
beginning of the year expressed in fractional parts of a year, 
a = mean right ascension, and 5 = mean declination for the 
beginning of the year ; then for the time t, 

13 
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apparent right ascension a' 

= a - 20",5 (cos w cos © cos a + ain © sin o) sec S 
+ t (m + TCsina tan^) — (gsin Q + g'sm2Q) {cot id + sinatanSJil 

- (A cos 6 + A' cos 9 0) cos a tan S. 
Apparent declination 5' 

= S — 90",5 (sin cos a — cos tn cos sin o) sin S 

— 20",5 sin (D cos cos S + tn cos a 

+ (A cos S! + A' cos 2 0) sin « - (^ sin ft + ^' cos 2 0) cos a. 
Now 



nJ, 



I Then we have the total correction for aberration, precessioa I 

I and nutation expressed by 

aDDE 



A = — 20",5 cos oi cos 0, 

B= - 20",5 sin 0, 

C =t — gcat ui sin fil — ^ cot t» sin 9 0, 

i)=. -Acoa a -A' cos 20, 

M = COS a sec 3, a' = tan (o cos S - 

6 = sin « sec 3, b' = cos n sin S, 

C = m + n sin n tan S, c ^n cos a, 
d = cos « tan 5, tf = — sin «. 



A3 = ^«' + Bb' + Cc + Dd'f 



..(1). so that 



apparent R.A. at time / = mean R.A. at beginningof year + Aa, 
apparent Dec at time ^ = mean Dec. at beginning of year + A5. 

The factors J, B, C, D are common to all stars, as they depcDcl 1 
only on the time and the longitude of the Sun, and of theM 
Moon's ascending node ; a, h, c, d, a', b', c', d', are factors de- 1 
pending on each particular star. In the Nautical Almanaef 
the logarithms of the independent factors A, B, C, D are com 



puted for mean midnight at Greenwich throughout the year; 
the logarithms of the remaining factors depending on the star's 
place are given for 2881 principal stars in the Astronomical 
Society's Tables ; by means of which logarithms, eacli of the 
products in (l) can be readily calculated, and taking the sum 
of these products the reduction of any star in the Astronomical 
Society's Catalogue can be effected with great ease. 

Por stars near the pole, since for them tan S becomes very 
large, it becomes necessary to take into account the terms in 
Aw and A/ (Art. S78), which depend on 2£J and 2 J : there- 
fore for such stars the coefficients C and J> must be increased 
by the terms 

+0.00413sinaQ-0.004sin2J,aod-|-0.09030coa2£3-0.09Ocoa2 3), 

respectively. Also for stars having proper motions, if a, «', 
be the annual proper motions in H.A. and declination respec- 
tively, A a and AS must be increased by ta and td. 

304. The formulee (I) may he likewise modified so that 
the independent coefficients A, B, C, D may he made useful in 
the reduction of a star not in the Catalogue and for which, 
consequently, the coefficients a, h, c, d have not been computed. 
For, substituting for «, b, c, d their values in (l), we get 

Aa= {A cos a + Ssiaa)sec5 + (C«sina + 2}coEa)tan£+ Cm^ 

AS = ^tan(DCOsS+(— ^sina + Scosfl) sln^+Cncosa — flsinn. 

A D 

Assume - = tan H, --— = tan G ; 
B Cn 

.: A a=B sec ^ sin (£r+a)sec^+Cn sec G sin (G+a)tau^-i-Cm, 

A^=A tan(iicos5+fiscc/?cos(/r+a)3inS+Cnsec Gcos(G+«). 

In the Nautical Almanac, the quantities Cm, CnsecG, G, 
B sec H, H, and A tan w, are computed for every 5*'' day in 
the year; and by means of their values, the ahove forinulse 
may be calculated with great facility. 
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CHAPTER XII. 



OF ELLIPTIC MOTION, 

305. The path of the Earth round the Sun, or (which 
has been shewn to be the same thing) the apparent path of the 
Sun round the Earth, lies in the plane of the ecliptic* The 
position of this plane in space is sufficiently determined by the 
latitudes of known fixed stars ; and has been determined with 
reference to the equator, by the obliquity, and place of the 
equinox. 

If the Sun's path in the ecliptic were a circle having the 
Earth in its center, the Sun's apparent semi -diameter would 
be the same at all times of the year; but the Sun's apparent 
semi-diameter varies in the course of a year, from the greatest 
16'. 17" to the least 15', 45", the maximum and minimum taking 
place at an interval of half a year, and after a motion of 180" 
of longitude. The semi-diameter of the Sun at the Earth's 
mean distance = Ifi'. o",<). The Sun's diameter, on account of 
the greater accuracy of the method, is not observed directly, 
but is calculated from the observed time of transit of the Sun's 
disk over the meridian. If t be this time, and T the time 
between two successive transits, T : t :: 360° : Sun's diameter, 
supposing the Sun to be in the equator. When the Sun is noti 
in the equator, since the arc it describes is part of a small 
circle, the diameter found as above must be multiplied by the._ 
cosine of declination. We shall, in the next Chapter, investi- 
gate accurately the sidereal time occupied by the passage 
the Sun's diameter across the meridian. 

306. The curve ivhich the Earth describes round thi\ 
Sun is an ellipse. 

Let A and A' be the greatest and least apparent diametei^ 
of the Sun, S any other diameter, a ~ ne, a + ae, si 
corresponding distances of the Earth and Sun, and 1,1+ 180S 

e plane pauing thtou^ ll 



I 



^+r the corresponding longitudes of the Sun. Then, by 
comparing the observed longitudes and diameters of the Sim 
at different times, it appears that A — 5, the decrement of the 
Sun's diameter, varies as the vorsed-sioc of the difference of the 
Sun's longitudes, or as 1 — cosw; 

A -A' 1 -cos ISO'* 



-■. (A- A').(l -cosr) =2A-2S; | 

.-. ^= A-^(A- A').(t -COSI-) 

= -i (A + A') + 1 (A - A') . cos V i 

or, substituting for S, A, A', the reciprocals of ^, a - 
a + ae, to which they are proportional. 



p «(1 — e') ra(l — e') 

This IS the well known equation to an ellipse having the 
£arth in its focus, and whose major axis passes through the 
places of the greatest and least apparent diameters, 

307- The angle described by the Earth round the Sun 
from perihelion in any time t, is called the True Anomaly («). 
The angle described ronnd the Sun in the same time (0 by a 
body which moves with the Earth's mean angular velocity, 
i.e. which completes a revolution round the Sun by a nnifonu 
angular motion in the same time as the Earth does by its 
variable one, is called the Mean Anomaly (wj) ; therefore, if 
P be the time of the Earth's period, or one year. 



J' 

The anomalies arc often reckoned from aphelion instead of 
perihelion. Any expressions depending upon the anomalies 
reckoned from perihelion may be changed into equivalent ex- 
pressions where those quantities are reckoned from aphelion, 
by substituting for v and m, ISO" — u and ISO" — jh respectively ; 
or by simply changing the sign of e, since the fundamental 
equation 



p= cquiiUv becomes p= — 

'^ l+et:osj> ^ ■' * 1-ecosM 

whether v be changed into 130" — u, or e be made negative 



308. To find the motion of the aphelion. 

The Earth's motion in longitude is the same at equal dis- 
tances from the aphelion ; if therefore L be any longitude of 
the Earth, before, and V the longitude after passing the aphe- 
lion when the Earth's motion (or the Sun's apparent motion) 
is the same as before, ^ . (Z.' -i- L) is the longitude of the aphe- 
lion, supposing the equinox from which L and L' are measured 
to remain fixed during the interval. If p be the precession of 
the equinoxes whilst the Earth's longitude increases from L to 
V, ^ . (i' - p + £) is the longitude of the aphelion. From 
comparing the longitude of the ajihelion determined in this 
manner, with its value found after an interval of four or fiveJ 
centuries, it has been found that the longitude of the aphelioal 
has an annual increase of 6l",4.7i from which, subtracting thel 
precession, there remains ll",2rj nearly for the annual motion o 
the aphelion. 

Although the above method does not ascertain the place of ■ 
the aphelion very correctly, on account of the difficulty of 
observing when the Sun's motions are exactly equal, yet, on 
account of the great interval between the two determinations 
of the aphelion, the motion of that point is determined will 
great accuracy. 

309. To find the longitude of the perihelhn, and thi 
time of the Eartlts passing through it. 

Let EAP (fig. 16.) be the Earth's orbit round the Sun Sj 
AP the line of apsides, E the Earth near the aphelion at tin 
time T, E' the Earth near the perihelion at the time 7", Aa^ 
Pp the motions of A and P whilst the Earth moves from E to 
E'. Now, the Earth's daily motions in longitude at E and E' 
being near the maximum and minimum, may be cousiderei] 
uniform; if, therefore, they be represented by n and p, and ai 
and y be the respective times of the Earth's moving from E to 
A, and from E' to p, ASE = Jix, E'Sp = py. Let jEiSt th? 



longitude c£ E = L, E^S on ' the longitude of E'^ L'; therefore, 
since the time from E to E' is half a year nearly, t S"r'= 25", 
and we have 

the longitude of the Earth at A = L + nx, 

P = long. atp-6" 

= L' + py — 6"; 

.-. long, at P - long, at A = L' - L + py - nor ~ 6", 

or 180^+ 25" =L'- L -\- (p - n) .y + 71 . iy ~ at) - 6" ; 

lS0"+3l"+ L- L' ~n.{y- aj) 



But 182''. 15". 6°". 52', which is half the time of an ano- 
malistic year (jW}, = the time of the Earth's moving from 
perihelion to aphelion 

= 7" + y - ( r + ^) = 7" - T + (y - ^) ; 



and y ■■ 



ISO*' + 31" -v L- IJ -n.(_M -T +T) 

p-n 



therefore, the longitude of the perihelion at the time 7* 

= L' + py, 
and the time of the Earth's being in the perihelion 

= T'-i-y, 
are both determined. 

310. Hence the longitude of the perigee = L' +py — ISO". 
Also if TT be the longitude of the perihelion, and / the 

I' longitude of the Earth seen from the Sun, or, as it is called, 
I the heliocentric longitude of the Earth, then the correspond- 
V ing true anomaly v = I — tt. 

311. To Jind the eccenfrici.ty of the orbit described by 
' the Earth round the Sun. 

Let e be the eccentricity ; then (n and p being as in 
the last Article), ^a^ {l + eY'ti and ^"^{l — ey.p are the 



I' the 



areas described round tiic Sun in equal times, m 
is in the aphelion and perihelion, and, as these 



hen the Earth 
are equal. 



il^e)Vn-- 






Second Method, e ma^ also be determined from the 
greatest and least apparent semi-diameters of the Sun ; if these 
are A and A', 



I 



Hence, taking the values of A, A', in Art. 305, we get 
a a -0167 nearly. 



distance of the Earth fro 



312. To find the 1 
the Sun. 

Let a be the mean distance of the Earth from the Sun, p i 
any other distance, v the corresponding true anomaly, measured I 
from perihelion ; then, if I be the heliocentric longitude of the I 
Earth deduced from an observed longitude of the Sun, and t 
the longitude of the perihelion, v = l~ ■n-, 

■ ■ /* 1 + « - cos (; - 7r) ■ 

In this equation e, I, and tt are Itnown; therefore, if any 
distance p of the Sun from the Earth could be found, a would 
be knoH'n. A mode of determining accurately the Sun's paral- 
lax will be explained in a subsequent Chapter, and from this 
p, and, therefore, a may be Oibtained. 

313. In an elliptical orbit of small eccentricity described I 
ahout the Sun, the atigular motion is nearly uniform round^ 
the focus in which the Sun is not. 

Let P (fig. 47.) describe an ellipse of small eccentricity- 
round S, and let H be the other focus ; let PHA = ^, andj 
let, «, e, V be as before. 
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T h en ^-5i ^ + — ^^ = SP + HP=-2a; 

I + e cos V 1 — e cos (b 

a(l —e^^esinv , a (1 — e^)csind) , , 

.^ -^^ ^^ —- . dtv - -y ^../ . dtd) = 0. 

(1 + e cos v)^ (1 - e cos (py ^ 

Or aJP^ . sin « • dtV - -ffP^ . sin <^ . dtKp == ; 

.-. SP^ . dtV = iJi^ .!!!!±.dt(b = HP'^d.d). 

smv ' jtt/' '^ 

But -^ A^-P . dtV (= limit of the ratio of the area described 
round S and corresponding time) is constant, 

.^ SP. HP>dt(p is constant ; 

1 1 1 a^e^ 1 

.-. dt(t> oc ___-_--- oc r~T,^ 1 + — r + &c. oc -- nearly, 

since e.r is very small compared with a. Hence, the motion 
round H is nearly uniform, and much more so than that round 

1 1 

S{d^'Ki\ which varies as 77^5 or as - -^2 , that is, as 

otr a + 60^1 

1 2016 - 

nearly. 



a^ a^ 



314. Given the mean, tojind the true anomaly^ in orbits 
of small eccentricity. 

The same construction remaining, since the angular motion 
round H is nearly uniform, take JHP (fig. 47.) for the mean 
anomaly (m), then ASP is the true anomaly ; produce HP to 
D, making PD = PS, or HD = 2a, and join SD. Then 

tan i (^^2) + HDS) = ^^jjg tan ^ (i7^2) - ^P^) 

or tan \{\m -fn)^ tan -1 (180'' - v), 

2 — e 

or tan i v = tan i m, 

-i 1 - e '^ 

which determines v from tw, very nearly, in orbits of small 
eccentricity. 
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315. The relation between the true and the mean anomaly 
may be deduced simply from geometrical considerations. 

Let P (fig. 48.) be the Earth, S the Sun, APB the ellipse 
described, C its center, PN an ordinate to the axis meeting the 
circle described on AB in Q ; join SQ^ SP^ CQ ; let ASP, 
ACM the true and mean anomalies be measured from the peri- 
helion Ay and let ACQ = w, which angle is called the eccentric 
anomaly. 

Then if CN = tr, and t be the time from perihelion to P, 

Stt are& asp area. A SQ 

m^t.-—^ ^— fp .27r= — .27r. 

P area, ot ellipse Tra 

But area ASQ = area ACQ - triangle SCQ 

= ^ a^ti "^ae .asinu; 
.\ m^u -esin w (l). 

Again ps=a + ea? = a.(l-e cos u) ; 

ae + cV acosu — ae cosu-^e 



'. cos t? = — 



p a (l — e cos u) 1 — e cos w ' 

1 — cos V 1 +e - (l + e) cos u 

. . — .^_^____^_______^^___^__^^__^_„ 

" 1 + cos « 1 - e + (1 - e) COS z^ ' 

1+6 

or tan^iv= . tan^^z^; 

^ 1 -e "* 



.-. tan|^v= V tan^z^ (2). 

Therefore, eliminating u between the equations (l) and (2), the 
relation between m and v may be found. 

• 

316. To find the true atiomaly in terms of the mean, in 
a series ascending by powers of e. 

Let V be the true and m the mean anomaly at any time t 
* (t being expressed in days) from perihelion; then, P being 
365^^.2595, we have 
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27r , , Qirab 1 

rfjm = -rzr , and d^v » 



• o » 



i* p: 



P 



= 'x/l —e^ (1 + 2c cos u + 3e* cos^ t^ + 46^ cos^ u + &c.), 

since ^o = a (l — e cos u). 

Now by Lagrange's Theorem, ifu ^ m + e sin w, 



e^ 



then f(u) =/ (w) + sin mf (m) . e + {sin^ mf (m) \ ' — 



e^ 



H-{sin^m/'(m)}"~ + &c. 

.', cosu = cosw+sinm(— sinm) e+^ (sin3m — 3sinm)'— +&c. 

e 3^ 

= cos m — (l — cos 2m) - + (cos3m — cosm) — + &c. 
^ ^2 ^ ^8 

cos^ u = cos^ m + sinm (— sin 2w) e + &c. 

» "l^ (l + cos 2m) — (cos w — cos Sm) - + &c. 

cos^ u = cos^ w^ = i (cos 3m + 3cos wi) + &c. ; 
.'. djj^v = (l — ^^) {l + 2ecosm — (l - cos 2m) e^ 

+ (cos 3m — cos m) 1- C l 4- cos 2m) — 

^ ^ 4 ^ ^2 

+ (cos 3m - cos m) — + (cos 3m + 3cos 7w) e' + &c.} 

2 ^ 

= 1 + 2e cos m H cos 2m H e cos 3m cos m + &c. ; 

2 4 4 

.'. «s=m+ (26 1 sinm-i sin 2m h e'sin 3m + &c. 

\ 4/ 4 12 
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31 y. To express the radius vector in terms of the mean 
anomaly in a series ascending by powers of e. 

p = a (l -ecosu) :=f(u)y w = m + e sin «^ ; 
.\ p—f{m) + |sinm./'(m)} e + \^\v?m.f {m)Y — 

+ {sin^m./ («?)}"- + &C. 

but f{m) = a (l — e cos m), /'(^) = ae sin m, 
sinm./'(m) = ae %\p?m = ^ae(l - cos 2m), 

^ae 
|sin^m./'(m) J'= (aesin^w)'=3ae sin^m cosm = sinwsin 2m 

Sae . • . 

= — -- (cos m - cos 3 m), &c. ; 

.•. |0= a (l — ccosm) + ^ae (l - cos 2m) e 

^ae , ^^ 

H (cos m — cos 3 m) — \- &c. 

4 2 



o 



e^ e^ 3 



,3 



= a Jl+ie^-ecosm cos2m ♦ -(cos 3m —cosm) + &c.J. 



2 4 



318. To expand the mean anomaly in terms of the true, 

" a6 (l+ecosv)2 "^ ^ ^U+ecosv/' 

let 1 + ecosv = a^+2a/3cosu + /3^ = a^ (l + c^) (1 + ca?~*), 

making c = — , 2cost5 =cZ? + tr"'; 
• « 

therefore, since a^+ j3^ = 1, 2a/3 = ^, 

/3 vl + e-\/l ~c e 



a \/l +e + \/l -c l+\/l-e^' 
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1 _ £ 1 

I + e cos« a* (l + cw) (1 + co?"^) 



1 / 1 ca?-^ \ 

"" a^ (1 - c^) VTTc^ "" 1 + Cd?-V 



1 



\/l -e^ 



(l - 2c cos D + 2c^ cos2t5 — 2c^ cos 3« + &c.) 



Hence the general term of the expansion of d- f ) is 

^ ^ * \1 +ecosv/ 



c''(l +r\/l -e^) 
cosri? — 



=1= 2 cos r«a- . ts ±2^«», ^ 

.-. rf„m = 1 -2c(l H-\/l - e^)cosv + 2(r (l +2\/l -e*)cos2t? 

- &c. + 2 (- cY (1 + r \/l - e*) cos rtJ + &c. ; 
.'. w = t? - 2c (l + y/l - c^) sin « + c" (l + 2 vl -c^) sin 2v. 



- &c. + 2 (- cY (1 + r \/l - c^) - sinrt) + &c« 



The equation of the center^ which is the difference be- 
tween the true and mean anomalies, may be obtained from 
Art: 316, in terms of /w, and from the present Art. in terms of v. 

319. In orbits of small eccentricity, AHP^ fig. 47, repre- 
sents the mean anomaly, therefore SPH will represent v --m 
or the equation of the center; 

, . . . Sit . 2c sinw 

but sm (t^ - m) s= •—-: sin m =« • 

^ ^ SP l + ex ^ 

••. V '^tn^^e sin m nearly, 

the maximum value of which is 2c; therefore in orbits of 
small eccentricity, the greatest equation of the center has 
twice the eccentricity for its circular measure. 



If the anomalies are measured from the apogee, the 
greatest equation of the center is the greatest value of tn — v, 
which = — the greatest value of v — m ; therefore the greatest 
equation of the center must change its sign, when the anomalies, 
are measured from the apogee; that is, when e is changed 
into — e ; hence the greatest equation of the center can contain 
only the odd powers of e, and the preceding result which is 
obtained by neglecting e', is the same as would have been 
found by neglecting e^, and higher powers. 

320, Given the time of the year, tojind the Sun's longi- 
tude, and conversely, gioen the longitude, to find the time. 

Let T be the time, t the time of the Sun's passing the 
perigee, s -the Sun's mean daily motion, then s . {T — t) is the 
Sun's mean anomaly, and if to this be added the equation of 
the center £, we get s (7* - ^) + £ for the true anomaly ; and J 
therefore s . (7* - ^ + .E + p for the Sun's true longitude /, p\ 
being the longitude of the perigee ; 

l-p-E 



321. As the planets revolve round the Sun in the same 1 
manner as the Earth, in orbits of small eccentricity, the pre- I 
ceding equatious may be applied to the determination of thel 
planetary motions. 

If m be the mean anomaly in a planet's orbit correspond- 
ing to a time t from perihelion, and P' the periodic time, we I 
have, as for the Earth, 



I 



But if a be the n 



1 distance of the planet, P* = ( 



i being expressed in parts of a year, and a being the Eartll'fl | 
mean distance. 



The orbits describetl by comets are very eccentric ellipses, 
which, with few exceptions, may be considered as parabolas for 
those parts during the description of which the comet is visible 
from the Earth. The consideration of the circumstances of a 
body's motion in a very eccentric ellipse, is not sufficiently 
elementary for the present work. The following propositions 
will, however, be of use in the next chapter. 

322. To find the radius vector and the time, correspond- 
ing to a given true anomaly, in an orbit where e = 1, nearly. 



°('-c') 



1 + e + (1 ~ e) tan^^l 



°(l-8') 



n + e + (1 +(!)tan*- 



or p = 



'••c^I^- 



•.(0> 



p being the perihelion distance a — ae. 

Let c = 1 — e, whei'e, since e is nearly = 1, c is very small ; 
therefore J) = izc; also suppose t expressed in years, and a in 
parts of the Earth's mean distance from the Sun ; 



(1 - <!■)» 



(ie - c>)l 
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IT 



IT 



pi [ Sc\ ( a^ r ^\ 

pi { c^ fw aP a^V\ 
_ 1^ ^ -- + c (^- - - - — j J 



pi {^ V 1 «V C ( V « 4 J0\\ 

= 7=:aan- + -tan^- + - tan- - tan^ tan*-) >...(2). 

7r\/2l 23 24V2 25 ^J ] ^ ^ 

323. When c is 0, the curve described becomes a para- 
bola, and the equations (l) and (2) become 

P 
p = — in — 9 

' COS"^!? 

pi 
t= y=-. [tsLU^v 4- i^tan^lt?}, 

TTV 2 

which may be applied to the determination of the motions of 
comets, since very few of their paths diflTer sensibly from 
parabolas, whilst they are near the Earth's orbit. 

324. Tojind the time of describing any arc of a parabola 
in terms of its chord and the focal distances of its ewtremities. 

Let |0, p\ be the two focal distances, c the chord joining 
their extremities, v, v\ the corresponding true anomalies, a the 
focal distance of the vertex ; 

V V 

.*. p^a sec^- = a (1 + ^^), p'=: a sec^ — = a (l h- t'^), 

denoting tan - , tan — , by #, ^ , respectively ; 

then included sectorial area z= f-f?=: I — sec*- 

(v\ V 

1 + tan^ - 1 fZ^ tan - , (between the limits v =^v\ t? = t>,) 

=:a:'{t'-'t + l{t''-f)] =^(^'-0(1+^^'+ i +^'+ l + O- 
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Now v' ^ t> being the angle of a triangle contained by the 
sides p\ p, and subtended by the side c, 



cos i (v' — d) = \/ — ^ — 7—^ , where 2« « /> + p + c ; 

PP 

.\ \ + ##' = cos \ («' - v) . sec ^ V . sec ^ v' 

and (#'- 0*=l + <' + l+<''-2(l+«')= - {p + /o'-2\/«(«-c)} 
= — (5 - 2 s/s (« - c) + 5 - c? ; 

.•. t' '- t =^ —p. (v^ — v 5 - c) ; 

/- _ 

.-. area = {y/s - y/s - c) {-y/* (« - c) + /o + /o'| 

3 

= ^{«^-(«-c)n=^{(/'V+o)t-(pV-'')»}- 

But the area described in the unit of time about the focus 
= \/ — > where m is the force at the unit of distance ; there- 

At 

fore the time of describing the arc 

ovm 



325. If the extremities of the arc fall on different sides 
of the vertex the expression for the time is 



~j=. \{p + p'+ c)i+ {p + p- c)l\ . 



14 



If a day be taken for the unit of time, and the radius 
of the Earth's orbit for the unit of distance, 

^ area of ®'s orbit w 

and the time of describing the arc 



fiV TK 



- «)»}• 



326. To find the time of describing any arc of an ellipse 
in terms depending on its chord, and the focal distances of its 
extremities, and the major ascis of the orbit. 

Let p, p, be the two focal distances, a the chord joining 
their extremities, at, le, y, y', the co-ordinates of the extremities 
measured from the focus ; «, i-', u, n, the corresponding true 
and eccentric anomalies ; a, b, the semi-axes of tlie orbit. Then 
included sectorial area = ^ab \u'— u — e (sin «' — sin;f)|. 

Let p + /j' + c = 2a (1 - COB fp'), p + p - c = Sa (l - cos^); 

therefore, v' — v being the angle of a triangle contained by the I 

sides p', p, and subtended by c, 

pp'cos'^(«'-i;)=i(p+p'+<;).l(p+p'-c)=o*(l-coB0')(l-cos^);j 

but pp' = 0° |l — e (cos M + COB »') + e' cos u cos m'J 
and pp' cos (v' — «) = pp' cos v cos «' + pp' sin v sin v' = .vj/ + j/^M 
=• o* (e - cos «) (e - cos m') + «^ (l - e') sin u sin u 
= o' {cos (m' — »i) — e (cos M -1- COS u) + e' (l — sin »( sin m') J 

••■w'{i+«»("'-")S 

= a^{n-cos(M'— m) — 2c{cosw-Hcobm') + e''[l + cos(h + m')]J^ 

orpp'cos^^(i!'-ii) 
= «^Jcos°^(tt'-w)-2ecos^(M'-«)cosl(M'+w)+e*cos^^(«'+«)|;j 
■■• {cos^(m'-«) -ecos-^(M'-H«)}* 
= (1 -cos^') (I - coa^) ■= (2 sin ^ sin ^^')* (l). 



Also - (/J + p') = 



- CON <p — c 



- e (cos « + cos «'J 
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.*. cos (f> + COS (p = e (cos u + cos u) 
or 4e cos ^ (u + w) cos ^ (w' - z^) « 2 (cos 0' + cos 0) ; 
adding this to equation (1) 

{cos ^(u' - u) + e cos ^ (w + ?^) }^ 
= (1 + COS0') (l + COS0) = (2 cos ^ 0' cos 1 0)^ (2). 

Hence extracting the roots of equations (l) and (2) and 
adding and subtracting, we obtain 

cos ^ (w'- u) = cos 1 (0'- 0), e cos ^ (w' + v) « cos ^ (0' + 0) ; 

.'. t^' - w s= 0' - 0, and sin ^ (t«' - t^) = sin -J (^' - (p); 
.*. e sin ^ (?/ - tt) cos ^ (u + «^) «= sin ^ (0' - 0) cos ^ (0' + 0), 

or c (sin u — sin w) = sin 0' — sin ; 
.'. area = ^afe {^' - — (sin0' ~ sin 0)|. 

But the sectorial area described in the unit of time = : 

P 

therefore the time of describing the sector 

P 

^ and 0' depending upon the focal distances and the chord by 
the equations 
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CHAPTER XIII. 



THE ECIUATION OP TIME. 

327. To find the equation of time. 
Let Z (fig. 13, Plate I.) be the zenith of the place of obser- 
vation, P the pole of the equator, K that of the ecliptic, 

Q, = longitude of the Moon's node, 

np the mean first point of Aries, 

on ' the true first poipt of Aries, 

S the Sun, M the mean place of the Sun, 

.'. on ilf = mean Sun's mean longitude. 

T a point the right ascension of which, measured from the 
mean first point of Aries, equals the mean Sun's mean longitude, 
... TP'V = ilf nn , jB = equation of the center, P = planetary 
perturbations, R = S'v' — SP T ' = reduction to equator at S, 

Then (Art. 280), 

iSPT' - SP<v = - 16",8 sin a cos w, 
St'^S'V = -16",8 sin Q. 
St ^Mt + jB+ P. 
Now 15 (equation of time) = 15 (mean solar time -true solar time) 

= TPZ - SPZ = aSP T -TPt; 
but aSP T = aSP T ' + 16",8 sin S^ cos w 

== St' — R + l6",8 sin Q cos w 

= St - i? - 16",8 sin a (1- cos w) 

and TPt = Mt ; 

.-. 15 (equation of time) ^ E + P - R -- 16",8 sin ft (1 - cos w). 

Hence, more strictly, the equation of time is the difference 
of the Sun's true right ascension and mean longitude, corrected 
by the equation of the equinoxes in right ascension. 
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The true longitude may be obtained in terms of thB 
mean, or conversely, by the equations of the preceding Chapter, 
and thus the equation of time may be determined in terms of 
the true or mean longitude of the Sun; Littrow, (Vol. ii. p. 71-) 
has given expressions in which the equation of time is expressed 
in a series of sines and cosines of. multiple arcs of the true, 
and also of the mean longitude of the Sun, from which tables 
may be constructed*. 

328. The equation of time in the Nautical Almanac is 
given only for the time when the Sun is on the meridian of 
Greenwich, and for any other time, or when the Sun is on any 
other meridian, the proportional part must be taken. Let E 
and £' be the values of the equation of time on two successive 
noons, taken from the Nautical Almanac, E + AE the equa- 
tion of time at some intermediate instant, when the Sun is on a, 
meridian h" west of Greenwich. Then, the increment "of E 
may be considered proportional to the time, or to the hour 
angle described by the Sun nearly ; 

ft" 



. (£' - E). 



329. From the expression for the equation of time (Art. 
.^27), it appears that if the Sun moved uniformly in the ecliptic, 

■ IfEbe til e equal ion of time, calcnlnlcd upon Ihe supposition that the ecccn. 
Iricilj of Ihe Earth's nrliit = .01fi7ni, the longitude of the perihelion ()))- 379^-39'. :»", 
and Ihe obliqnity =23".27'.67", which vbIueb arc ucarly eufficicnt from the year 1800 

£ = 4fil",78fi sin (/-p)-SH3,H6 Bin2( 
-2.S07sin2(;-p)+ I2.7!)3!iin4/ 
+ 0.022 sin 3 (/-p)_ 0.3B8aiiie; 



Ot£=7a".3fl5ir 


L- 


697 


OHsu 


SL 


3.4-2 


+ 13. 35 sin 


iL + 





15 « 


bL 


- 0.40 


+ 436.0 CO 


L + 




fl CO 


8-2Z, 


-iR.n 



o.isiT.(2i+a)+j^/. 



ol' E = 0, the equation of time would still vary on account of the \ 
variable reduction li, and if the ecliptic coincided with tha 
equator, in which case R would equal 0, the equation of time 
would change from changes in the quantity /i; therefore, 
the equation of time may he considered as arising from two 
causes; the obliquity of the ecliptic, and the Sun's unequal 
motion in longitude. Tlie eftccta of these may be considered 
separately, by conceiving a star to move uniformly in the ecliptic 
with the Sun's mean motion in longitude ; then, the difference 
of the times of transit of this star and tlie Sun over the meridian, 
would be the equation of time caused by the Sun's unequal 
motion in the ecliptic, and the difFerence of the times of transit 
of the star, and the fictitious Sun in the equator, would be the 
equation of time caused by the obliquity. 

330. To compare the Stiji's motions in longitude and J 
right ascension. 

Let (r), /, a, S be, as before, the obliquity, longitude, right fl 
ascendon and declination of the Sun, at any time t from th^fl 
vernal equinox. 



rheii COS 


«. 


= tan u . cot /, 


or tan 


a 


= cos (u . tan I ; 


rf,fl 




cos w.d,l 


cos 


a 




.-. d 


a 


= dJ.cosw.si 



If &a, ol he small finite corresponding increments of thQa 
Sun's right ascension and longitude, 

Sa = ^l cos w . sec^ S, nearly. 



331. To Jind when the equation of time caused by theM 
obliquity is additive or subtractive. 

The equation of time is additioe when it is to be added 1 
apparent time to get the mean time, that is, when mean timgu 
precedes apparent time ; and subtractive in the contrary case. 

Let T S (fig. J4., Plate II.) be the ecliptic, t D the equatorj 
SD a circle of declination passing through the Sun S, here sup 



T^fr 



posed to move uniformly in the ecliptic; take x M= "C S, then, 
DM converted into time is the equation of time caused by the 
obliquity. 

Now cos T SD = sin T . cos y D, which is positive or ne- 
gative, according as f i) is less or greater than 90° ; therefore 
"C SD is an acute angle when tt Z> is less, and obtuse when 
ttZ* is greater than go"; but t /)^ is always = 90"; therefore, 
since the greater side subtends tbe greater angle, T ^ or t M 
is greater than yD when t Z> is less than 90", or from an 
equinox to a solstice, and T M is less than tt D when t D 
is greater than 90", or from a solstice to an equinox. At the 
solstice IT S and T D are each equal to 90", and M coincides 
with jD. M also coincides with D at the nest equinox, since 
then y S and T D are each equal to 180". The same effects 
must take place in the other half of the orbit ; therefore, as the 
Earth revolves round its axis, since its motion of rotation is in 
the same direction as the Sun's progressive motion through the 
heavens, a given meridian will pass through M before D or S, 
from a solstice to an equinox, or mean noon will precede 
apparent ; and through M after D or S from an equinox to a 
solstice, or mean noon will follow apparent noon ; hence the 
equation of time caused by the obliquity is additive from a 
solstice to an equinox, evanescent at the solstices and equi- 
noxes, and subtractive from an equinox to a solstice. 

332. Since the equation of time, caused by the obliquity 
is at the equinox and solstice, it must be a maximum at some 
intermediate point. At this point 



k 



d, (I— a) = 0, or dfl = dgU ; 

.'. I =sec^^.co3£o; (Art. 330) 
.". cos = V COS (u. 

id thence I and ( 



From this equation S may be found; 
by the equations 

sin S = sin ctt . sin I, 
sin a = tan & . cot ai. 



I oy tne eq 



The numerical values of these quantities are 



a a 43". 43 . 50 ; 
ifore, i — a, or the maximum equation a 
s from this cause, cxpressctl in degrees, 
= 2". 30'. lO". 



time, as far as it' { 



333. To jind when the equation of time, caused by the 
unequal motion in the ecHptic, is additive or eubtractive. 

When the Sun is in the perigee, the mean anomaly co- 
" incidcs with the true ; hut as the Sun is then moving fastest, 
the motion is greater than the mean motion, and the true place 
of the Sun precedes the mean till the apogee, when the mean j 
and true places of the Sun coincide. Hence a given meridian^ i 
revolving in the same direction, passes through ihc mean 
Sun before the true, or mean noon precedes apparent noon. 
j\fter passing the apogee, the Sun's motion being slower than 
the mean, the mean place precedes the trucj and therefore, 
mean noon follows apparent till perigee, when they again < 
incide. Therefore, the equation of time, caused by the Sun's 
unequal motion in the ecliptic, is additive from perigee to 
apogee, subtractive from apogee to perigee, and at thos 
points. 

33i. The greatest separation of the Sun's mean and true I 
•places in the ecliptic, or the greatest equation of the center, is ] 
1". 35'. 27",6 ; which will produce the greatest separation of their J 
places referred to the equator, when this quantity, substituted I 
in the equation of Art. 330^ for Si, produces the greatest J 
value of Sa- In this case, 

^a = (1°. 55'. a7",6) cos w . sec' S, 
which is greatest when 5=«t = 23". 28'; therefore, making 5 J 



which, expressed in degrees, is the greatest equation of time I 
that could be caused by the Sun's unequal motion in the I 
ecliptic. 



335. The equatimi of time vanishes four limes a year. 

Let A'rS (fig- 51.) be the ellipse described by the Sim 
round the Earth, p and a the perigee and apogee, A and T the 
autumnal and vernal equinoxes, S and W the smnmer and 
winter solstices, and M the place (about 4fP from T ), where the 
equation of time, caused by the obliquity, is a maximum. 

Let E be the whole equation of time, t and t' the separate 
parts caused by the obliquity, and the Sun's elliptical motion 
respectively i then the maximum value of Z is about 9°. SO', (Art. 
332), and greater than that of t'. Now, the equation being ad- 
ditive when mean time precedes apparent, bv Articles 331,333, 

A 
IV 
; is- through^ IF, 'r S; + through [Ft , 5a J; and at ^ 



..aWp; 



.-. from A to tr, E = -t - l', and at ir, E= -t', 

from IF top, E = t - i' p, E = ti 

therefore, since E was negative at If and positive at p, there 
is some point between W and p, at wiiidi E = 0, 

Agaii, 

from p to T , E = + t + t', and at y , E = -i- t', 

from T to S, E= -t + t', and at S, E= + t'. 

But since at M, t has its greatest value, which is greater 
"than /'; therefore, at M, E is negative, and it is positive at T 
and S ; therefore, at one point between tt and M, and another 
between M and S, E = 0. Lastly 



from S Xoa,E = 
from a to A, E = 



i- i + i', and nl rr, E ^ + t, 
¥ t -t\ and at A, E = - £', 



therefore, at some point between a and A, E must vauisli lor 
the fourth time. 
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The equation of time varies continually in different years^V 
on account of the change in the position of the line of apsidea 
np, which makes at present an angle of about if with the linel 
of solstices SW.. If these lines coincided, the equation 
time would be nearly at the solstices, since the separate p 
of the equation f and t' would each = 0. 

336. To find the sidereal time occupied by the passae 
of the Sun's serai-diameter across the meridian. 

Let r be the distance of the Sun from the Earth, the n 
distance being 1, and S his declination at any epoch, at the c 
liquity of the ecliptic, and 7* the length of a tropical year in 

davs; then increase of Sun's longitude in 1 Bid. day=-i- , 

and therefore f Art, 330) increase of his U. A, = - „ .„ 

1^(7'+ l)c 
Hence in one sid. second the Sun's center recedes from '' 

15" cos w , . , . , ,,. 

.. _ — — — =-s; and in the same time the meridian approachf 
j-*(7'+l)co9^S ^'^ 

T by 15"; consequently in 1 sid. second the meridian separated 

from the circle of declination passing through the Sun's center b 



^ r'(l + ?)»»■ 
ui-diain. at mean dist. 

. semi-diam. at dist. r 



L 




and angle which this subtends at pole of equator = 

Let i be the number of sid. seconds which the Sun's sem&i 
diameter takes to pass the meridian ; 

9CiO",9 _ 
rcos& 
hence i is known. 



CHAPTER XIV. 



337- The Planets, us seen from the Earth, move among 
the fixed stars sometimes from west to east, and at other times 
are stationary, or move from east to west. These appearances, 
which prove that they do not revolve round the Earth, can all 
be explained upon the hypothesis of their describing nearly 
circular orbits round the Sun, subject to the same laws of 
motion as the Earth. 

There are ten planets now known, which are denoted 
by their appropriate symbols. Mercury (? ), Venus ( S ), 
Mars (S), Vesta (^), Juno (/), Ceres (?), Pallas ( J ), 
Jupiter (4), Saturn (t^ ), Uranus or the Georgian (iji): 
of these Mercury, Venus, Mars, Jupiter and Saturn are 
most conspicuous, and have been observed from the most 
ancient times ; the others, of which Uranus is the chief, arc 
amongst the greatest recent astronomical discoveries. The 
Earth, considered as a planet, is denoted by the symbol ©. 

338. The places of the planets as seen from the Earth arc 
called their Geocentric places, and are determined by their 
geocentric latitudes and longitudes computed from the observed 
right ascensions and declinations. The places as seen from the 
Sun are called Heliocentrie ; the Heliocentric Latitude of a 
planet being its angular distance from the ecliptic as seen from 
the Sun, and the heliocentric longitude the angle subtended 
at the Sun between the first point of Aries, and the planet's 
place referred to the ecliptic. 

The angle which the distance of any planet from the 
Sun subtends at the Earth is called the Elongation ai the 
planet. 

The intersection of the plane of a planet's orbit with 
the ecliptic is called the Line of Nodes ; that point through 
which the planet passes in moving from the south to the north 

I side of the ecliptic being called the Ascending Node ( SJ )i and 

i the other the Descending Node. ( ?! ). 
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The angle at tlie Sun's center between the radius vector ' 
which passes through the ascending node, and the perihelion J 
distance of the planet, is the Distance of the Perihelion fromM 
the Node : this added to tlie longitude of the ascending node, f 
it) called the Longitude of the Perihelion- The angle at the I 
Sun's center between the radius vector of the planet in 
orbit, and the radius vector passing through the ascending 1 
node, is called the Argument of Latitude. The argument I 
of Latitude added to the longitude of the ascending node, 
is called the Longitude of the Planet in its Orbit. 

339. If P (fig. 52.) bo a planet in its orbit Ptt Jl, S the | 
Sun, w the perihelion, S^ the line of nodes, and St a line | 
passing through the first point of Aries in the plane of th# I 
ecliptic ySiv; then 

'rS&l = n, is the longitude of the ascending node, 

v SSl — V, is the distance of the perihelion from the node, 

PS (X = "> i^ ^hs argument of latitude ; 

therefore, if p be the longitude of the perihelion, it the true i 
anomaly, I the longitude of the planet in its orbit, V the I 
reduced longitude on the ecliptic, and r the reduction, we 1 
have from the figure, according to the above definitions, 



rr^-v-f-n + v, 
<i + u = p + V, 



Before proceeding farther, it is necessary to shew how J 
to determine the geocentric ))lace of a planet from the lie-l 
liocentric, in order to make use of the Tables of the planetV' 
motions, since all the computed motions of a planet are cal*' 
culated with reference to the Sun : and how to find the | 
heliocentric place from the geocentric, in order to make u 
of observations which are necessanly made at the Earth. 

340. Having given the heliocentric, to Jind the geocen- 1 
trie place of a planet at any time. 
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Here tlie heliocentric latitude and longitude, and the he- 
liocentric distance of the planet, and also the position of the 
Earth, are given, to find the geocentric latitude and longitude 
and the geocentric distance. 

Let S (fig. 53.) be the Sun, and E the Earth in the plane ■ 
of the ecliptic ySx, P a planet, PA'' perpendicular to the plane 
ySx, and NM perpendicular to S,v, St , Et parallel to each 
other, passing through the first point of Aries. Let X {NE f ), 
(3 (_NEP), p {EP) be the geocentric longitude, latitude, and 
distance of P, respectively; l{yST ), b{NSP), r(SP), the 
corresponding heliocentric longitude, latitude and distance of 
P ; L (ES y), R (S'E) the heliocentric longitude of the Earth, 
and the distance of the Earth from the Sun. Let also / and 
n', which are called the curtate distances, be the projections of 
r and p on the ecliptic, i. e. SN and EN. Then we have 

r'= r cos b,p'=p cos /3, NSM ^ I - L, NEM = X - £ ; 

NM SN.sinNSM r '. sin (/-/. ) 

.-. tan (\ - ) - -^ - gj^^^^^sjyf_sE ~ r'cos(l-L)~ii' 

._ _, dnNSE _ ,sin_{l_~L) 
'* " '' ■ siiTiVE^ ~ ' shTcX^L) ' 
^ PN r'tan b 

From these three equations may tc obtained successivelv X, p , 
and ^; since /, r' and b are given, and L and R are known 
from the time. 

341. If perpendiculars £e,iV"?(, are let fall on £ T , S T , 
we have 

!■' cosl ~ R cos L = Sn ~ Se = Eo = p' cos X. 
/ sin / - H sin L = Nn — Ee = No = p' sin X. 

342. Having given the geocentric, to find the helioeeniric 
place of a planet. 

Here the geocentric latitude and longitude and the position 
of the Earth, are given, to find the heliocentric latitude and 
longitude, and tlie distance of the planet from the Sun. 




Let S be the Sun, (fig. 5S.) E the Earth, P a. planet in it«l 
orbit, SSi the line of nodes and axis of x, PN perpendicular tAm 
the plane of the ecliptic or plane of .vy ; BIC, bac spherical! 

triangles situated on surfaces described with centers S and EM 
and radius = I, and having their angular points determined by J 
the lines SP, SM, SSi, EP, EN, ES. 

Then BI is the argument of latitude = w, 

z BIC = inclination of planet's orbit = /, 
JI= rSE~rSSl = L-n, ac = T EN -')rSE = \- 
EMSi= Al + ac = \-n. 
Now cot Bl sin AI — cos / cos JI •= sin / cot BAI 
= — sin/cot6ac= — sin /sin ac cot Ac; 
cos /cos (L -n) - sin /cot /3 sin (\ - L) 

.-, cot 7* = ^—7 r 

am (L — n) 
Also ES sin JI + EN sin A^.l/a = Nm = PNcot I, 
nv B sin (L — n) + p cos j3 sin (X - h) = p sin /3 cot / ; 
fi sin (i - n) 
' ' " sin ^ cot / - cos /3 sill (X - n) ' 

Hence, w and p being determined, we have 

sin BC — sin £/ sin /, or sin ft = sin ?i sin /, 

cos / = cot BI tan IC, or tan (/ - w) = tan « coa /, 

psinfi 

r sin = p sin tj, or r = -r -r— , ■ 

' sin u sin / 

Also from the triangle BJC, cos m * cos 6 , cos {I - »i), 

and sin (/-«) = cot / tan 6, 

343. Let x, y, x, be co-ordinates of P, .r,, ^|, those of 
. „ . ^ ^ cos (X - n) X sin (X - «) 
the Earth ; then tan fl ^^ = ^^ ~ 

a.' - .i?| »/ - y, 

tan (X - «) 




If St the line of equinoxes, be taken for the axis of x, 
the expressions for .t, y, z, are (letting fall perpendiculars from 
£and NonST) 

X = p cos /3 cos \-\- R cos /,, 
y = pcosj3sm\-i-Jl sin /-, 



Elements of a planet's orbit. 

344. The equations for determining the heliocentric place 
of a planet from the geocentric, contain the values of n, I, &c. 
depending upon the position of the planet's orbit, of which they 
require the previous determination. The elements of a planet's 
orbit are, 1. The inclination of the orbit to the ecliptic. 2. The 
longitude of the ascending node, 3. The longitude of the peri- 
helion. 4. The mean distance. Ji. The eccentricity. 6. The 
epoch of the planet's being in the perihelion. 

The two first elements determine the pl.tne of the body's 
motion, the third the position of the axis of the orbit, the 4"' 
and 5^^ the form of the orbit, and the (i"' the position of the 
body at a given time. The period may be substituted for the 
mean distance, since P = «3, P being expressed in years, and 
a in parts of the Earth's mean distance. 

345. From the observed geocentric right ascension and 
declination of a planet at any time, the geocentric latitude and 
longitude may be found, from which the corresponding values of 
?« and r may be obtained in terms of the elements, by the equa- 
tions of Art. 342. But the values of r and u {= the longitude of 
the perihelion + the true anomaly — the longitude of the node) 
at the time of observation, may be found in terms of the same 
elements, by the methods of the preceding Chapter ; for, the 
epoch of the body's being in perihelion being assumed, and 
the time of observation known, the time since the body was 
in perihelion, i. e. the mean anomaly, and thence the true, 
and therefore u and r, are found in terms of known and 
assumed quantities. Therefore by equating values thus found, 
we obtain two equations for determining the elements. From 
two other observations four more equations may be obtained ; 

that three complete observations are sufficient for determin- 



L 



S24 



ing the six elements of a planet''^ path. If the path be a J 
circle, the eccentricity and place of the perihelion are not re. I 
quired, and two observations are sufficient for determining the 1 
four elements. If the path be a parabola, since the major axis 1 
is not required, the three observationa furnish one eguatioo I 
more than necessary. 

The above, although a tlieoretical, is not a practical me-M 
thod of finding the elements of a planet's orbit, as the deduced i 
equations, even foir the parabola, are much too involved to 
admit of being solved, and of course would be much more so 
for the ellipse; so that the direct solution of the problem may 
he considered impossible. Even the indirect modes which 
Astronomers have adopted for solving the general problem, 
are of very considerable difficulty, and not adapted to an ele- 
mentary treatise like the present. We shall therefore confine.- 
ourselves to the case of.a circular and a parabolic orbit*. 



! the circular orbit of a planet from two I 



346. To J 

observations. 

Let a be the radius of the orbit, .*■, y, a co-ordinates of the I 
planet at the time of the first observation, the Sun being the' I 
origin, and the axis of ,r passing through the first point of] 
Aries ; also let 



fpy 






-(0, 

-(9). 
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be the equations to the circular orbit, and let p, )3, \, Scc. r^l 
present the same quantities as before, of which j9, X, L, ij.'l 
are known from observation ; then substituting in equatioD* I 
(l) and (2) the values of .r, y, x given in Art. 343, we get 

p (sin )3 + p cos /3 sin \ + (/ cos /3 cos A) 

+ pR sin L -h qR cos L = 0, 

p- + 2ff cos /3 . cos {L-\).p + R'^a"; 

or, calling the known coeilicicnts, A, B, C, iJ, E, and dividin^'4 
by sin /3, 
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p.{l -^ Jp + Bq) + Cp-i- Dq =0 (3), 

p- + 2Ep+ R^ = a- (4); 

.-. p = Vfl' + E'-H' - E (5), 

by the solution of (4). 

Simiiariy, if //, E' be tlie values of p and £ at a second 
observation, 



p'^^^a" + E'~-R''- E' (6). 

But if c be the chord joining the extreoiities of p and p, 
c* = (a?' - wf + (j/' - yf + {x' - mf 

= 9a=-2. {Fpp'+GpR'+HpR + KRR'\ (^), 

substituting ftw'*, y, sx, a:', y, z', their values, and calling the 
known coelGcients, F, G, H, K. 

Also equating the two valiieg of the circular sector de- 
scribed round the Sun, whilst the planet moves from the one 
position to the other, 

, , , f c \ , observed interval f 

V2«/ planet s period a* 

a being expressed in parts of the radius of the Earth's orbit, 
and t in parts of a year ; 



..(S). 



From equations (5) and (6), with an assumed value of a, let p 
ind p' he calculated, and thence c by equation (7) ; then this 
value of c ought, when substituted in (8), to give the observed 
time (t), if n- is rightly assumed. If a is not rightly assumed, 
the equation (8) will point out whether the error is in excess or 
defect, and calling a the correction of a, we have, [differentiating 

the equations (5) and (fi)] — — — . a, and -; - , a, for the 

p + E p + E 




corrections of p and o', with which we may proceed as before, 
till a ia found to any required degree of accuracy. When a ' 
once found, p and p are known from equations (5) and (6) 
substituting them in equation (3), and in the equation similad] 
formed with p', two simple equations arise for determiningpantf' 
q, whence the position of the orbit is l<nown ; for, n being the 
longitude of the node, and / the inclination, since py 
is the equation to the line of nodes, 

tan »t = , and sec / = y/l + p° + q'. 

P 

Since all the planetary orbits have small eccentricitii 
the above mode may be used as an approximate method 
determining the mean distance, the place of the node, and the 
inclination of any planetary orbit. When applied to that of 
Vesta, it gave the inclination within s', and the log. of the 
mean distance within ,0056 of its true value. We proceed* 
next to find the approximate elements of a comet's orbit. 



Approximate elements of a comet's orbit found from three ohseirations. 

347. When a comet appears, the observations made 
ascertaining its orbit are of its declinations and right ascension^^ 
from which its geocentric latitudes and longitudes are obtained; 
these observations are made either with the Equatoreal, or by 
micrometrical measurements of the differences of the right at 
cension and declination of the comet and a neighbouring kno' 
fixed star; and cannot be made at any point of the orbit as 
the case of the planets, but only near the perihelia as it is th< 
only the comets are visible. A very eccentric ellipse or hy[ 
bola and a parabola having a common vertex and focus, sensii 
coincide for a small space on each side of the vertex ; therefore 
it is difRcult to ascertain from observations made of necessity 
near the perihelion the species of conic section described by 
the comet ; probably all comets move in very eccentric ellipse^ 
returning to our system after very long intervals ; if any ha' 
hyperbolic orbits, as has been thought, then they can becoi 
visible to us but once ; but it is usual to assume that comi 
move in parabolas, as it has in general been found that tl 
agree best witli observations. 



I 
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348, If a comet be observed at three different times, 
separated by sbort intervals, its present position in space and 
future path in the heavens during the same apparition can be 
assigned, but not its period ; and if the parabob'c orbit be de- 
termined with all possible accuracy, it may be impossible to 
recognise a comet on its return, by reason of the disturbance 
experienced in passing near any of the large planets. Of more 
than a hundred comets whose motions have been computed, 
the periods of three only have been ascertained, viz. the comet 
of Halley which has a period of about 76 years and returned 
to its perihelion in the beginning of November 1835 ; the comet 
of Biela which has a period of 6^ years and whose last perihe- 
lion passage happened in IS38 ; and the comet of Encke which 
has a period of 1210 days or about 3^ years. No comet has 
hitherto sensibly disturbed the motions of any of the planets : 
that of 1770 seems to have traversed the system of Jupiter's 
satellites without producing the slightest alteration. We need 
not therefore be under apprehensions of having our Astronomi- 
cal Tables deranged by the near approach of comets, to any 
body of our system ; as none of thfise move in the plane of the 
ecliptic, the chance of the Earth coming in collision with any of 
them is still smaller, and even then the mischief might be only 
local. These bodies derive interest at present from the pro- 
bability that they will conduce to the more accurate determi- 
nation of the mass of Uranus and some other of the planets, 
and decide the question of the existence of an ether or fluid of 
small density pervading space. The mean distance of Encke's 
comet from the Sun is obtained smaller from the later revo- 
lutions than from the earlier, which is explained by the hypo- 
thesis of a resisting medium, or something which produces 
almost exactly the same effects. 

349. From three geocentric ohservaHons of a cofnet to 
Jind its heliocentric and geocentric distances at the inatants 

of the observations. 

In order to simplify the problem, we shall assume that the 
Earth moves imiformly in a circular orbit ; and tliat the inter- 
vals between the observations are equal, and so small that the 
arc of the comet's orbit included between the extreme places 

15—2 
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may be coasidered as coinciding with its cbord, which wi^l 
consequently be bisected by the comet's place at the i 
observation. 

Let the Sun be the origin of co-ordinates, the ecliptic 
plane of xy, and the line of equinoxes the axis ot x; r, i 
the comet's heliocentric distance and co-ordinates at the first 
observation, 




..after a time i. 



. 2./. 



■ ,y ,■ 

= X + a 



^y =y +y , 



0). 



Let R he the radius of the Earth's orbit, L, L\ L", the 
heliocentric longitudes of the Earth ; X, X', X" ; ^, /3', )3", the 
geocentric longitudes and latitudes of the comet, and p, p, p", 
its curtate distances from the Earth at the times of the several 
observations; then (Art. 3i3) 

iS =s R COS L + p cos\, y = li sia L + p sin \, s: = p tan j3 ; 

and similarly for a?', y, z', he. (2). 

Hence, hy substituting these vaUies, equations (l) become 

2 (flcosZ.'+p'cosX')=S (coai,+cos/,")+pcosX+/>"cosX", (ft 

2 {R ain V +'p' sin \')=R (sin L+sia L") +p sin X+p" sin X", (d 

2p'tan/3' = /> tan)3 + /)"tan/3"; (5) 

therefore, eliminating p' between equations (5) and (5), 

(p cos X + p" cos X") tan {¥ - (ptnn^+ p" tan jS") cos X' 

= R tan ^' J cos V — cos L" - (cos L — cos L') } 

= «Rtanj3'sin\iL'-L) {sin J(Z'+ i") - sini (Z. + /,')fl 

= 1R tan /3' sin^^ {L' - L) cos L' (6) ; 

'.■ L"—L'=L' — L, since the intervals are equal. 

Similarly, the elimination of p' between (4) and (5) must gin 

(p sin X + p" sin X") tan ^' - (p tan /3 + p" tan j3") sin X' 

^iRtaa /3' sin'^l (L'- /,) sin L' (7). 
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Hence, eliminating R between (6) and (7), 

(p coBX+jo"coa\"J tan /3' sin L'- (jotan^+p" tan/3") cosX'sin V 

= (/)sin\+p"sinX") tan/3'cosZ,'-(ptaii/3+p"tanj8") sioX'cosZ.', 

or p sin (iJ - \) tanjS' - p sin (// - X') tan /3 

= jo"sin (Z-'-X') tan j3" - p" sin (Z.' - X") tan^'; 

sin (L' - X') tan 0" - sin (L' - X") tan /3' „ 1 „ 
"'■'°" sin(/,'-X)tan/3'-sin{Z,'-X')tan/3 ' '' "m'" ^"^' 
pose, tn being, as wc see, a function of known quantities. 

Now 
r* = a)*' + ff" + ST* = jo' sec* /3 + 2pR cos (\ - L) + R^, 
r"* = m' p* sec° ^i" +3mpR cos (X" — i") + R', 

c'' = {a/'~j;y+(y"-yy+i:^"-itY=i'+r"--^(,i\v"+yy"+xi3i") 
= j^ + r"^- amp^ Jcos(\ -X") + tan /3 tan /3"} 
- QRp {cos (X - L") + m cos (X" - L)\ ~ sR^cos (L - /,"), 

c being the chord of the arc included between the extreme 
places ; or, denoting the known coefficients by A, B, C, &c. 

r' = A +Bp +Cp\ 

r"^ = A"+ B"p+ C'p^, 

i^^ F + Gp + Hp\ 

From these equations with any assumed value of p, let r, r", c 
be calculated, then, if the assumption be correct, the equation 



i^.{(r + r" + e)3-(r + /'-c)l}.. 



..(8). 



(Art. SS+i) must be satisfied. 



If this equation is not satisfied, let p -f Ap be e 
value of p, then 



sCp 



■ Ap, 



are the corrected values of r, r" and c, which must be proceeded 
with as before, till values of r, r", c are found, which satisfy 
equation (s). 



:! eliminate p" between equations (6) and (7), 
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we find 

_ 4flsin'l(i.'-/. ) jsin(L' -\")tanj3 '-sin(£'-X')'taD/3"? I 

" tan j3 sin (X"- \') + tan /3" sin (\' - X) - tan ^' sin ^\." - X) 

which gives the curtate distance at once in known quantities; 
but the denominator is very small and greatly influenced by 
the errors of observation ; in fact, if the three placcB of the 
comet are in the same apparent great circle, the denominator, 
by a well known theorem, becomes equal to zero. 

We now proceed to apply our results to tlie determinatii 
of the elements of the orbit. 



351. From the quantities determined in the precedit 
article, that is, the curtate distance from the Earth and 
tance from the Sun at two observations, to find the inclination, 
and the place of the node of a comefs orbit, and the argument 
of latitude at each of the obseroationa, 

I,et /, t' he the heliocentric longitudes of the comet at the 
first and third observation, J and J" the geocentric longitudes 
of the Sun, which are = 180" + L and ISO^ + L"; then (fig. 53.) 



timM 

'J 



sin NSE = -^ . sin SEN = 



. sin (A - X) 

r cos b 



I 



In this equation A and X arc known from observation, a and r 
have been determined in the preceding article, and b the comet's 
heliocentric latitude is known from the equation r sin i = 
p tan /3. Hence NSE is known, and adding to this ME T the 
heliocentric longitude of the Earth, the heliocentric reduced 



lougitudc of the i;omet (l) is obtained. Similarly, from p", 
r", may l", b", the heliocentric longitude and latitude at the 
last observation, be found. Let / be the inclination of the 
comet's orbit, n the longitude of the node ; then (Art. 342) 

sin {I — n) = tan b .cot I 
sin {l" — )i) = tan b" . cot / ; 
sin (/-»)+ sin {f - ») tan & + tan b" 
' ' sin (l-n) -■ sin (i" - n) tan b — tan b" ' 

tan jA (I + I") — n\ sin (b + b") 
'"' tan 1(1- t') " Bin (fi - b") ' 

.-. tan {i (^ + n - „} = ;-J^f^ ■ t«n ^ (^ - f), 

from which equation n may be found ; and therefore /, and 
the arguments of latitude at the first and last observations 
«, m", from the equations (Art, 342.) 

cot / = sin (i — 7i) . cot h, 
cos u = cog 6 . cos il — n), 
cos u" =cos 6" cos (I" — n), 

352. Giwen two arguments of latitude in a parabolic 
orbit, and the corresponding distances from the Sun, and the 
longitude of the node, to Jind the true anomaly, the longitude 
of the perihelion, the perihelion distance, and time of perir- 
kelion passage. 

Let +a be the parameter of the orbit, ir the distance of the 
perihelion from the node, and w, u", two arguments of latitude 
determined as in the preceding article ; then « - tt and u" - tt 
are the true anomalies corresponding to the distances r and r", 
and if 7* — •jT = u, then u" - tt — v + u" — u ; 

.'. cosi-t! = V-, cos-^ {v + (k" ~u)\ = \/ %; 
.-. coa^(M"-ti)-sin^(H"- )/). tan^y= \/ —,by division; 
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— i—;—ir - , / ■■< which gives i* 

..n i (m - «) Vr" 

and therefore v = tt — v, is known, and the longitude of the 
perihelion n + w. 

Tile perihelion distance a = vcos'^v is consequently 
known. Let the heliocentric longitude of the perihelion he 
less than that of the comet at the first observation, and con- 
sequently the perihelion passage precede the observations; 
then at the instant of the first observation the time elapsed 
since the perihelion passage (Art. 323) 

a* ( r , L-] 

= 7= <tan - + i tan' -> . 

Since tan ^ w contains only r, r" and u" — h, the truffj 
anomaly in a parabolic orbit may be found from two distances^. 
and the angle between. 

Since the radius vector in a parabola does not divide the 
chord accurately as the times, the above mode of finding the 
elements of a comet's orbit must be incorrect ; the error is, 
however, very small, and the mode of correcting it may be 
seen in the Essay of Olbers, whence the 'preceding Articletj 
are extracted. 

Elements of a planet's orbit found from partieutor observations. 

353. The elements of a planet's orbit may be obtained! 
much more simply from observations made under favourahleil 
circumstances, than by the general methods alluded to in Art.1 
34J, which have been applied to the cases of circular or para-J 
bolic orbits ; and although in the case of a new planet beingfl 
discovered, the elements would probably he determined to a 
considerable degree of accuracy long before such circumstancei 
would present themselves, yet the following methods are worthV" 
of attention as affording the best means of correcting the nearlyi 
known elements. 

354. To find the place of the node of a planefs orlaiM 
from ohservationa made on the planet in ita node. 

Let S (fig. 55.) be the Sun, E the Earth, and P the planeH 
when its geocentric latitude, calculated from the observed dfr 
clination and right ascension, is 0, and therefore in its iiode. 
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Let SE = R, SP = r, L the heliocentric longitude of the 
Earth, / of the planet in its node, therefore ESP = L-l; and 
let E = SEP the elongation of the planet from the San. Then 

r _ sin SEP 
R^^SPE' 

mr.s\n(^E^ S) = R. sin E, 

.■.r.s\n(E-¥L~l) = R. sin E. 

Let £', L', R', be values of £, L, and R, when the planet 
returns to the node after one or more revolutions; therefore, 

r . sin (£' ^ L' - }) = R' . sin E' (a); 

sin (E' +/.'-/)+ sin (E + Z. - /) R' sin E + R sin E _ 
■ ' sin {£' + t' - /) - sin (£ +~L - ^ "^ fi' sin i:* - A" sin £ ' 

tan JK^r + ■£ + />' + -t) ^ _ -K'sin£'+fiain .E 
tan -^ (jE' - £ + ir^T)~ ~ R's\aE:~- R&mE ' 

.-. tan {i(£' + _E + /;^i) _/| 

R siXiE - R&mE - ' 

which determines I the longitude of the node. 

355. If no observed right ascension and declination give 
the planet's geocentric latitude 0, the time when the planet is 
in its node, which is requisite for finding the values of L and 
E, must be found by a proportion. Let ^ and /3' be the geo- 
centric latitudes of the planet on successive days before and 
after passing the node, then, (i + fi' : /3 :r time between the 
two observations : the time between the planet's being in the 
node and the first observation; which, added to the time of 
the first observation gives the time when the planet is in the 
node ; for which time the values of E and L mus't be found 
in the same manner by taking the proportional parts. 

This method will be slightly incorrect on account of the 
slow motion of the nodes, whith is not noticed ; but if the node 
be determined in this way at different times, and the motion of 



the node be thence deduced, the angle described by the node 
between the two observations may be found ; and if this be 
called a, and the value Z + a be used instead of I in equation 
(2), the place of the node may be found more accurately. 

3S6, To find the inclination of a planefs orbit, from 
observations made on the planet when the Earth is in the line 

of Nodes. 

Having found the longitude of the node by the last Article, 
let E (fig. 56.) be the Earth in the line of nodes, S the Sun, 
P the planet, PH perpendicular to the ecliptic. 

Let, as before, i^EII the difference of geocentric longitudes 
of S and P = E, PEW the geocentric latitude = /3, and / = the 
inclination of the orbit; also let abc be a spherical triangle on 
the surface of a sphere described about E with radius I ; there- 
fore, by Napier's rules, since the angle at c is 90", 

sin nc = tanficcoteofc, or sin£ - tan/3.cot /| 

.'. cot / = sin jE . cot )3. 

357- To find when a planet is in conjunction with the 
Sun. 

When a planet is in conjunction, its geocentric longitude is 
the same as that of the Sun. 

Let E and Ef be the elongations of the planet's place 
referred to the ecliptic from the Sun, T and T" the corres- 
ponding times on successive days before and after conjunction, 
and C the time of conjunction, all reckoned from the same 
epoch. 

Then, considering the change of elongation uniform for 
the time T' -T, 

C -T E 

T -t" E' + E" 
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E.(T'-T). 



358. If /? and (i' be the geocentric latitudes at the times 
T and T* and /3 + A/3 at conjunction, 



A/3 



.A(3. 



£- + £ 



(/3'-/3)- 



Therefore, the geocentric latitude at conjunction 



359. The heliocentric longitude of the planet at conjunc- 
tion is the same as that of the Earth, and may be found in 
exactly the same manner as the geocentric latitude. If L and 
L' be the two longitudes of the Earth on successive days 
before and after conjunction, the heliocentric longitude of the 
Earth at conjunction or, which is the same thing, the heliocen- 
tric longitude of the planet 

In exactly the same manner may be found the time when 
a superior planet is in opposition to the Sun ; i. e. when the 
difference between the geocentric longitudes of the planet and 
the Sun is ISO". 

Hence may be obtained the nynodiis time of a planet, which 
is the interval between two succeeding similar conjunctions. 
If the two similar conjunctions are taken, separated by a long 
period, the whole time between the conjunctions divided by the 
number of revolutions made in the interval, will give the mean 
synodic time more accurately. 

360. To find a planefs distancf, from the Sun, and the 
argument of latitude, at the time of conjunction. 

Let T (fig. 57.) be the distance SP of a planet from the Sun 
at the time of conjunction, 

Ub the heliocentric latitude PSE, 
^ the geocentric PER, 
« the argument of latitude NSP. 



Let « SJV be the line of nodes, and let SE = R\ then NSE 1 
= the heliocentric longitude of the Earth — that of the node ' 
= L—n. Therefore, ahc being a spherical triangle on the ) 
surface of a sphere described about S with radius 1, we have 
by Napier's rides, since the angle at c is JJO", 

sin cb = tan re c cot fl 6c, or tan 6 = sin (L - «) tan /, 

cos ahc = cot fli tan 6c, or cot ti = cot (Z, — n) cos /, 

which determine b and « ; 

and.= fi^4^1,^. 

sin (6 + /3) 

361. Given three distances of a planet front the Sun^ 
and the corresponding arguments of latitude, to Jind the \ 
place of the perihelion and the true anomaly at the first | 

observation. 

Let u, u + a, u + /3, be the three arguments of latitude, 
r, r', r", the corresponding distances from the Sun, determined 
by observations made at three different conjunctions, as in the 
last Article ; then, if v be the true anomaly, corresponding to 
the distance r, w = k — tf, ir being the distance of the perihelion 
from the node. The true anomalies at the second and third 
observations are t) + a, w + /3 ; therefore, 

r.(l+ccos«) = «.(l-e') (1), 

/. {l +ecos(« + a)J =n.(l - e') (2), 

r" . 5l + ecos(w+/3)} = «.(! - e=) (S); 

-■- J-' - r +e . {r'c- >^j) + a) - r cost'} = 0, from (l) and (2), 

r" -r + e. {r"cos (w + ;3) - rcoati} = 0, from (l) and (3). 

Therefore, eliminating e between these equations, 

(r' -r).{r"cos(w+/3)-rcoBf } = (r"- r) {/cos(r + a) -rcosw} ; 

therefore, expanding cos (ji + a) and cos (u + ji), and dividing 

by cos V, 

{r - r) . {r"cos/3 - r" sin /3 .tan ji - rj 
= (r" — r) . \r' cos a — r' sin a tan w — rj ; 



{r —r")r + (r" - r)r' cos a— (r — r)r"cos/3 
(r" — r) r sin a — (i"' — t) r" sin /3 
which determines u. 

Therefore, e = -, r , 

r cos (u 4- a) — J" cos v 

1 -e" ^ ^ 

and the longitude of the perihelion (u — v + ti), are determined, 
The values of w, e, and o, contain only the three distances 
and the angles a and /3, and may, therefore, he found from 
these data; hut the argument of latitude u is requisite for 
determining the place of the perihelion. 

362, To Jind a planefs period. 

Let the time when the planet is in its node be observed, 
then, if the same observations are made after one or more 
revolutions of the planet, the whole time divided by the num- 
her of revolutions is the period with respect to the node ; this 
is not the sidereal period, or the time from a fixed star till the 
planet returns to it again, on account of the regression of the 
node on tlie orbit between the observations. If this regression, 
calculated as in Art. 355, be a, and n he the number of re- 
volutions, n . 360" — a is the whole angle described by the 
planet ; 

.'. the sidereal periodic time = (the observed time) 



71 . 360' - a 



363. The period may be also found from the synodic 

time ; for if this time be called iS", and P and p be the sidereal 

periodic times of the Earth and planet all expressed in days ; 

3600 gfio" . 360= 360" 

— and — -— are the mean daily motions ; therefore -— 

p P J ' p P 

is the mean daily separation of the Earth and planet, which in 

the time S ought to be -IfiO" ; 



k 




p is here supposed leas than P, or the planet an inferior <siej I 

if the planet be superior, it may be proved in the same way 1 

PS 

' S-P' 

The period might have been obtained from the 
distance a, found in the preceding Articles, by the proportion i 
P : 1 year :: a^ : (rad. of Earth's orbit)3; but, on account I 
of the errors to which the determination of a is liable, P can be j 
found more accurately by the metliod here given, and then the | 
above proportion will serve to determine a. 

The periods round the Sun of the inferior planets are I 
observed to be less, and the periods of the superior planets, 1 
greater than a year, as we should expect, since the period j 
varies as (mean dist.)i, 

364. As none of the preceding methods are exact, the 
elements of the orbits of the planets, so determined, will be sub- 
ject to slight errors, and will require subsequent corrections, 
which must be applied by comparing the observed places with 
the places calculated from the nearly known elements, and thus 
determining the errors in geocentric latitude and longitude. If 
the equations connecting the geocentric and heliocentric places 
of a planet are differentiated, the errors in the heliocentric place, 
corresponding to the errors in the geocentric place, are obtain- 
ed; and again, by differentiating the equations by which the 
heliocentric place depends on the elements, the errors in the 
heliocentric place are obtained in terms of the errors in the 
elements. Thus an equation is obtained connecting the ob- 
served errors in the geocentric place with the errors of the 
elements, and from as many equations of this kind as there are 
errors, the errors may be found. This is a brief outline of the 
method which is attended with considerable difficulty in the 
details. See Littrow, Vol, ii. p. 201. 
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Points of station, and retTograde motions of the Planets. 

365. Tojind the geocentric motion of a planet, avppoaing 
the. Earth and planet to describe droits in the ecliptic. 



pposing^^M 



239 

Let a and p be the distances of a planet from the Sun and 

Earth, the Earth's distance from the Sun being 1. Then, I 
and L being as before the heliocentric longitudes of the planet 
and Earth, and X the geocentric longitude of the planet, and t 
the time from known positions of the Earth and planet. 



fZ cos / - cos L=: p CDS X, 


Art. 341, 


«sin?-sin/. = pfiinX; 




osin^- siiii 


■' cos"\ 



(aco8/-cos/,),(acos/.d,/-eos/..d,/,) + (asini-sin£)(asin/.d,Z-sinL,d,Z.) 
{a coal — cosLy 

{a' - acos (L - D] d,l + \l- a. cos jL- 1)} d,L 
{acosl — coaLf 
( But d,Z : dj. :: al : 1; .-. d,L = «>.(?,;; 

therefore, substituting this value, and making 

a cos I — cos L 

\ d{K = r. {«' + rts - (« -I- ff') . cos (/, - /)} (//. 

366. When an inferior planet is in the conjunction 
nearest the Earth, or a superior planet in opposition, L — l = 0, 

.: dtk = P^a.(a+ai-l- a^) . d,l 



i than 1 



that 



which is negative, whether « be greater or li 
is, the planet's apparent motion is retrograde. 

When a superior planet is in conjunction, or an inferior 
planet in the conjunction farthest from the Earth, L — l= 180°, 
and cos (/,-/)= — ! ; therefore djX is positive, or the apparent 
motion is direct. ■ Hence the apparent motions of all planets 
are direct in apogean syzygy, and retrograde in pcrigean 
Byzygy. 



307- When d,\ = 0, the planet appears stationary. In | 
this case 

CO, (i - . CO. ESP . "±^. = -,^-V 



T+Cal-fl-i)"* 

a quantity necessarily less than 1, whether o be less or 
greater than 1 ; that is, all planets must sometimes appear I 
stationary. Let a, 9, he the values o! L - 1, (that is, the he- I 
lioceatric elongation of the planet from the Earth), when the I 
planet is stationary, and at any other time ; 

.-. d,\ = P^ (a -i-ai) (cos a ~ COS 9) d J; 

hence in a synodic revolution, that is, between = andv 
$ = 360°, the apparent motion is retrograde from 0=0 to I 
9 = a, and from = 360"- a to = 360", and direct for all other! 
values of 0. If t be the time from syzygy to the time when^ 
the planet is statiooary, and m and m' be the daily motions o 
tile planet and the Earth in longitude, and therefore ni'^ 
their daily angular separation, 

a = t (m-^tn), or ^ = -,, 



Therefore a planet's motion appears retrograde whilst it de-fl 
scribes an arc of its orbit = 2wiaa-^(m-^»tt'), and progressives 
whilst it describes the arc = 2j»a (tt — a) -7- («***-«*'). 



If the Earth were at rest, or d,L = 0, we should 



have 



which could never become zero for a superior planet ; therefore, J 
as the superior planets often appear stationary, this aiFordsil 
another presumption that the Earth moves. 

368. The above will be Letter understood by referring to-'j 
fig. 23, Plate I, where TTi, PP,, represent the orbits of the! 
Earth and an inferior planet (Mercury or Venus,) supposed ts 1 
be circles in the plane of the ecbptic, with the Sun S in their ^ 
common center. Let P be the planet in inferior conjunction, st 
among the fixed stars at p ; and in any time let the Earth a 
planet describe the angles T-S'T,,, PS1\ in the same directiunj 
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of which the latter is the greater, Lecause the angular velocity 
varies inversely as the periodic time, that is, inversely as (ra- 
dius of orbit)9; then the planet is seen in the direction T-iP-i 
produced, at p^, and therefore in the time from conjunction 
appears to have retrograded through pp^ This apparent tnotiou 
backwards will become slower every day, till the lines joining 
the Earth and planet on consecutive days are parallel (that is, 
till the velocities of the bodies resolved perpendicular to the 
line joining them are equal,) when the planet will seem to 
occupy the same point among the fixed stars on consecutive 
days, or to be stationary ; this will happen nearly when the 
visual ray is a tangent to the planet's orbit, or when the planet 
has its greatest elongation ; in the figure we will suppose p^ to 
represent the point of station. But if we take TT, = TT„ 
PPi = PP-i, then Ti, P|, are contemporary positions of the 
!Eartli and planet before conjunction, and since the directions 
of their motions in these positions are inclined at exactly the 
same angles to the line joining them as when they are at Tj,, 
P„ the planet must appear stationary at p,, and will retrograde 
through p^p till conjunction ; hence there will be two points of 
GtatioQ at equal intervals before and after inferior conjunction, 
and the whole arc of retrogradation will be piPs- As the 
bodies advance in their orbits from T^ and P,, the apparent 
place of the planet after being stationary at p.^ will retrace its 
course through pspi, till after half a synodic revolution it is la 
superior conjunction at p,, P^ and T*, being the corresponding 
places of the planet and Earth, After leaving p^ the motion 
of the apparent place will continue to be direct till (pj being 
the point of inferior conjunction.) it has reached a point p^ 
beyond p^, so that p^p^ = pp, ; it will then retrograde through 
PiPf, and become stationary at pg, a point at the same distance 
from ps as p, is ; the apparent motion will then bo direct 
through the following superior conjunction, and the same 
variations will recur in the same order. 

The angle through which Mercury appears to retrograde 
at every inferior conjunction varies from 8". 33' to 16", 18', 
and occupies 24 days in the first case, and 20 days in the 
second; for Venus the angle varies from 15". 20' to 16", 3i', 
and the corresponding times are 41 and iS days respect- 
ively. 
IG 





94e 



Again, suppose T to represent a superior planet 
and P the Earth, then the planet will he seen in opposition 
among the fixed stars at t, and as the planet describes the arc 
TT,,, and the Earth the arc PP^, the apparent place will re- 
(rograde through tt^ apd become stationary at t,,; also before 
opposition it will be stationary at ^„ and in the time to opposi- 
tion it will retrograde througli the arc t^l ; the apparent place 
will then move directly from f^ to (3 where it is in conjunction, 
(the Earth being at P, and the planet at T^) and will go on in 
the same direction till, as it approaches opposition, it becomes 
stationary as at t^ ; it will then retrograde through the plnce 
pf opposition t^, to an equal distance on the other side i 
ivhen it will become stationary ; after which, its motion will 1 
again become direct, and the same alternations recur. 

The angle through which Mars appears to retrograde I 
at every opposition varies from 1 ]". s' to ig". ."iO', and occupies J 
62 days in the former case, and 81 in the latter; and lii» | 
elongation when stationary varies from iey°.2' to 145". s/j 
For Jupiter and Saturn the angles of retTOgradation are l(fi I 
and 6°. 48', the times, 119 days and 137 days, and the an^J 
gles of elongation when stationary, 115° and 109" respectively* f 

370. From the observed elongation of a planet vihsi 
stationary, 10 find its 'distance from the Sun, supposing the I 
Earth and planet to describe circles in the ecliptic. 

The planet and Earth, as has been stated, will appear 
stationary to one another when their velocities resolved per- 
pendicular to the line joining them are equal ; for in that 
case the line joining them, i. e. the direction in which the 
planet is seen will move parallel to itself; and therefore the 
planet will apparently occupy, for a short time, the same 
position among the fixed stars. Now (fig. 55. Plate IlL) 
the Earth's velocity resolved perpendicular to PE^v cos SBPf 
and the planet's i^v' cos SP-E^ 

V and v' being their respective velocities in their orbit* ibI 
directions perpendicular to SE, SP; 



Vcos EJ V* 



SP 
~SE ' 



.'. a' = (1 +a) taa'E; 

ind solving the quadratic 

rt - 1 tan* E + ^ta.nE \/i + taii= E. 



The equation tan E = 



\/l H 



jives the planet's elongatio 



from the Sun, when stationary. By this means the mean 
distance of Pallas was approximated to, as that planet was 
stationary soon after it was first discovered. 

Phases of the Planets. 
371. The planets arc too distant to present to the naked 
eye any very obvious change of appearance in their different 
positions with regard to the Sun ; but Venus, Mercury and 
Mars, which are situated most favourably for such obser-^ 
vations, shew on a small scale the same phases as the Moon 
does, or such as would be shewn by opaque spherical bodies 
illuminated solely by the rays of the Sun. 

372- To find the phase» of an opaque heavenly body 
illuminaied solely by the SuTi'a rays. 

On that supposition it would be possible to see only 
one portion of the surface of the body, viz. the portion il- 
luminated, for the rest would transmit no light; and of the 
visible or enlightened portion, we should see only so much 
as was situated in the hemisphere turned towards us. To 
ascertain the shape and dimensions which the part visible to 
us would have, for different positions of the body in its 
crbit, let M 6g. 18, Plate I. be the center of the body, and 
TMS a plane passing through it, and the centers T and 
S of the Earth and Sun, and cutting the body according 
to the circle aryon; then the plane ivzop perpendicular to 
TM cuts off the hemisphere which can transmit light to T, 

16—2 
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and the plane nxmp perpendicular to SM, the hemisphi 
which can receive light from S; consequently the zone xssmp 
is that part of the surface which is visible at 7". Let zgp 
be the projection of ssmp, or the ellipse traced out by drop- 
ping perpendicniars from every point of the circle zmp upoD 
the plane xxop ; then it is clear that to a spectator at T, 
by reason of his great distance, the effect is the same as if 
the light proceeded from every point of the flat surface xqpw\ 
consequently the appearance presented is that of a luminous 
area, bounded on the side nearest the Sun by a semicircle, 
and on the opposite side by a semi-ellipse. 

But the area xqp = scceaxmp x cosmMq, 
.-. apparent visible area ai:!qp = semicircle sxp (l + cosmMq) ; 
but 1 +casmMq= 1 -cosmMj!= 1 -cos SMy'= veisin SMl/f^i 
.-. apparent visible area => -^ real disk x versine of exterior £ 
elongation. 

It is evident that the breadth of the phase ,vij will var^ 
according to the same law, i. e. as the versed sine of the- 
exterior angle of elongation. The exterior boundary of the 
visible area is always a complete semicircle ; however small 
therefore that area be, the line joining its extreme points or 
cusps is a diameter of the body perpendicular to the plane 
through its center, and those of the Earth and Sun. 

373. If tlie planet be supposed an inferior planet, and 
its orbit to coincide with the ecliptic, the exterior angle of 
elongation is at the nearer conjunction, and increases to ]80° 
at the supenor conjunction ; therefore the illuminated part of 
the disk is at the nearer conjunction, and increases gradually,' 
to the farther conjunction, where it equals the wliole disk.. 
As the angle of elongation becomes greater than ]80", the 
illuminated part diminishes, till the angle of elongation =360*,, 
or the planet is again in conjunction, when no part of the disk, 
is illuminated. The planet's orbit is here supposed to co- 
incide with the ecliptic, but as that is not exactly the case 
for either of the inferior planets Venus and Jlercury, the 
angle of elongation never vanialiesj unless the planet be ia 
its node at the time of conjunction ; therefore, except 
case, some portion of tlie disk is always illuminated. 
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in this-^l 



In tlie same manner may the pliases of a superior planet 
be found from the above expression for the illuminated part. 

On account of her proximity to the Earth, Venus is ge- 
nerally the most conspicuous of the planets, appearing like a 
bright star in the heavens. When near conjunction, she is 
above the horizon only during day-light and is of course not 
visible to the naked eye; and as her greatest elongation from 
the Sun always lies between 45", 24' and 47°. 18', she can never 
be visible except at an altitude less than the greater of these 
limits, in the west or east, for a short period after sunset or 
before sunrise, being thus a Morning and Evening Star alter- 
nately. The same is true for Mercury, whose greatest elong- 
ation from the Sun varies from 17". 50' to 27°. 42'; but they 
shine with a variable splendour by reason of changes both in 
their phases, and especially in their distances from the Earth ; 
the apparent diameters of Mercury and Venus being 12" and 
62" respectively, at inferior conjunction; and only 4",4 and 
9 ,!> at superior conjunction. 

In the following synoptical table of the elements of the 
solar system, the elements of the new planets, Vesta, Juno, 
Ceres and Pallas, which are not known with great accuracy, 
are reduced to the epoch of midnight, December 31, I8I9, 
Paris time. All the other quantities in the table are for the 
epoch of midnight, December 31, ISOO, Paris time. The nume- 
rical data are chiefly those given by Hansen in Schumacher's 
Jahrhuch for 1837. 
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f TABLE OF THE SOLAB SYSTEM. U 




FUoet. 


Sidoval renod. 


UnnDMuce. 


I—-,. 


1 


Mercury 




8A96925SO 


.3870981 


.30551491 




Venus. . 




224 .7OO7S69 


.7233316 


.00686074 


fl 




Earth . . 




365 .2563835 


1.0000000 


.01685318 


fl 




Mars . . 




686 .9796458 


1.5236929 


.ogsstyjo 


H 




Vesta . . 




1325 .7*31 


2.3678700 


.089130 


fl 




Juno . . 




1592 .6608 


2.6ti90090 


.257848 


V 




Ceres . . 




ifisi .3931 


e.7672450 


.078+39 


fl 




Pallas.. 




1686 .5388 


2.7728860 


.341648 


fl 




Jupiter. 




4332 .5841212 


5.2027760 


.0481631 


H 




Saturn . 




10759 .2198174 


9.5387861 


.0561505 


™ 




Uranus. 




.'!0686 .8208296 


19. 1823900 


.0466108 


t 




Mun Lonfjtude. 


Long. Peribdion. 


Umg. Node. 


Mercury 




163" 56' 27" 


74° 21' 47" 


45" 5/ 3l" 




Venus. . 




10 4.4 35 


128 37 1 


74 52 40 






Earth . . 
Mars . . 




100 9 13 

64 7 2. 


99 30 5 

332 24 24 






48 1 28 




Vesta . . 




278 21 57 


249 33 24 


103 11 30 






Juno . . 




900 9 33 


53 33 r,8 


171 9 58 






Ceres . . 




123 sg 41 


147 7 31 


80 41 24 






Pallas. . 




108 18 17 


121 7 4 


172 sg 27 






Jupiter. 




112 12 36 


11 8 35 


98 25 S4 






Saturn . 




135 20 22 


89 8 58 


111 35 47 


^ 




Uranus. 




177 47 18 


167 21 42 


72 51 14 


J 


L 






-J 


1 
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TABLE OF THE SOLAR SYSTEM. 






Plunet. 


i.cn^im. 


■ Secular Sidereal Variation of 




Long. <>f Perthcl. 


Long, of Node. 




Mercury 


t o' 0" 


+ 581" 


-1007'' 


+ 18". 4 




VenuB. . 


3 23 25 


- 324 


-2050 


- 7.2 






Earth . 

Mars . 






+ 1125 

+ 134S 








1 51 


-2522 


- 1.3 




Vesta . 
Juno . 
Ceres . 
Pallas. 
Jupiter 




7 8 9 
13 4 45 
10 37 26 
34 34 55 

1 18 52 


unknown. 
























+ 665 


-1500 


-23.0 




Saturn 




2 29 38 


+ 1931 


-1954 


-15.0 






Uranus 




46 25 


+ 228 


-3605 


+ 3.0 






asr 


Uasi. 


Vo,.... 


True Diameters, 


Sun . . . 


25'* 12^ 


354936. 000 


1407124 . 


112.06 




Mercury 


2-t'' 5' 


0. 1627 


0.06 


0.391 






Venus.. 


23 21 


0.88*66 


0.957 


0.985 






Earth . . 


23 56 


1.0 


1.0 


1.0 






Mars . . 


24 37 


0.13242 


0. 14 


0.519 


m 




Jupiter. 


9 55 


338. 453 


1414.2 


1 1 . 225 


1 




Saturn . 


10 39 


101. 064 


734.8 


9.022 


1 




Uranus. 


unknown. 


1. 690 


62.0 


4.344 


1 




The apparent eqiiatoreal semi-diameters, for the raea 
distance of the Earth from the Sun, are Mercury 3",23 


1 


Venus 8",25, Mars 4-",i35, Jupiter 99",701, Saturn 8l",I06, W 


Uranus 37",25. 1 


' ICto Lhe SFCuUr siderEKl vaHatians of Long, of Penhel. uid Long, of Node 1 
the pIel^e31liDIl in lOOr, viz. 5023" be added, «e get the aeculu Iropicia yuUtioiu H 
of thoie elements. ^1 

L J 



CHAPTER XV. 



I the Earth's surface. 



- las'bmiJ 



37*. To a specUtor 
said, the Moon appears to move in the same direction 
Sun, or according to the order of the signs, and br this 
to complete its circuit round the heavens in about twentv-sereii I 
days. Itn orbit lies within that which the Sun appears to j 
describe round the Earth, because it often passes between the I 
Sun and the Earth, intercepting all or a portion only of the 
Sun's light, and causing eclipses of that luminarj-; and its 
elongation from the Sun passes through all degrees of magni- 
tude from 0" to 180''; these facts shew that the circumstances 
of its motion are different from those both of the superior and 
inferior planets; and that in order to produce the obseni'ed 
appearances the Moon must be supposed to revolve round the 
Earth in a month, while the Carth itself is carried over an arc 
of its annual orbit round the Sun. 

375. Of the actual path of the Moon some idea may be 
acquired from the following illustration. 

From physical astronomy it appears that the Moon's path 
in space is always concave to the Sun; consequently if TT 
fig. 17- Plate I. represent the Earth's orbit about S the Sun, 
the Moon's path or at least its projection on the ecliptic, will 
resentble the dotted line MFM', M and J/' being consecutive 
positions of the Moon when in conjunction, and F her place 
at opposition, and the portion MFM' consequently recurring 
something more than twelve times. When T and M are the 
positions of the Earth and Moon, the spectator sees the Mooi^ 
referred to the heavens at Z,; when /, m, are their positions, 
he sees her in the direction tut, or, being unconscious of 
own motion, in TV parallel to tm, i. e. the Moon has 
rently described the angle LTV about him ; and the ratio 
the distances TM, tm, determined from the apparent diameten 
or of TL, TV, whicb^ are taken proportional to them, 
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observed to agree with the supposition of the Moon's describ- 
ing an ellipse; thus it is that, although the Moon's real path 
is a complicated curve of double curvature, the illusion is 
produced of the Moon's describing an ellipse about the Earth 
fixed. Also, at the next conjunction the spectator sees the 
Moon in the line T'M', or, being unconscious of his own 
motion, in TN parallel to T'M', i. e. between two successive 
conjunctions the Moon seems to have described more than a 
complete circle by the ^ LTN = TST', or tlie synodic period 
is longer than the sidereal. 

376. From the comparison of the Sun's mean horizontal 
equatoreal parallax, 8", 571 16, with that of the Moon which by 
the latest determination is 5?'- o",9, we find that mean dist. 

3420,9 
of Sun from the Earth = - mean dist. of Moon = 399,1 

8,57116 
f Moon = 400 times Moon's mean .dist. nearly. 



c mean dist. 1 



377* To find the sidereal time occupied by the passage 
of the Moon's aomi-diameter across the meridian. 

Let apparent semi-d lame tor of Moon expressed in time 

= k, then angle which it subtends at the Pole = - . ; let X 

cos 6 
= increase of Moon's R.A. in 1 sidereal second, expressed in 
time; then 1 — \ is the hour angle described by the Moon's 
center in one sidereal second expressed in time. Therefore, if 
/ = number of seconds occupied by the Moon's radius in pass- 
ing the meridian. 



37y. The Moon's latitude changes continually during the 
course of a month. It is sometimes 0, when the Moon must be 
in the ecbptic; after this it gradually increases, till in about? 
days it attains its maximum 5". 8'. 47", 9, when it again diminishes 
by the same law by which it increased, and at the end of 14 days 
becomes 0, when the Moon again crosses the ecliptic; after 
which the latitude runs through the same course of variation 
on the south side of the ecliptic. By the comparison of the 
observed latitudes of the Moon it may be proved, as it was 






for the Sun (Art. l6s.), that the Moon's orbit lies in a plane 
cutting the ecliptic in the points where the Moon's latitude is 0. 

379. To Jind the inclination of the Moon's orbit to th* 
ecliptic, and the place of the line of nodes. 

Let /3 and /3' be two latitudes of the Moon on successive 1 
days, before and after passing the node, I and I' the corres. I 
ponding longitudes on the ecliptic, and n the longitude of th$ | 
node; then, considering the change of longitude and latituds I 
proportional to the time, 

Also if / be the inclination, then, as in Art. 342, 

sin (/' -~n) = tan /3'. cot / ; ■-. cot / = sin {I' - n) cot ^. 

The inclination may also be deduced by observing the J 
Moon's latitude on successive days when near its maximum, 
and determining by interpolation the maximum latitude, which ] 
will be the inclination of the Moon's orbit. 

380. I f the Moon's nodes are determined at different times, 
they are found not to be fixed ; but to have an uniform retro- 
grade motion of 19". 20'. S3",4fi in 365 days, with respect to the 
stars, and therefore a tropical motion of iQ". 19'. 43",23, in the 
same time ; and besides this mean motion, are subject to in- I 
equalities, of which the greatest is 

(r. SO'.Sfi") .sin 3 (0- SI); 

so that if SI be tlie longitude of the ascending node, determined | 
from its position at a known epoch and the uniform increase of 1 
19°. 19'. +3" in 365 days, the true longitude of the node 

= Sl + (1". 30'. e6") . sin 2 (0 - Si)- 

The inclination has also a small inequality 

= (8'. 47") . cos a (0 - Sl)y 

to be added to the mean inclination which remains constant^ I 
if the secular change in the position of the ecliptic be omitted.*- \ 



381. Tojind the Mann's synodic and sidereal periods. 

The time of the Moon's conjunction with the Sun may be 
found as that of a planet was (Act. 3,67); and from the observed 
interval between two conjunctions, the synodic period may be 
deduced. This will be variable on account of the inequalities 
of the Sun and Moon's motions; but if the whole time between 
two distant conjunctions be divided by the number of revolu- 
tions made by the Moon in the interval, the mean synodic time 
will be determined with great accuracy. 

The synodic time thus deduced = 29''- is"". 44". 2',86, 

and substituting this quantity for S in the equation p = — — — , 

where P is a sidereal year and both the Sun and Moon are 
supposed to revolve about the Earth, we obtain the mean si- 
dereal period 

p = 27''. T^ +3'". n^.-11. 

If P be a tropical year, the tropical period of the Moon 
will be found. 

382. As there exist very ancient records of solar eclipses, 
which can only take place at the time when the Moon is near 
conjunction, the mean synodic time, and mean motion of the 
Moon, may be deduced from the comparison of some of these; 
and it is found in every case, that the more ancient the times 
of conjunction from which the synodic period is deduced, the 
greater is the period, so that the Moon's mean motion must 
have been continually accelerated. Laplace, who iirst detected 
the cause and law of this acceleration from the theory of 
gravity, has proved that the quantity 

10" ,207^ + O",00185^, 

must he added to the Moon's moan longitude, to give the true 
mean longitude for the year i80O -t- 1 

383. Tojind the elements of the lunar orbit. 

The Moon may be proved in the same manner as the Sun, 
(Art. 57.) by observations of the apparent diameter to describe 
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an ellipse, but considerably more eccentric; and as the varia- 
tion of this diameter is much greater than the Sun's, this cir- 
cumstance may be made use of ip ascertaining the elements J 
with some accuracy. The Place nf the Node, the Tnelination I 
of the OrMi, and the Mean Motion, have already been deter- ■ 
mined. To find the Longitude of the Jpogce, Jet the Moon I 
be observed when its diameter ia least, then the longitude of I 
the Moon is the longitude of the apogee; and if the place of I 
Ibe apogee be determined in this manner after several revolu- 
tions of the Moon, its motion may be determined, and the place 1 
found with more accuracy. 

The eccentricity = ; , A and A' being the Moon's 

■' A + A 
greatest and least apparent semi-diameters (Art. 311.); but 1 
as the Moon's apparent diameter can rarely be observed on [ 
account of the imperfect illumination of one of the limbs, thii 1 
method is of little value. 

The mean distance may be found from the parallax. If j» 1 
be the horizontal parallaTi, when the Muon''s apparent diameter I 
is $} determined as in Art. 257, 

the horizontal parallax at the least distance = p . -r- , 

c 

A' 
greatest = p . — . 



Therefore the least distance = rad. of®. , (Art. 247,V. 

pA ' " 



..greatest = rad. of Q 



pA 



therefore the mean distance = -i rad. of © . - . |— -i -\ . 

^ P [A A} 



L 



The longitude of the Moon at a given epoch is known from the I 
observed time of the Moon's being in its node 

The numerical values of the lunar elements at the begin-: 
ning of the nineteenth century, were, at midnight, Dec. 31,181 
Paris time, as follows: 



The mean longitude of the JMoon ... US'. 17' 



, perigee. 



^fifi". 10". 



ascend. O IS''. 5.^'. I7",7 

The mean inclination 5". 8'.47",y 

The eccentricity O.OiiS+l.a 

The apparent diameter at mean dist. . 51861 or 3i'. 7" 

The greatest apparent diameter o , r>;'iS63 or 33'. 3l' 

The least I) . iSpiii or 29'. 22' 

The mean horizontal parallax . gjOaO or 57'. l",8 

The sidereal revolution of the perigee 3232''. 575.^1 

node C79S''. S9I0S 

The mean distance of the Moon fio . 2796. Eq, red. © 

Mass, that of Earth being 1, I -r- «7.73 

Time of rotation 'i7''.7\ 13". 12* 

Diameter in miles 2l6'0 

TIic mean sidereal period 27^32lG6l 

The mean synodic period 2<)^,530r>89. 

384. The progressive motion of the apogee in longitude 
found by determiningitsplaceat different times, is 40", 30'. 4 5", 79 
in 365 days. To the longitude determined from its place 
at a known epocb, and this mean motion, must be added 
(a?'. 17"), X sin Sun's mean anomaly, in order to obtain the true 
longitude of the apogee. 

The motions of the apogee and node, besides their mean 
values and periodical equations, have also secular equations 
which are to the secular acceleration of the Moon's mean 
motion (Art. 382.) as 3 to 1, and .7-1' to 1, respectively. 

By the longitude of the Moon is generally understood the 
longitude in its orbit, from which the reduced longitude on 
the ecliptic may be easily found. 

38.5. The equations of the Moon's motion. 

If the Moon and Earth were the only bodies of the system, 
the Moon would describe an accurate ellipse about the Earth, 
and the apogee and nodes would be stationary; but in conse- 
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quence of the attractions of the other bodies of our system, and 
of the Sun in particular, this motion is much disturbed, and the 
longitude of the Moon, determined from the elements upon the 
hypothesis of an elliptic motion, must receive between 30 and 
40 corrections, in order to determine the true place of the 
Moon with the necessary degree of accuracy. The form of 
these corrections or equations as they are usually called, is 
determined by Physical Astronomy, and the coefBcients are 
calculatetl from observation. The three greatest equations, 
and the first discovered, are 

the evection = 1". I6'. 28". sin 2 J ( p - 0) - i/} , 

the variation = 39'. 30". sin 2 ( J - 0), 
the annual equation = ll'. 13". sin m, 

where J* is the Moon's mean longitude, the Sun's true lon- 
gitude, and m and M the mean anomalies of the Son and. 
Mood. The evection was discovered by Ptolemy in the first 
century, and the variation and annual equation by Tychoi 
Brahe. 

38G- Damoiseau has computed the coefficients for the 
epoch of January 1, 1801, and has found that the true lon- 
gitude of the Moon in functions of its mean longitude 
«i + e = X, is 

i3 = K( + e + 22639",7.sin(c\-OT) 
+ 768",72 sin (2c\ - S'sr) 
+ 36"5g4 sin (3c\ - 3^) 

- 4ir',67sin (2g-\ -2t)) 
+ 39",5I sin (c\ ~ 2g-\ - -ar + 2fl) 

- 45",12sin (cA + 2g-X - tst -20) 
+ 2370",00 sin (2\ - 2mX) 
-I- 4589", 6l sin(2X-2»i\ - cX + ot) 
+ 192",22sin(9\-3mX + c\--!ir) 

- 24",82 sin (2X - 2m\ + c'm\ - sr' 
+ l65".56sin(2X-2mX-c'mX-iir' 

- 6'3",70sm(v'm\ -w') 

+ &C 



The first term of this series is the mean longitude of the 
Moon, including its secular variation. The second term 

22639",7.sin (c\ - w) 

is the equation of the center. 

The evection is expressed by 

4589",6l sin C2X - 2mX~cX + Br) 

and is the effect of that part of the Stui's force which acts 
in the directioD of the radius vector. 

The term 2370" sinS (\ — m X) is the variation, and is 
due to that part of the Sun's force which acts in the di- 
rection of the tangent. 

The annual equation is expressed by ()7S",7 sin {c'mX — w') 
and is occasioned by a variation in the Sun^s distance from 
the Eartli. The causes of the lesser inequalities are not so 
easily traced. 

Time of the Moon's rotation, Librations of the Moon. 

387- The time of the Moon's rotation in equal to the 
time of its revolution round the Earth. 

The Moon seen through a telescope, appears covered with 
a great number of spots resembling excavations or prominences, 
which remain fixed nearly in the same position, and have been 
laid down in maps. These maps serve for all times, and 
therefore prove that the same face of the Moon is always 
turned towards the Earth, from whence it follows, that the 
Moon turns round its own axis from west to east in the time of 
its motion round the Earth. This will perhaps be made clearer 
bv fig- 19- Plate I, where y is the point on the edge of the 
visible disk when the Moon's center is at any point c; when 
the center comes to any other point A, if there was no rota, 
tion the point y would be at m {km being parallel to cf/ and 
therefore perpendicular to 7'c), but by observation it is at 
y; tberefore between the positions o and A of her center, 
the Moon has turned through the angle mAj/' = complement 
of Thm=hTc; or the angular velocity about the 
^qaal to the angular velocity of the radius vector. 
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38S. Ic » true that br far the grester portiaa of tl 
Moon'i face turned towards the Earth, reauuDS alvava ) 
Kame; but parts near the edges are brought into vi 
carried out periodically ; these effects are called lib. 
Id the first place, the angular velocity of rotatioD b i 
\)ly uniforni, whilst the angular velocity of the radius i 
(since the ^loon's orbit is an ellipse) is variable: consequeDUl 
h, according a-i the Moon's motion in her orbit is 1 
greater than her mean motion, she will have turned on bal 
axta more or les^i than is necessary to keep the same face I 
directly turned towardii the Earth; and therefore, since both ' 
her motions of rotation and translation are from west to east, 
in the former case a portion of the eastern limb, in the lat- 
ter a portion of the western, will be visible, beyond what , 
was originally turned towards the spectator ; this is called i 
the tibration in longitude. Since the angular velocity aboaCfl 
the focuR in which the Earth is not, is nearly uniform {A 
313.), the libration in longitude about that point will 1 
exceedingly small. 

Secondly, the Moon's axis of rotation is not exactly 
perpendicular to the plane of her orbit, but inclined to it at 
B*",;;!'. ll"; therefore when the Moon's north-pole is turned 
towards the Earth, the parts adjacent to it are visible, and 
at the end of 14 days, these parts are withdrawn, and the 
.south-pole being turned towards us, the parts near to it 
are in turn brought into view; this is called the libration j 
in latitude. 

Thirdly, when the Moon rises, a portion of the upporl 
or western limb is seen by reason of parallax, which vould j 
be invisible from the Earth's center, and which disappeatil 
83 the Moon ascends; and similarly a portion of the eastern J 
limb comes into sight as she descends, this is the diumA^ 
libration. 

Lastly, two spectators may be so situated on the £arth1!| 
Hiirface, that the planes cutting off the hemispheres of thtffl 
Moon visible to each may be inclined to one another atf 
twice the Moon's horizontal parallax or about 2'', and the f 
portions of the Moon's surface visible at eacJi station will \ 
differ to that extent. From all these causes more than half I 
the Moon's surface is known to us, and maps of it have I 



been constructed, wherein the positions of the principal spots 
are laid down almost with as much accuracy as many of the 
most remarltable places on our own globe, being referred to 
that meridian of the Moon which passes through her poles 
and the diameter which always points to the Earth. 

389- Besides these librations which are only apparent, 
and do not affect the Moon's uniform rotation, there is also 
a real motion of the Moon's equator. The inclination of 
the Moon's equator to the ecliptic, may be determined in 
the same manner as we shall determine the inclination of 
the Sun's equator, at the end of this Chapter; and it has 
been found, that a plane drawn through the Moon's center, 
parallel to the ecliptic, lies between the plane of the Moon's 
equator and the plane of the Moon's orbit, and that these 
three planes always intersect in the same line; therefore, as 
the line of nodes of the Moon's orbit makes a complete re- 
volution in 679.^''. 39, the intersection of the Moon's equator 
and the ecliptic must revolve in the same time, and the 
poles of the Moon's orbit and equator must describe small 
circles round the pole of the ecliptic in such a manner, 
that these three poles lie always in the same great circle. 

The inclination of the Moon's equator to the ecliptic 
is l^.SS'. 25". 

The Moon'3 Phases. 

390. We proceed next to shew that the various ap- 
pearances which the Moon affords are exactly such as would 
be presented by an opaque body illuminated by the Sun's 
rays in the different parts of its orbit. 

To Jind an expression for the illuminated part of the 
Moon's disk. 

Let S, M, E (fig. 60.) be the respective centers of the 
Sun, Moon and Earth, and Mm perpendicular to SE; then, 
as in Art, 372, if 2 A be the Moon's disk, and P the phase, or 
illuminated part of it. 



jP = A - ver-sin SMO - A ver-sin {S + E). 

Mm , EM . sin E rad. ffi 

! neaclv, ^- 5=60, 

SM ^' SE SE 



„ „ Mm , EAf. sin E lau. rrr . „ 

17 
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and — -^ = the Sun''s horizontal parallax (8",57); 

.-. S = 8',57 3ra£, 
and therefore /* = A . ver-sin (E + 8',57 sin E). 
To determine E, draw Mn perpendicular to the plane of the 
ecliptif, join En, and let abc be a spherical triangle described 
about E with radius I, then cos ac = cos h6 c 
cos E = cos /3 - cos (J — 0), 
J being the Moon's reduced geocentric longitude, and j3 the 
geocentric latitude. 

391. Hence we may find the phase for different positions 
of the Moon in her monthly revolution. 

In conjunction, J - Q = 0, and £ = /3 ; 

■: P = A. ver-ain C/3 + s',57 sin /3), 

which is not zero, unless the Moon be in its node. , '^,^' 

As E increases, the illuminated part increases, and when 

£ + s',57sin£ = 90°, 

h&lf the disk is illuminated. E is, in this case, evidently less 

than 90». 

When J - = 90", £ = go", 
and P is greater than A, and goes on increasing till opposttioi 
when J - © = 180° and .■. £ = 180" - (i, and 

P = A. ver-sin (180= - /3 + 8',57 sin /3), 
which equals the Moon's disk, if the Moon he then in its node. 

392. When half the Moon's disk is illuminated, SME « 9flN ^ 
and the boundary of the illuminated part is a straight line ; 
therefore, the angle E be observed when the boundary of li^ 

IS a straight line, 

EM '^SE cos E, or 
the Sun's parallax = the Moon's parallax x cos E. 
This method of determining the Sun's parallax froi 
the Moon's, was employed by the ancients; but it does i 
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admit of accuracy, from the difficulty of observing the exact 
time vhen the boundary of light and darkness is a straight 
line. 

The Earth, to an inhabitant of the Moon, must present 
nearly the same phases as the Moon does to us, and if P' 
be the visible illumined part of the Earth's disk, and 2 A' the 
apparent disk seen from the Moon, 

/*'= A'.ver-sin (l80- £) = a'. (l +casE), 

and P = A . ver-sin (^ + £) = A . (l - cos E), neatly, 

siiice the greatest value of S is 8',57- Hence when £ = 0, 

P = 0, and P' = 2 A'- 
As £ increases, PincreasesandPcIiminishea, and when £=180", 

P = 2 A, and P' = 0. 



393. In order to make the law of variation of the Moon's 
phases clearer suppose that body to describe a circle in the 
plane of the Ecliptic about the Earth (fig. ly, Plate I.); this 
supposition does not differ so much from the truth as to alter 
the nature of the appearances presented ; the £ TSc will have 
its greatest value when TcS = 90". and its sine will then 

, Art. 37G, hence it may be neglected, and we may 
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say that the breadth and area of the Moon's phase varies as the 
versed sine of the angle of elongation STc. As the Sun's dis- 
tance from the Earth is so great compared with the Moon's 
distance, the planes separating the light and dark hemispheres 
of the Moon may be considered parallel to one another in all 
positions of the Moon ; and the part of the Moon turned 
towards the Earth will always be nearly that within the circle 
described by her center. Hence if m, c, h, kc. represent the 
sphere of the Moon in different positions, the shaded part will 
represent the obscure hemisphere ; and in each case, only so 
much of the enlightened side as falls within the circle nch wiU 
be visible at T. When the Moon is at «, or the elongation is 
0, the whole of the enlightened side is turned from the Earth, 
and the phase is N; when she comes to c, that part of the 

17—2 



illumined surface which can be seen from T is the zone atcy^ 
and the phase or appearance presented, as has been explained, 
will be the crescent C, the line joining the cusps being perpen- 
dicular to the plane of the paper : similarly when the Moon is 
at h, or the elongation is 90", the phase is the half Moon H; 
g the phase is gibbous as G, and when the Moon is in opposi- 
tion at /, the phase is the full Moon F. Through the re- 
mainder of the orbit, as the angle of elongation diminishes, the- 
same phases G', H', C', recur in a reverse order ; when for 
instance the Moon is at c , as much west of the Sun as she was 
east of him at c, the phase is an equal crescent C with its 
convexity turned towards the Sun ; hence at c and c' the con- 
vexities arc turned in different directions with respect to T, 
The moment after the Sun and Moon cease to be in the s 
straight line, some portion of the illumined surface of the Moon, 
is turned towards the Earth ; we do not however see it 
diately, both because the versed-sine increases at first more 
slowly than the angle itself, and because by reason of the 
Moon's proximity to the Sun, the light she reflects is not 
sufficient to be distinguished from that emanating directly from, 
the Sun. 

394. Similarly, the Earth's surface will reflect light to 
the Moon, and will present the same appearances; and the 
breadth and area of the Eartli's phase will vary as the versed- 
sine of the Earth's elongation ScT. Since the sum of tl» 
angles STc, ScT is very nearly 180", the Moon's and Earth's] 
phases will be supplementary to one another; i.e. the Ui' 
lumined portion of the Moon will always bear the same ratio 
to the whole disk, that the unillum'med portion of the Earth 
bears to its whole disk : hence at new Moon the whole of the 
Earth's disk will be enlightened, and at full Moon the whole 
will be dark. The effects of Enrthshine are witnessed at the 
beginning and end of every month, when the illuminated part of 
the Moon has the shape of a slender crescent ; for then the 
remaining part of the disk is often rendered faintly visible hf^ 
it, and, by the usual eff'ects of diminished light, appears ~ 
smaller dimensions ; this does not happen at other times, both 
because the light which the Earth furnishes is then less, and 
because the portion thereof, which the obscure part of tbff 
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boon's disk transmits b&cic to tis, cannot be distinguished from 
the light which the illumined part reflects directly from the 

Sun. 

Jupiter's SateilUes. 

395. Jupiter, as has been stated, when viewed through a 
telescope is perceived to he accompanied by four small bodies 
which never separate far from him, but oscillate to and fro, 
sometimes passing before him and casting shadows on his 
disk, sometimes disappearing behind him, and sometimes being 
eclipsed in his shadow at a distance from him ; they are called, 
in the order of their distances from him, the first, second, 
third, and fourth Satellite. Their orbits, in which they re- 
volve from west to east, are nearly in the plane of Jupiter's 
equator, and they consequently always appear nearly in a 
straight line; this might be expected from considering the 
immense quantity of prominent matter at Jupiter's equator, 
the polar being to the equatoreal radius as 1 to 1,0785 or aa 
13 to 14 nearly. From the same cause probably, the orbits 
of the two first satellites are circular; the third and fourth, 
being further removed from its influence, move in orbits with 
very small eccentricities. 

Jupiter throws a conical shadow behind him relatively to 
the Sun, in which the three first satellites, on account of their 
orbits being nearly in the plane of his equator are always im- 
mersed at their heliocentric conjunctions with him, i. c. in every 
revolution; but the greater inclination of the orbit of the 
fourth, together with its greater distance, renders its eclipses 
not quite so frequent. As the satellites are only luminous by 
reflecting the Sun's rays, they will disappear when they enter 
the shadow and reappear on the other side of the shadow, after 
a certain time. If their orbits were in the plane of Jupiter's 
orbit, they would pass through the axis of the cone at each 
eclipse, and the duration of the eclipses would always be the 
same, supposing the orbits circular; but since Jupiter's dis- 
tance from the Sun and consequently the dimensions of the 
conical shadow alter, and since all the orbits are more or less 
inclined to the plane of his orbit, the duration of the eclipses 
varies. If the heliocentric conjunction of a satellite happen 
when it is in the node of its orbit, the eclipse will be central 
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and the duration longest ; in other cases the orbit of the satel- 1 
lite will be a chord of the section of the shadow more or leU \ 
great, and the duration of the eclipse will vary to the same 
extent, being always less than that of a central eclipse, 

396. The angle SIE (fig. fi3.) contained between the 
radius vector of Jupiter and his distance from the Earth, at 
the annual parallax of Jupiter, varies about from 0" to la'j 
this is the cause of great variations in the angular distancei 
of the satellites from Jupiter at which the eclipses take placej 
and in the phenomena they exhibit. The beginning and end 
of tlie eclipses of the 3rd and 4th satellite can generally be 
observed from the Earth, both taking place on the same aide 
of Jupiter. For let S, E, I be the centers of the Sun, Earth, 
and Jupiter, m« a portion of the orbit of the third or fourth 
satellite falling within the shadow; then the immersion and, 
emersion are seen in the directions £m, En, both clear of 
Jupiter's body. The other two satellites are so near to the 
body of Jupiter that the immersions only can be seen, as at a, 
in the direction Ea, when the Earth is at E west of the line 
joining Jupiter and the Sun, or before their geocentric oppo- 
sition ; the emersion, which would he seen in the direction Ebi 
being hid by Jupiter, After opposition, when the Earth 
A east of the line joining the centers, the emersion is visib] 
but the immersion concealed. The angular distance mEi 
from Jupiter, at which the sateUites disappear, will vary 
cording to the relative positions of the Earth, Sun, and planetl 
when Jupiter is near opposition, they vanish close to his disk] 
To liave the eclipses visible, the Sun should be at -least 
below the liorizon, and Jupiter not less than 8" above it at t1 
same time. 
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397- Besides the eclipses, the transits of \h6 eatelliU 
over Jupiter's disk are observed ; their shadows are projecte 
on the disk in the form of black spots which describe cords of 
the disk, and of course cause an ecUpse of the Sun at Jupiter's 
surface. Shortly after the satellite passes a' its shadow will 
fall upon Jupiter's disk in tlie direction Sa' ; but the satellite 
itself will not appear to the Earth at E to enter on the disk 
till it cumea up to the line drawn from. E to touch the eestf 
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aid* of the disk ; i. e. before Jupiter's geocentric opposition a 
satellite will follow its shadow over the disk ; and similarly, 

after opposition, a satellite will precede its shadow over the 
disk. There is reason to think that the satellites always turn 
the same face to .the primary, and consequently that each re- 
volves about its axis in the same time as it completes its circuit 
about Jupiter ; this is inferred from the marked changes in 
respect of brightness, to wiiich they are subject, and which 
happen periodically according to their positions relative to the 
Sun. 

398. To find the period of a satellite round Jupiter. 

Let the beginning and end of an eclipse of the satellite be 
observed, then the time of the middle of the eclipse may be 
found, which is nearly the time of the satellite's heliocentric 
conjunction with the primary. If the time of another con- 
junction be found in the same manner, the whole time between, 
divided by the number of conjunctions in the interval, gives 
the synodic time (5') of the satellite and Sun about Jupiter. 

From this, the Bidereal period round Jupiter = is known ; 

■^ ^ 5 + P 

Pbeing Jupiter's sidereal period, or the Sun's apparent sidereal 
period about Jupiter. 

399. From the above, the mean motion in longitude (m) 
of a satellite round Jupiter may be found ; and if I be the 
Jovicentric longitude of a satellite at the middle of an occulta- 
tion by Jupiter, the longitude at any time i from this = / + mt. 
But at the middle of a satellite's occultation by Jupiter, its 
jovicentric longitude = the geocentric longitude of Jupiter, 
which can be determined ; whence the jovicentric longitude 
of a satellite at any time is known. This supposes, indeed, 
that the motion in longitude of the satellite is uniform, which 
is very nearly the case, since the orbits are nearly circular. 

400. If /, ^, t' be the jovicentric longitudes of the three 
iirst satellites at any time, it is found that I — 3l' + Ht' = 180" 
very nearly. From this curious result it follows that the 
three first satellites cannot be eclipsed at the same time ; for 




if the three satellites were eclipsed together, wc ought to have I 
at this time I = t = t'^ but if 

/ = /', I" ~l' = QCP, and if 1 = t', I - t ^Go". 

Also since l~ 3l' + 2l" = ISffi 

.•. d,l + 2d,Z"= 3d,t, 

where d,l, dj', d/t" represent the motions of the three satel- 
lites ; this shews that if the mean angular velocity of the first 
satellite be added to twice that of the third, the sum will equal , 
three times that of the second. 

These equations are so e>:act, that from the earliest obser- 
vations they have always been satisfied ; and it results from J 
the theory of these bodies, that if they had not been exact in i 
the origin of their motions, the mutual attractions of the bodies .1 
would have made them so. 

401. If an eclipse of a satellite be observed when Jupiter 
18 nearly in geocentric opposition with the Sun, and therefore 
nearest the Earth, and from the known synodic motion of the 
satellite, the following eclipses be calculated, they are observed 
to happen always later than tlie calculated time ; and the dif- 
ference goes on increasing, till Jupiter is in geocentric con- 
junction with the Sun, and therefore furthest from the Earth, 
when it attains its maximum 16™ . afi". From this Romer con- 
jectured, that the eclipses were not seen by us at the instant 
of happening, but that light takes 8", 13' to pass over a radius 
of the Earth's orbit. This hypothesis fully explains all the 
appearances, and also accounts for the change of place in the 
fixed stars treated of in the Chapter on the aberration of light. 

403. To Jind the line of nodes of the. orbits of Jupiter 
and one of his satellites. 

When the duration of an eclipse of a satellite is greatest, 
the satellite must pass through the middle of Jupiter's shadow, 
which lies in the plane of Jupiter's orbit ; therefore, the satel- 
lite must be in, or very near its node, at the time of heliocentric 
conjunction, and the heliocentric longitude of the node must 
be the same as that of Jupiter; this latter is known from the 
time of the observation ; therefore, the direction of the line of 
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nodes is detemiinEd. The method is not applicable to the 
two first satellites, the <luration of whose eclipses cannot be 
observed ; but if the immersion be observed, and the time of 
the satellite's heliocentric conjunction be taken for the middle 
of the eclipse, half the time of an eclipse may be determined, 
and observing when this is greatest, the rest of the operation 
will be the same as before. 

403. Tojind the inclination of a satellite's orbit to the 
plane of the orbit of Jtipiter. 

Let DCE (fig. 6i^.) be a section of Jupiter's shadow at the 
distance of the satellite, made when the duration of the eclipse 
is near its minimum, DCJV the path of the satellite intersecting 
Jupiter's orbit JfN in iV ; draw AB perpendicular to DC 
which may be considered as a straight line, and let t be half the 
duration of the eclipse, and T of the longest eclipse ; then 

BC = —. AE nearly, and AB = AE. V l . 



-■. AB^ ■>/ T' - i' = — . SGQP suppose; 

and AN= the longitude of the node — the heliocentric longitude 
of Jupiter = n-l; therefore, from the spherical triangle ABN, 

sin ~ 36(P = sin (n -i).sinJV: 



. sin A'' = 



1 ratio 
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sin in -I) 

The above method is not quite accurate, since Jupiter is 
much compressed at its poles, and the minor axis, which is 
nearly perpendicular to the ecliptic, is to the major as 13 to 14. 
In consequence of this, the section DCE, seen from the Sun, 
is not circular, and an inclination more near the truth will be 
obtained by diminishing the value of N, fouiid above, in the 
ratio of 13 to u. 



40i. The sidereal revolutions of the ist, 2nd, 3rd and lUfc 
Satellite are found to be, respectively, 

l^TSgi, 3*.55n, 7^.1545, Iff'.fiSS?, ' 

qnd the mean distances in cquatoreal semi-diatneters of JupitOTi 

6.0*85, 9.6235, 15.3502, 26.9933. 

between which, the proportionality of the squares of the periodi 
to the cabes of the mean distances may be observed. The 
mean distances however are not yet well ascertained. 

The mass of Jupiter, next after the elements of the plane-^ 
tary orbits, is the most important numerical value for the ex- 
planation and prediction of the phenomena of the solar system f 
according to the latest determination by observing the elongft>' 

tions of the fourth satellite, Jupiter's mass = .(Sun'etnasiJj 

* *^ 1048.7 ^ ^ 

Jupiter has also several dark stripes parallel to his equator 
which are called his Belts ; they often change their appearance^ 
and seem to resemble clouds, 

The Satellites and Ring of Saturn. 

405- Saturn has seven satellites, none of which, except the 
two exterior ones, can be seen without powerful telescopi 
the most distant is by far the largest, being probably not 
much smaller than Mars, and its orbit is considerably ii 
clined to the plane of the ring, whilst the orbits of tht 
rest nearly coincide with that plane; the two interior onei 
have never been seen except under peculiar circumstanceSf 
and with the aid of the most powerful instruments that hav© 
ever been constructed ; their distances, expressed in parts 
Satum^s equatoreal radius, and their sidereal periods, are 

DISiiuH. SJdeiei] Period. 

3.35 ..,, 0*.943, 

4.30 , 1.370, 

5.28 1.888, 

6.82 2.739, 

9.52 4.517, 

22.08 15.045, 

64.36 79.S 



406. Salurn is also accompanied by a broad circular 
ring of no considerable thickness, inclined at an angle of about 
SS^-as' to the ecliptic, in the center of which Saturn seems sus- 
pended without touching the inner boundary of the ring. The 
ring is illuminated by the Sun, and is visible to us whenever 
the Sun and Earth are elevated on the same side of it ; and 
becomes invisible, 1st, when its plane passes through the Sun 
as only the edge is then illuminated ; 2nd, when its plane 
passes throiigh the Earth when the edge alone is seen; Srd, 
when the dark side of the ring, upon which none of the Sun's 
rays fall, is turned to us. The angular magnitude of the 
major axis of the ring at the Planet's mean distance is 40",095. 
The ring revolves in its own plane in the shprt period of 
lo''. 29". 17'. 

407. Since the plane of the ring is not pwpendicular to 
the line joining the centers of the Earth and Saturn, the two 
circular boundaries will appear to be two similar ellipses, and 
the ratio of the axes may be determined in a given position 
of the ring. 

Take Saturn's center (fig. 65.) for the center of the sphere, 
and let the plane parallel to the ecliptic cut the sphere in the 
great circle T NR, y being the first point of Aries, and let the 
plane of the ring cut the sphere in the arc NJ ; let T be the 
place of the Earth seen from Saturn on the sphere, and draw 
TA, TR, perpendicular to NA, tR, respectively. Then TA 
measures the angle at which the line joining the centers of the 
Earth and ring is inclined to the plane of the ring, and since 
the ring will appear projected on a plane perpendicular to this 
line, 90" — TA is the inclination of the plane of the ring to the 
plane of projection; therefore, if 2a be the diameter of the 
ring or major axis of the projection, and 2 6 the minor axis, 
6 = fl . COB (90' - TA) = n . sin TA. 

Let X be the geocentric longitude of Saturn's center ; there- 
fore T R, the Saturcentric longitude of the Earth, = 180" + X, 
let T" N, the longitude of the ring's node, — 71 ; 

.-. NR = n(f' + \-n. 
Let ANR, the inclination of the ring to the ecliptic, = d. 
Then, since the ecliptic has beeil supposed to pass through 
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Saturn's center, if /3 be the geocentric latitude of Saturn, TR 
will equal — /3. Hence, knowing NR, RT, and the angle | 
ANR, AT may be found, in the same manner as the latitude I 
from the given right ascension, declination, and obliquity. 
Thus, making RNT = <p, we obtain 

- =sin^7'=sinA'^J'sin^A'^7' 



= sin NT sin v cos + sin NT coa v sin <p 

= sin V cot sin RT + cos v sin RT, :■ sin tp sin NT = sin STi 

but sin NR^ cot^tanflT', orsin(«-X) cos/S-cot^sinffT, i 

.■- - = sin n.cos/S.sin (» - X) - sin/3 .cos v. i 

If the ratio of the apparent axes be known from observa- 
tion, the above equation gives the value of v. 

In the Nautical Almanac the quantities necessary for 
determining the geocentric position, magnitude, and appear- 
ance of Saturn's ring arc given at intervals of *0 days 
throughout the year. 

408, Six satellites are believed to attend Uranus, of 
two of which, the 2nd and 4th, the existence is certain. 
They have the peculiarity that the planes of their orbits 
are nearly perpendicular to the ecliptic, being inclined at 
about 78". .53' to that plane; and in these orbits their mo- 
tions are from east to west, or retrograde. With the ex- 
ception of the two interior satellites of Saturn, the satellites 
of Uranus are of all celestial objects the most difficult to ■ 
obtain a sight of. Their distance from Uranus, in parts of j 
I the radius of Uranus, and their sidereal periods, ar 
■ Dlstauces. Sidereal Feriodi. 
I 13.12 5^89, 



17.02 ., 

19.84.. 



91.01 . 



.. 8.71, 
.. 10.99, 
,. 13.46, 

.. 38.07, 
..107.69. 



From the difficulty of observing- them, little is known of the 
other elements of these satellites, or of those of Saturn. They 
observe like those of Jupiter and Saturn the proportionality of 
the squares of the periods to the cubes of the mean distances. 

Rotation of the Sim and Planets. 

409. If a remarkable spot, observed on the disk of any 
planet or satellite at different times, has changed its apparent 
place more than naturally arises from the combined motions of 
the Earth and planet, the planet must have revolved round an 
asis, and the lime of rotation may be determined from this 
circumstance. The times of rotation of the Sun, Mercury, 
Venus, Mars, Jupiter, Saturn, have been determined, as welt 
as those of Jupiter's satellites and the seventh satellite of 
Saturn, and the strongest analogy induces us to believe that 
the rotations of all the other bodies of the system have not been 
discovered, only from the difficulty of observing them. All 
these rotations are, as the other planetary motions, from west 
to east, and it is remarkable that the time of rotation of any 
satellite = the time of revolution round its primary. 

The Sun's rotation is determined from observations made 
on dark spots which appear often on the Sun's disk, and vanish 
after some time. They frequently disappear soon after being 
formed, and at other times continue long enough to be brought 
into sight on the west side of the Sun's disk, and carried out on 
the east several times before they finally vanish. The mean 
interval between two appearances of the same spot is about 27 
days, and as this is the synodic time of the Earth and spot, 
this gives a period of about 2,'i'' is"" for the time of the Sun's 
rotation. 

410. To find the heliocentric latitude and longitude of 
a spot on the Sun's dish. 

Let S (fig. 66.) he the Sun's center, E the Earth's, P a 
spot near the edge of the disk referred to the ecliptic by 
the perpendicular PN. 

Let I = the heliocentric longitude of the Earth, 

X = spot; 

.-. ESN = ,T - /. 



Let PSN the heliocentric latitude = y, 

PKN the geocentric latitude = /3, 

SEN the difference of geocentric long, of S and P=£j ] 

A = the Sun's apparent semi-diameter. 

Then SP .slay = PN = EP .siafi = SE .. 

SE . _ Bin/3 

.". sin V = — = . sin H = — , 

^ SP ^ sinA 



sin (a7 — I) 



JV£_cos^ EP 
SN~ cosy' SP' 



. sin («-/) = 



n£cos/3 sin jJ . cos ;3 






sin A cos y \/sia' A - ain' ^ 

sin £.003/3 

" V^eiliTA + /3) . sin (A - fi) ' 

411. Tojind the inclination of the Sun's equator to the 
ecliptic, and the time of the Su7i's rotation. 

Suppose E (fig. 67.) the pole of the ecliptic, P of the Sun's 
equator, J, A' , A" heliocentric places wf the same spot, ob- 
served at three different times; join EA, EA\ EA", PA, 
PA\ PA" ; then EA, EA', EA", the co-latitudes, and AEA'., 
AEA", A'EA", the differences of longitude may be deterpained 
by the last article from geocentric observations; therefore, in 
each of the triangles AEA', AEA", A'EA", two sides and the 
included angle are given, from which the bases, and the angles 
at the bases, may be determined ; therefore, the angles A'AA", 
AA'A", AA"A', which are the sums of two angles at the bases, 
may be found. Now, because P is the pole of the Sun^S 
equator, parallel to which the spot revolves, 

PA = PA' = PA", 

and if PR be perpendicular to AA", AR = ^ AA". 

XT „.. .r, tan^-« 
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= 2 PAR + 2 Pj^A +« PA' A" - i PAR + zA; 

.: PAR -^ S ^ A' i 

^ ^ COS (>y - ^) COS (>y - J ') 



.•. tan i<P tts 



x/ 



• »«fcWB ■ I MMlfcl 



— cos*y 



COS (>y - J) COS (S - J') COS (S - J") * 

and cos PE « cos ^P cos -4£ + 

sin AP sin JE cos (EAR -^ PAR), 

which giv^s P£, the inclination of the Sun s equator to th« 
ediptic^ about 7°. SO', Also 

sua — _ — B sm APR « — 



2 



sin AP ' 



which giv6s APA"; if therefore t be the interval between the 
observations at j^^ A'\ and P the time of rotation^ 



S6(fi 



APA 



T, • ^ 



which determineii P« 
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CHAPTER XVI. 



ON ECLIPSES, AND OCCULTATIONS OP FIXED E 



i BY THE MOOIT; ' 



Explanation of Lunar Eclipses. 



412. We next proceed to the description and explanation 
of the striking phenomena of the Eclipses of the Moon and 
Sun. It often happens that the full Moon suddenly grows 
less bright, till a portion, or the whole, of the disk becomes 
quite obscured, or, if seen at all, is of a faint dusky red ; the 
separating line being successively different parts of a circle, and 
not a complete semicircle as in the ordinary phases, and the 
brightness diminishing towards the part which has disappeared. 
After a short time, the obscured part begins to diminish in 
magnitude, the whole disk again becomes visible, at first less-, 
bright, but soon recovering its former brilliancy. This muat 
be caused by tlie interposition of some opaque body between 
the Sun and Moon, and that body is the Earth; for eclipses, 
never happen except at the time of opposition, when the 
Earth occupies that situation ; and the Earth being opaque 
has of course a conical shadow tapering to that point in the 
line joining the centers of the Sun and Earth at which the 
apparent diameters of these bodies are equal, and which is 
sequently distant from the Earth about 3^ times the Moon's,! 
distance ; also the breadth of the shadow at the part where. 
the Moon crosses it, is about |rd8 of the Moon's diameter. 
hence if the Moon moved in the ecliptic, the Earth's shadow 
is long enough, and broad enough at the part where the Moon 
would cross it, to totally eclipse the Moon at every opposition. 

413. Lunar eclipses, however, do not happen every full 
Moon ; and the reason is that the Moon's orbit does not coin- - 
cide with the Ecliptic. For, since the plane of the Moon^s 
orbit is inclined at about 5".^' to the plane of the ecliptic, the 
MooQ in her oppositions is often considerably elevated sbovei 
or depressed below the plane of the ecliptic, so as not to be iB> 
terfered with by the Earth's conical shadow ; and in fact c 
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only be so, when at the same time she Is in opposition, she is 
also very near one of her nodes. When the Moon at opposi- 
tion is so near the node as to be wholly immersed in the shadow, 
the eclipse is total, when only a part of the disk is immersed 
the eclipse is partial ; and it is the Moon's proximity to the 
node at the time of opposition, which occasions all the varieties 
observed in eclipses. 

414. The above will be made clear by fig. 20, Plate I, 
where MN represents a portion of the Moon's orbit, and Nem 
its projection on the plane of the ecliptic, in which plane are 
situated JV the node, S and E the centers of the Sun and Earth, 
and SEeC the axis of the Earth's conical shadow DCF. The 
circles AGB, DHF are sections through their centers of the 
Sun and Earth, made by a plane perpendicular to the ecliptic ; 
AD, BF are common tangents to these circles on the same side 
of the line joining their centers, meeting in C a point in 
that line beyond the Earth, since the Sun is the larger body ; 
then the triangle DCF revolving about EC generates the 
conical surface DCF, within which no portion whatever of 
the Sun's light can enter. Also AF, BD are common tangents 
on different sides of SE; and the triangle DKF generates a 
conical surface, the produced portion of which to the right of 
E, includes a space exterior to DCF, called the penumbra, 
every point of which can receive rays only from a part of 
the Sun, and the less, the nearer it is to. the axis of the cone. 
Let a plane through e, perpendicular to SE, cut these cones 
in the circles ah, erf; then the portion of the Moon's orbit 
pq will nearly coincide with the plane of the circles, and in 
describing it, the Moon will receive only a portion of the 
Sun's light and her brightness will diminish the further she 
advances into the penumbra; and if any part of the Moon's 
disk fall within the circle ab, so much of it will be deprived 
at the whole of the Sun's light. 

415. The sum of the greatest apparent radii of the Earth's 
shadow and Moon is 62'. 3?", the sum of the least 5l'.23"; 
consequently if during her revolution the Moon's center never 
comes so near the center of the Earth's shadow, or the point 
of the ecliptic opposite to the Sun, as 62', 37", there can be no 
eclipse ; if her center comes within that distance, there maV) 
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and if within 5l'.2S", there must be an eclipse. Hence by 
calculation it appears that if, at the time of full Moon, tbtbJ 
node be further than 11''.25'.40" from the point of the ecliptlifl 
opposite to the Sun, there can be no eclipse ; this quantity UH 
called the lunar ecliptic limit. ^\ 

If the Moon's center at the moment of opposition be in j 
the node, it will also be in the axis of the Earth's shadow, and 
the eclipse is called central, and under these circumstances may 
continue total for two hours; but it is found that the Mooa's 
face still remains more or less faintly visible; the reason of J 
which is that those of ih-c Sun's rays which graze the Eartb^tJ 
surface are bent inwards by the refraction of the £artli|9 
atmosphere, and so thrown upon the Moon's disk. I 

DeKcidption and esplanation of Solar Eclipses. - fl 

416. The new Moon produces effects on the Earth similllH 
to those which the Earth produces on the full Moon. FdiV 
although the Moon is incomparably smaller than the Sun, yrf'l 
she is so much nearer, that her apparent diameter dilTeri J 
little from that of the Sun, being sometimes greater aojlfl 
sometimes less; hence when she is in conjunction with tMS 
Sun, she may prevent the whole, or a part, of the Sun's ligt^f 
from reaching places on the Earth's surface- Suppose t^fl 
centers of the Sun and Moon and the eye of the spectatdlB 
to be in the same straight line, then if the relative distancBH 
of the Sun and Moon at that instant he such that the MooiyU 
apparent diameter is greater than the Sun's, the eclipse wflU 
be total; if less, there will be presented a luminous rinj^B 
formed by the Sun's disk projecting beyond the edge of ttifl 
Moon's, or the eclipse will be annular; if the Moon's cental 
be not exactly in the line joining the Sun's, and the spectl^f 
tor, a portion only of the Sun's disk will be hidden, aDoH 
the eclipse will be partial. V 

417- Moreover the elevation of the Moon above th^| 
horizon changes her apparent diameter, (Art. 948.); and hofl 
parallax, being considerable, causes different observers to M^l 
her in points relative to the fixed stars considerably distaHn 
from one another, and may augment or lessen the apparent 
distance of the centers of the Sun and Moon to such a degree, 
that an eclipse of the Sun may be presented to one obwrreri 



which has no eTiistence to another. In this lies the main dis- 
tinction between lunar and solar eclipses; in the former there 
is an actual deprivation of light, and the appearance is not 
affected by the Moon being seen in different points with re- 
spect to the fixed stars ; at all places which then have the 
Moon above their horizon, the time, duration, and extent of 
the eclipse are the same ; in the latter, the intersection of the 
Moon's conical shadow with the Earth's surface produces a 
circular black spot which sweeps over the illumined part of 
the Earth's surface from west to east, and resembles in its 
efiects a cloud carried by a west wind) which hides the Sun 
only from places nearly below it, 

418. Hence it appears that the various distances of tha 
Sun and Moon frorn the Earth's center, the different positions 
of the Moon with respect to the node at the time of conjunc- 
tion, and the different situations of the spectator, will produce 
great varieties in the observed time, duration and magnitude 
of a solar eclipse ; and the precision with which these particu- 
lars can be calculated and predicted, affords a convincing proof 
of the accuracy of the theory, and the exactness of the tables, 
depending, as they do, upon the relative situations of the Sun, 
Moon, and Earth, their velocities, volumes, and parallaxes. 
A total eclipse of the Sun is of all the celestial phenomena the 
most imposing; the brightness of day is in a few minutes 
changed into gloomy twilight, the stars become visible, and 
all that is seen either of the Sun or Moon is a faint halo sur- 
rounding the Moon's invisible disk, supposed to be caused by 
the Sun's atmosphere; in about five minutes, the Sun emerges 
with a degree of splendour not equalled even at his rising. 
The greatest possible duration of a total eclipse of the Sun 
is 7" 58°; and of an annular eclipse la"" 24*. 

419. The circumstances peculiar to solar eclipses will be 
better understood by referring to fig. 21, where m is the 
center of the Moon at the in.stant of conjunction, and AB, 
ab, CT, sections through their centers, of the Sun, Moon, and 
Earth, made by a plane perpendicular to the ecliptic, and 
aCba section through its axis of the Moon's conical shadow 
made by the same plane; then C, the vertex of the shadow, 
is tha point at which the apparent diameters of the Sun and 

IB— a. 



l: 



Moon are equal, and its distance from the Moon Cm will de-l 
pend upon Sm which has ita greatest, and least value, wheojl 
the Sun is in apogee and the Moon in perigee, and vice versJiM 
and these values of Cm are respectively 59,7." and 57,76 timevA 
the Earth's radius ; but in the former case the Moon's distancefl 
from the Earth is only 55,96 radii, and in the latter 63,87 radii.'^ 
Hence when the Moon at conjunction is suflliciently near tiMn 
node for the axis of her shadow to meet the Earth, there4 
will be a total eclipse (provided her place in her orbit ba4 
near perigee,) at all places contiguous to that point of con^ 
currence, within a circle whose radius is something less thso^ 
^th of the Moon's radius: such being the dimensions of tb^il 
Moon's shadow at the Earth's surface under the afuresaidS 
circumstances. If her place be near apogee, the vertex of herM 
shadow will not reach the Earth, but at places contigiious toM 
the point where the prolongation of the axis of her shadoin 
meets the Earth, an annular eclipse will be witnessed. Also Iffl 
Ab he drawn touching the Sun and Moon on different sides i^l 
the line joining their centers, and meeting the Earth in gim 
then at g the Sun is seen quite clear of the Moon, but at aflj 
places between g and h a portion of the Sun's disk is hiddea<>fl 

420. Again, let M (fig. 58, Plate III.) be the center <^ 
the Moon at any instant during a solar eclipse, moving witltf 
the excess of her horary motion in longitude above that of thel 
Sun, in the direction BM from west to cast; then we may I 
regard G the center of the Sun as fixed ; also let 7" be tb^M 
center, supposed fixed, of the Earth revolving about its aXHH 
PA in the direction HnH", and let the umbra and penumbi*^ 
meet the Earth's surface in the curves ab, ns, respectively.^ 
Then m, where the axis of the shadow meets the Earth, has •! 
central eclipse; all places within ab have a total eclipse ; audi 
all between the curves ab and na a partial ecbpse, varying ibM 
magnitude from an internal to an external contact ; and thos» 
places which are in opposite directions from m see the eclipsefl 
upon opposite limbs of the Sun, At places east of the metipl 
dian through e the eclipse is ended ; because, although thlta 
tendency of the Moon's motion is to carry the shadow ovtfH 
them, the tendency of the Earth's rotation, which is for moBifl 
rapid, is to carry them beyond the shadow i at places west ad 



the meridian througii w, the eclipse lias not begun. If M 
were immoveable, by the effect of the Earth's rotation, all 
places between parallels through a and b, would be brought 
into the shadow and made to suffer a total eclipse ; and all 
places between parallels through 7i and a would see the Sun's 
southern limb eclipsed ; whilst places between parallels through 
b and s would see the Sun's northern limb eclipsed ; and these 
appearances would recur every fi-t''. But the Moon's motion 
alters all this. In the first place, the motion in latitude 
makes the lines of equal phases, such as R'mR, which is the 
line of the central eclipse, and IfnH, K'sK, which are the 
northern and southern lines of simple contact of the limbs, 
to become irregular curves instead of parallels of latitude. 
And in the second place, the motion in longitude soon puts an 
end to the eclipse by causing the penumbral cone to turn 
about o in direction BM till it becomes quite disengaged from 
the Earth's surface ; in doing this all its generating lines, 
beginning with Ee, successively become tangents to the 
Earth's surface in quitting it, and so trace out by their 
points of contact the irregular oval HdKl which is the locus 
of places that see tlie eclipse end at sunset. 

421. For the better understanding of this, suppose, in 
the time the penumbral cone takes to revolve from its present 
position till it begins to quit the Earth, that body to have 
revolved so much that d is the point which Ee touches in 
quitting the Earth ; then the tangent plane at d {i. e. 
horizon at d) will touch the Moon's eastern and the Sun's 
western limb, or the eclipse will end at sunset; and d will be 
the last place that sees the whole of the eclipse in its greatest 
extent. Afterwards by the continued motion of the Moon, 
every pair of corresponding generating lines of the penumbral 
cone on opposite sides of Ee will successively become tangents 
to the Earth's surface, as at r, t, and the points of contact 
will trace out all the places HdK relative to which the eclipse 
ends at sunset. When the whole of the eastern boundary of 
the penumbral cone is clear of the Earth, Nn, Ss will be- 
come tangents at H and K, and the two extreme westerly 
places will be determined which witness nothing of the eclipse 
except a simple contact at sunset on the Sun's south and north 



limb respectively. After that, paira of generating linea of th« 
western side of the penumbral cone on opposite sides of Ww 
will successively become tangents, as at p and 9, and the poiDtl 
of contact will trace out the curve HpqK passing through all 
the places at which nothing more of the edipse is seen than « 
simple contact on the Sun's western limb at sunset. And the 
extreme western point at which even thnt is seen is /, at which 
the penumbra finally quits the Earth, and the general eclipw 
ends. When the axis of the shadow becomes a tangent to th« 
Karth, which will be at some point fi, the last place which 
sees a central eclipse, and which it does at sunset, is deteN 
mined ; and the line HRK is the locus of the places that 1 
the middle of the eclipse at setting, 

422. Similarly, at the commencement of the ecb'ps^ 
when the penumbral cone and also the portion of the Earth's 
surface ITK" are on the west side of the meridian ZP, as th* 
generating lines of the penumbral cone successively ( 
contact with the Earth's surface, an irregular oval IfiUCt 
will he traced out, being the locus of places that see thf « 
eclipse begin at sunrise. The eastern side of the penunibrlll 
cone will first come in contact with the Earth at a single point! 
i and there the general eclipse will begin, but at that place 1 
it will be confined to a simple contact at sunrise; and tbtl 
successive contacts of the generating lines of the east sidq ' 
of the penumbral cone will determine a series of places //YJC* 
at which nothing more is seen of the eclipse than a simple 
contact at rising, for all these places, by the Earth's rotation, 
will be immediately carried beyond the penumbra. After* 
wards the western generating lines will become tangents and J 
determine a series of places iTd'K' at which a simple contael'l 
at sunrise will he witnessed ; and this will be the beginning J 
of the eclipse at those places, as by the Earth''s rotation the^ I 
will be afterwards carried into the penumbra, and experiencd | 
partial or total eclipses. And when the penumbral cone hag \ 
just wholly entered upon the Earth, its western side will touclt I 
the Earth in a single point d' which is the first place that s< 
the eclipse in its whole extent. Also when the axis of tlwl 
shadow moves up to touch the Earth's surface, as at R', th^^.fl 
first place which sees a central eclipse, and which it doM 



at Bunrise, is determined, and H'R'K' is the locus of places 
that see the middle of the eclipse at rising. By performiDg 
. the requisite calculations a map of any solar eclipse may be 
made, in which all that portion of the globe I'H'nHlKsK' 
where it is visible, and the terrestrial lines of the various 
phases, and the rising and setting ovals, may be laid down 
according to the latitudes and longitudes of the places through 
which they pass. 

423. As before, the cause of solar eclipses not happen- 
ing every new Moon, exists in the Moon's orbit not coin- 
ciding with the ecliptic; and the solar ecliptic limits are 
determined in the same manner as those of the Moon ; from 
which it results that if the Moon's distance from the node, 
when in conjunction, is less than 13". 42', a solar eclipse is cer- 
tain to happen, but if it exceed 19", an eclipse is impossible. 

Eclipses will in general be separated by six months, but 
will occur at all seasons of the year, because the nodes are 
in perpetual motion along the ecliptic. The synodic period 
of the Sun and Moon ia 39^,530S8, that of the Sun and the 
node of the Moon's orbit 346^,6156, which are nearly in the 
ratio of 19 : 223; hence after 223 lunations or 19 revolutions 
of the node, the Sun and Moon return nearly to the same 
positions relative to the Moon's nodes, and eclipses will re- 
cur ill the same order. If, therefore, all the eclipses (usually 
29 lunar and 41 solar) which happen in the above period, 
which is 18^ and 10 or 11 days, be observed and registered 
in order, we should be able to predict them for the next 
period of 18 years ; but as 223 lunations differ from 19 revo- 
lutions of the node by about 0'',46, and the Sun and Moon 
do not move uniformly, this method can only be regarded 
as an approximation which may be used as a guide to more 
exact investigations. The cause, possibility, and phenomena 
of eclipses having now been explained, we proceed to re- 
duce the subject to calculation. 

Calculation of Limai' Eclipses. 

424. To Jind the length of the EnrtKa shadow, and the' 
apparent semi-diameters of sections of the umbra and penum- 
bra at the distance of the Moon. 



Let ABC, abc (fig. 68.) be aectioiia of the Sun and Earth J 
made by a plane passing through their centers; BD, CD com 
mon tangents meeting in D ; BOc, COh common tangenti 
meeting in 0; then if the figure revolve round SD, BDC wiftf 
generate the conical shadow of the Earth into which none c 
the Sun's rays enter, and mbp, ncq the penumbra which i 
mits only part of the Sun^s rays. Let pmnq be a sectionf 
of these figures, made by a plane perpendicular to SO at tfal 
distance of the Moon, and let p be the Moon's horizontaLl 
parallax, tt the Sun's, fi and o- their apparent semi-diameten^V 
and R the radius of the Earth ; then 

EDB = SEB - EBD = tr - tt ; 



. ED the length of the shadow : 



Eh 
sin EDh 



sin (ff - it) 



The apparent radius of a section of the shadow at the distanefl 
of the Moon 

= MEm<= EmB - EDm = p + tt ~ a. 
The apparent radius of a section of the penumbra 
= MEp = EpO + EOp =p + ir + (T, 
because EOp = SOB = OBE + OEB = «■ + <r.^ 

The numerical values of ED, MEm, MEp are sulijec 
to changes, from variations in the distances of the Sun e 
Moon from the Earth ; and it is found that 

ED varies from 212 to 520 radii of the EartKl 

MEm 37'. 42" -io. 53" 

MEp l". 8'. 12" 1". JS'. 

Moreover it is found that the Earth's atmosphere deflects] 
and absorbs those rays of the Sun, which pass near Ihe Earth's I 
surface, and thus causes the shadow of the Earth to appear! 
somewhat larger than it would otherwise be. In order to taks4 
this effect into account, astronomers consider the radius of the 
shadow to be one-sixtieth greater than the value just found, or 
add as many seconds as there are minutes in the radius of the 
section. As the radius of the shadow is so much larger ■ 
than the Moan's apparent radius, lunar eclipses can 
be annular. 



luch larger ^H 
can nevdl^H 

J 



"SBt 

--f>" 425. It was remarked, that no eclipse can take place 
when the distance of the center of the Earth's shadow, that is, 
the point of the ecliptic opposite to the Sun, from the node of 
the lunar orbit at the time of the Moon's being in syzygy, 
exceeds a certain quantity called, in lunar eclipses, the lunar 
ecliptic limit, and in solar eclipses the solar ecliptic limit. It 
is of great importance to know its value, because then the 
mere inspection of the tables will inform us whether, at any 
syzygy of the Moon, an eclipse is possible or not. 

To Jind the lunar ecliptic limits. 

Let ON, LN, (fig. 69) be portions of the ecliptic and of 
the Moon's orbit, both considered as straight lines and as de- 
scribed uniformly by the centers of the Earth's shadow and 
Moon; N the descending node, O the center of the shadow 
when the Moon is in opposition at /,, S the center of the 
shadow when the Moon is in the node; therefore in the time 
of moving from L to JV, the Moon approaches the center of 
the shadow by the difference of latitude LO, and recedes from 
it by the difference of longitude SN. Take SM parallel and 
equal to LO, and join MN\ then if a body describe MN uni- 
formly in the same time as LN and OS are described by the 
centers of the Moon and shadow, it will approach and re- 
cede from the fixed point S in the same manner as the Moon 
in its orbit does, from the Center of the shadow in motion, and 
its distance from S at any intermediate instant will be equal to 
the corresponding distance of the centers of the Moon and 
shadow*. If then we consider the center of the shadow fixed 
in S the point it occupies when the Moon is in the node, and 
substitute MN, which is called the relative orbit, for the real 
orbit LN, the distance of the centers of the Moon and shadow, 
on which the circumstances of the eclipse entirely depend, will 
undergo precisely the same variations as it does when both are 
in motion. Hence if Sm be drawn perpendicular to MN, Sm 
is the nearest approach of the centers of the Moon and shadow ; 

iporaif poiiitians, then L'M' ig panllel to LM since 
: ado ; al«), 

le ihtoQgh OS OS' 
Xt\la6gartI.'SUa^i.TMelognm,mASM'=^L'0' 
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and taking Sm (A) = the greatest semi -diameter of the Mooa 
l-a'. 45" + the greatest semi-diameter of the shadow at the di** 
tance of the Moon 45'. 52", the greatest value of SN or ON, i 
at which an eclipse is possible, will be obtained. To find SNi 
let m be the Moon's horary motion in longitude, e the Sun'a, 
which is the same as that of the shadow, f=m — s, the relalioe 
horary inotion of the Moon and shadow, g the Moon's horary 
motioi] in latitude. Then, because SM, SN are described IB 
the same time with the uniform motions g and /, 



tan JV = 



5". 



.-. SN = 



. Vr + ^ 



AU 



O.V 



.ON^A. 



g 



The numerical value of ON is 12". 36' ; if, therefore, the differ- 
ence of longitudes of the Moon and node at the time of oppo^ 
sition be greater than 12", 3fi', no lunar eclipse can take place, 
if OiV= 13". 36' the Moon's disk may just toudi the shadow, 
and if 0N\& less than 12". 36', there may be a lunar eclipse. 

Similarly, if A' be taken equal the least semi-diameter of 
the Moon 14',40"-(-the least semi-diameter of the shadow 3?'. 49''» 



ON=A'.- 



f 



- = 9°, 



the least ec'iptic limit, is obtained ; if, therefore, the Moon at 
the time of opposition be within 9" of the node, there must be 
a lunar eclipse. Between the distance 9" and 12". 36', an eclipse 
is doubtful, and the exact values of the radii of the Moon and 
shadow must be found in order to ascertain whether there will 
be a lunar eclipse or not. 

426. To find the time, magnitude, and duration of a 
bmar eclipse.. 

Let ABB' (fig. 70.) be a section of the Earth's shadow at . 
the distance of the Moon, Sn the path described by its center S \ 
on the ecliptic; Mn the relative orbit of the Moon, Mn, Sn ^ 
being considered straight lines, as in the preceding Art. Draw » 
SO perpendicular to Sn, and Sta to Mn, then aod ntJ 



are the places, witH respect to S, of the Moon's centfer in 
opposition, and at the middle of the eclipse. 
Let a^SB = p+ir-i7 the radius of the section of the shadow, 
X = SO, the Moon's latitude in opposition, 
f^ the relative horary motion in longitude of the Suii and 
Moon, or the motion in longitude uf the Muon ia the retatire 
orbit Mn, 

i = the Moon's horary motion in the relative orbit, 

g= in latitude, 

fi= aemi-diameter ; 

.-. tan n = - , and £•=/( sinn. 

/ '^ 

Let M and M" be the places of the Moon's qenter at the 
time of the first and last contact; therefore 
SM = SM" = a + At. 
Now Sm = \ cos n ; 
.'. Mm = -^/ia + fiy - X° cos^ » = M'm, 
and mO = X sinn. 
If, therefore, t and t' be the times from opposition of the first 
and last contact, 

Mm-Om ,j — — - — — i^ .sinn 

; — 7 = [V (« +m) -A. cos Ji - Xsm«i .- -, 

* ff 

. Jfm + Om . i- : „- ■^„ |T— , . , sin w 

,f- ;-^ — = )v(« + m) - Vcos'n + Xsinnf •— ; 

* ' S 
I — r- — ■ — ■ ■ - — sin n 

.: the durahon = 2 v (a + ;a)"-\'=cos'n. 

e 

The time f^om apposition, of the middle of the eclipse 
Om X sin* n 



The magnitude of the eclipse, or the part of the Moon's 
diameter immersed 

B Su - ■So - Sv - Sm ■+ mv = a -\oosn-^ u. 



The Moons diameter 2^ is generally divided into 12 equal 1 
parts called digils; 

.-. the number of digits eclipsed = - . (o - X cosn + /»). 

If X cos n be greater than a + fiy t and f are impossibl^l 
and no eclipse can take place, as is also evident from the 6gurt«.fl 

427. In exactly the same manner it may be proved, if 1 1 
and t' be the times from opposition, of the centers of the shadow J 
and Moon being at any given distance c, 

/-: — — z T— . sin n 

t IE (y'c'— X cos'n — X smn) .- , 

/ sin M 

t - (v c - V cos* « + X sin n) ; 

g 

Hence if c^p + ir + tr + /^ = the radius of the penumbra I 
+ the radius of the Moon, the times of the Moon entering a 
emerging from the penumbra are obtained. 

The horary motion of the Moon is about 32^', and that of 1 
the Sun 2^'; therefore the relative horary motion of the Moon t 
is so', and as the greatest diameter of the shadow at the distance! 
of the Moon is l". 3l', W, a lunar eclipse may last more than I 
3 hours. 

428. To Jind at what place on the Earth's surface 1 
given lunar eclipse is visible. 

The question is simply to find what places have the Mooo I 
above their horizon at a given time, when, from the known J 
position she occupies, part of her surface is deprived of the I 
Sun's light. 

Suppose t the Greenwich time of the beginning of the eclipse, J 
or the Sun's hour angle west of the meridian = IS'.l; therefore! 
the Moon's hour angle east of the meridian of Greenwich 

= {12-015% 

since she is in opposition ; let her declination = S; then a placel 
whose longitude east of Greenwich is (l3 - 1) 15", and latitudej 



S, has the Moon in its zenith at the beginning of the eclipse. 
If, therefore, about this point as a pole a great circle be 
described on a common terrestrial globe, all places included 
between this circle and its pole, will see the beginning of the 
eclipse. In the same manner from the time of the end, and the 
Moon's declination at the end of the eclipse, the circle bounding 
all places which see the end of the eclipse may be found ; and 
those parts of the Earth which are common to the two divisions, 
have the Moon above the horizon during the whole time of the 
eclipse. 

Calculation of Solar Eclipses. 
429- A solar eclipse is the same in its physical circum- 
stances as an eclipse of the Moon, and the preceding formula; 
may be changed, so as to apply to it. The objects of calcula- 
tion are however difTerent in lunar and solar eclipses, being, 
in the former, to determine merely whether any part of the 
Slinks light is intercepted, and in the latter, not only this, but 
also from what part of the Earth it is intercepted ; on this ac- 
count eclipses of the Sun are treated somewhat dijferently from 
those of the Moon. 

130, To Jind the angular distance of the centers of the 
Moon and Sun at the beginning of a solar eclipse. 

Let RB, rb, MO (fig. 71.) be sections of the Sun, Earth 
and Moon, made by a plane passing through their centers, and 
£t, Bb common tangents to the circles RB, rb. Then when 
the Moon enters any part of the luminous cone formed round 
the Sun and Earth, as at 0, it intercepts a portion of the Sun's 
light from reaching the Earth, and the solar eclipse begins ; 
therefore the angular distance of S and M, at the beginning of 
the eclipse, 

o SEM = SER + OER + OEM 

= SER + EOT ~ ERr + OEM 



also SEO the radius of the luminous cone at the distance of 
the Moon 

= SEM -^-(T + p-TT. 



431. Prom the figure, it is evident that at r where tl 
eclipse begins, the apparent contact takes place in the hi 
the disk of the Moon heing wholly above and that of the Si 
below It, and that the point of contact \t in the same verti* 
■with the two centers. Similarly, the place which first has a 
central eclipse is that where the line joining the centers of the 
Sun and Moon first comes in contact with the Earth, and the 
centers of both bodies are in the horizon; and the same circum- 
stances will occur when the phenomena finally quit the Earth, 
' Also the eclipse begins at r some time before it is visible at the 
center of the Earth, on account of the spectator at r being so 
much raised above E, or which is the same thing, on account 
of the Moon being so much depressed by parallax to a specta- 
tor at r. For the same reason, when the Moon appears emerg- 
ing to a spectator at E, it may be so depressed by parallax as 
to have emerged some time at r, whilst from the same cause, 
to a spectator at b, the emersion may not have commenced. 
The Sun is affected by parallax as well as the Moon, although 
in a much less degree, on account of its greater distance from 
the Earth ; therefore the centers of the Sun and Moon 
made to approach or separate by the difference of the lui 
and solar parallax. 



432. The solar ecliptic limits may be found in the sai 

r as those of the Moon were, by making Sm {fig. 69.}) 
= the greatest semi-diameter of the section of the luminous 
cone at the Moon + the greatest semi-diamoter of the Moon, 
for the greatest limit ; or, = the least semi-diameter of the sec- 
lion -1- the least radius of the Moon, for the least limit. Hei 
it appears, that if the distance of the Moon's center, at 
time of new Moon, from the true place of the node is 

less than )3°.42', the eclipse is certain, 

betWeeTi 13". 42* and 13°.36' possible, 

greater than 18".S6' impossible. ^| 

For the doubtful case, an eclipse will happen whenever 1 
Moon's latitude wh«n in conjunction <0--(-ju-i-^— sr + SS . 



1 
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433. Tojind the time and duration of a solar eclipse. 

Adopting the same figure and notation as in the lunar 
eclipse with the exception of making SB (o) the radius of a 
sedtion of the luminous cone at the Mooil = a + p — ir, ve get 

The time from conjunction of the first contact 

= Jv^(a + /i)'-X*cos'ra-Xsin«} 
The time from conjunctioa of the last contact 
1 = {v (o + fi)'— \*cos"«.+ Xsinn} . 



fi- 



The duration = 2 V (fl + nT — X^ t 






As the time of conjunction is known from the tables, the times 
of the beginning and end of the whole eclipse are thus deter- 
mined. The duration thus determined is not the duration ot 
the eclipse seen from the center of the Earth, or from any 
given point of the surface, but the whole duration of the 
general eclipse, from the time when the Moon begins, to the 
time when the Moon ceases to intercept any part of the Sun's 
light, from any point of the Earth's surface. 

434'. To calculate the circumstancea of a solar eclipse 
at a gioen place. 

We must first find the apparent difference at the -given 
place, of longitude and latitude of the centers of the Sun 
and Moon at any assigned time during the eclipse. 

Let Z (fig. 71. bis) be the zenith of the given place, ^ the 
pole of the ecliptic A''t , M the JMoon near its node, S the true 
place of the Sun, S' his apparent place depressed in the circle 
ZS^ tr his horizontal parallax. Join KS' meeting the ecliptic 

thta Sa^SS'cosZS]V-=Trsm ZSBlaZSK='7rsinZKs\aZKS, 
S's=>^SS'iiaZSN'"irMaZSaiRZSN^iraiaZN. 




Now ZK — M, and y N = N, the altitude and longitude o 
the nonagesimal arc linown at any assigned time; let J0' = 
be the corresponding longitude of the Sun, 

.■. the Sun's apparent longitude = Z,'— irsin nsin (N — L'), 
and latitude — - 

Similarly, because the Moan's latitude during a solar eclipM 
is very small and the longitude nearly the same as the Sun's, 
L, A, p, be her true longitude, latitude, and horizontal paralli 

the Moon's apparent longitude = L - p sin n sin [N 

latitude =A— pcosn; 

therefore the apparent difference of longitude 

= i — i' — {j» — it) sin n . sin (A'' — V), 
and apparent difference of latitude 

-= A - {p - n-) cos n. 
Now having found, as in Art. 43S, the absolute times 
and 7* of the beginning and end of the whole eclipse; the true 
longitudes of the Sun and Moon, and the true latitude of the 
Moon corresponding to those times, may be taken out of the 
Solar and Lunar Tables; and correcting the values so taken 
for parallax as above, the apparent differences of longitude and 
latitude of the Sun and Moon may be found. Let I, t ha 
these apparent differences of longitude, and X and X' of latitude 
for the times T and T"; then if C be the time of apparent 
conjunction at the place in question, considering the approach 
of the bodies to one another in longitude uniform during the; 
time 7* - jT, we have 

C- r _ / 



C^T+- 



l 



.<X- T). 



he.« 



the Sun and Moon in longitude and latitude. Therefore, using 
these values instead of/ and g, and the apparent difference c^ 



fc «- 
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latitude fur the time C instead of X, all the circumstances of a 
solar eclipse at a given place may be calculated in the same 
manner as the lunar eclipse. Art. 426. 

435. The circumstances of a solar eclipse have been calcu- 
lated in the preceding Articles, upon the supposition of the Sun 
and Moon moving uniformly in right lines during the whole 
time of the eclipse. This hypothesis was sufBciently accurate 
[ for the calculation of the circumstances of a lunar eclipse, in 
which the times of the beginning and end cannot be exactly 
observed on account of the penumbra; but in a solar eclipse, 
where the times of first and last contact can be observed with 
considerable accuracy, a more exact computation becomes ne- 
cessary. The time when a solar eclipse commences at a given 
^ place, may be found with great accuracy in the following 
' manner. 



436. Ji'wm the approximate value, to deduce a more 
correct value of the time when a solar eclipse begins at a 
given place. 

Let T be the approximate time of the beginning of the 
eclipse at any place found by Art, 454, T-vt the true time; for 
the time T, let the apparent diiference of longitude of the Sun 
and Moon (I), and the apparent difference of latitude (\) be 
found (Art. 434.), and also / and g, the horary increments of , 
these quantities, which may be deduced by subtracting the 
values of I and \, calculated for an instant half an hour before 
T, from those calculated for an instant half an hour after ; 
therefore l+ft,\^-gt are the values of / and \ at the beginning 
of the eclipse. Let S (fig. 79.) be the center of the Sun, M 
of the Moon at the beginning of the eclipse, and P the pole 
of the ecliptic SN ; tlien 

SN-=l-^ft, MN==\+gt; 
and if ^ and tr are the apparent semi-diameters of the Sun and 
Moon 

SM=ff + ^; 
therefore by the right-angled triangle SMN, which may be 
considered rectilinear, since SN, MN, SM are very small, 

i^+^y={i+ftY+{\+gty (1), 

' from which quadratic, t may be found. 
19 
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The least value of t must be taken, since, by hypotheaia, • 
is very small; the other value belongs to the time of last con- 
tact, which may be determined from it, but not so accurately as 
if the values of I, \, /, g are calculated from the approximate 
time of the last contact, and the true time found by an eguatii 
similar to (l). 

437. If t be very small, or the approximate value 2*0 
very nearly the precise time of contact, as generally faappt 
the square of t may be neglected, and t may be determinci 
from the simple equation 

(.7 + ^)= = i- + X^ + 2 (;/+ \g) t ; 

If )x be affected with a negative sign, the same equatii 
determines the time of internal contact, when the Moon's disi 
has just entered within that of the Suo. 

438. If the Sun and Moon be referred to the equator, 
and if }, be the Sun's declination at the approximate time of 
contact T, S' and a' the difFereiices of apparent declination and 
apparent right ascension' of the centers of the Sun and Moon 
for the same time, (which may be deduced by correcting the 
differences of the true declinations and right ascensions for pa- 
rallax), and / and g the horary increments of t and a ; th« « 
if M. {fig. 72.) be the center of the Moon, S of the Sun, and JT^ 
the pole of the equator at the true time of contact T + (, 

SM = fi + a;MN=^' + gt, SN = {a' + ft) . cos S 

.: U + tr)' = (5' + gty + (a' +fty . cos" I 

From which equation, deducing the two values of t, t and^ 
T + t and T -k-t' the times of the first and last contact, I 
obtained as before. 



439. To construct for the places on the Earth's eurft 
where a given solar eclipse is visible. 

The circumstances of an eclipse, which depend only on t 
distance of the centers of the Sun and Moon, will not be altera 
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if the Sun be considered unaffected by parallax, and the Mooil 
depressed to or from it, by the wliole diiFerence of solar and 
lunar parallax. Let S and M (fig. 73.) be the true centers of 
the Sun and Moon referred to the celestial vault, as seen from 
the center of the Earth at any given time during the eclipse. 
With S as pole, and_ angular radius Sv = /t + tr — « (« ex- 
pressed in digits of the diameter of the Sun's disk), describe a 
small circle round S, take Mv any arc of a great circle less 
than p - -JT, and produce the arc vM to a point Z, such that 

Mv={p-ir) . sin ZM. 

Then, at a place the zenith of which is Z, M will be depressed 
by parallax through J/e, and its apparent distance from S 
wiU be 

Sv = fj. + a--n; 

or n digits of the Sun will appear eclipsed. In the same way 
it may be proved that n digits will appear eclipsed at a place 
the zenith of which is Z', Z'v' being situated symmetrically to 
Zv on the other side of SM. By taking other points in the 
arc vv't other places may be determined, in which n digits 
appear eclipsed, and if T, 1* be the two extreme points, 
determined by taking 

Mu = Mt£ = p - TT, and TM = TM = 9(V>, 

n digits will appear eclipsed at the same given instant, at all 
places whose zeniths are situated throughout the whole curve 
TZT", If n = 0, the locus of the zeniths of places at which a 
contact just appears is determined; if «=/i + (r, Sv = Su = 0, 
and the eclipse is central ; in this case, however, only one point 
is determined, since u and u' coincide. In the same manner, 
by giving different values to n, all the places which see the 
eclipse in its various degrees at the instant when the Sun and 
Moon have the true distance SM, may be found ; and by 
giving SM the values when the Moon begins and ceases to 
intercept any portion of light, and all intermediate values, and 

I repeating the same process, all places at which the eclipse is 

I visible may be determined. 

L When the eclipse is first visible, 

I SM =|U + ff+p-M-! 

I 19—2 



in this case also u and u coincide, and one place only, QCfi fro 
M in SM produced, is determined, at whicli the eclipse is » 
when the Sun and Moon are in the horizon. 

By determining in this manner a few of the extreme plaot 
at which a given eclipse is seen, the intermediate places i 
which the echpse is visible, may be easily found on a commtril 
globe. 

440. To calculate from the preceding construction the 
places tvhere a ^laen solar eclipse is visible. 

Through the pole of the equator P (fig. 73.) draw th« ■ 
declination circles PZ, PM, PG, PS, of which PG passd 
through the zenith of Greenwich ; therefore ZPG is the te*S 
restrial longitude of the place whose zenith is Z. Let MS= 
SMv = (p,SMP=Q^Mv = P, T = thetimeat Greenwich wheB 
the true distance of the centers of the Sun and Moon is d 
calculated by Art. 433, A = PM, the Moon's north polar dit 
tance, and A' = PS, the Sun*B. Then 

, cos (« + (T — n) — cos c . cos P 

cos d) = ■ . - ■ „ ■ , 

' sin c . sin P 

cos A' — cos A . cos c 



PMZ = 
imZM = 



sin A . sin e 



cos PZ = sinZiW.sinA.cos(18O''-0-0) + cosZJ/.cosA,,J 
which determines the terrestrial latitude of Z; 
s ZM - cos PZ . cos A 



and cos ZPM = 




sin PZ . sin A 
f — cos A .cos a' 



sin A . sin A' 
ZPS= ZPM + MPS; 

therefore the terrestrial west longitude of the place whose I 

zenith is Z 

" ZPS - GPS 

= ZPS - the apparent time at Greenwich, is kn 
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In order to find all tlie places which see the different phases of 
I the eclipse, P and c must be made to vary in the manner 
pointed out in Art. 439. 

For actual calculation, the equations of this article may be 
simplified, and expedients adopted, by which the labour of 
finding many places where the eclipse ia visible is much 
lessened*. 

On the Number of Eclipses. 

441. The Sun is more than a month in passing through 
the solar ecliptic limits; therefore there must necessarily be 
two eclipses of the Sun in a year, one at each node. If a solar 
eclipse happens very near the node, then at the preceding con- 
junction the Sun had not entered the ecliptic limit, and at the 
succeeding conjunction will have passed beyond it; therefore 
there mat/ be only one eclipse at each node, or two solar 
eclipses in a year. If a solar eclipse happen very soon after 
the Sun has entered the ecliptic limits, there may be another 
eclipse near the time when it leaves the ecliptic limits, and as 
the same may happen at each node, there may be four solar 
eclipses in a year. 

The center of the Earth's shadow is less than a month in 
passing through the lunar ecliptic limits ; therefore there can 
be no more than one eclipse at each node, and there may be 
none ; or there can be only two lunar eclipses in a year, and 
there may be none. 

Hitherto the Moon's node has been considered stationary, 
but since the node recedes about 20° each year, if a solar or 
lunar eclipse happen near the beginning of the year, there may 
be one other of the same kind, at the same node, near the end 
of the year ; therefore upon the whole there may be seven 
eclipses ; five of the Sun and two of the Moon, or four of the 
Sun and three of the Moon, in the course of a year ; and there 
may be only two, in which case they will be both solar eclipses. 

On ike Occultation of fixed stars by the Moon. 
443, When the Moon passes between a fixed star and the 
Earth, the star is said to suffer an occultation. From this 

id the Appendix w the Nautical 
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description it ia obvious, tliat an occultation is very similar in 
its physical circumstances to a aolar eclipse, but is simpler, on 
account of the star being without motion, and unaffected by 
parallax. As in a solar eclipse, the times of occultation will he 
different at different places on account of parallax, and an 
occultation may happen at some places which has no existence 
at others. It has lately been suggested that, on account of 
the bending of the rays by which an occultation or solar 
eclipse is seen, tTiese phenomena will appear as they would 
to a spectator considerably elevated above the Earth's sur- 
face ; and that, consequently, Refraction may sensibly affect 
the times of these phenomena. 

443. To find the time of an occultation. 

From the known longitudes of the Moon and star, and the 
Moon's motion in longitude at the time when her lon^tude = 
that of the star, the time T of conjunction of the Moon and 
star may be found. Let I and \ be the difference of longitude 
and latitude of the two bodies for the time T, f and g the 
horary increments of I and X at the same time, and s the lati- 
tude of the star; then, as in Art. 436. if t be the time from I 
conjunction of first or last contact, S (fig. 72.) the star, and Jf J 
flie Moon's center, at the instant of first or last contact, and P'U 
the pole of the ecliptic, 

SM = Pi, MN =\ + gt, NS = (l + ft) .cois; 

--. ^'^(x + gty+ii+fty.co^'s, 

from which equation finding t and f, the two values of /, 
obtain T + t and T + ^, the times of the beginning and end 
the occultation. 

If \ and I are the differences of the geocentric longitudwl 
and latitudes of the Moon and star, 7" + t and T + t' are the \ 
times at which the occultation would be observed from die J 
center of the Earth ; but if X and / are the differences of the I 
true latitude and longitude of the star, and of the apparent I 
latitude and longitude of the Moon deduced from the Tabular J 
values at the time T by applying the correction for parallax si 
the given place, the apparent times of the first and last conta 
at the place of observation are obtained. 
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444. When an inferior Planet is so near the node of its 
orbit at the time of inferior conjunction, that its latitude, as 
seen from the Earth, does not exceed the sura of its apparent 
semi-diameter and that of the Sun, it lies between the Sun and 
the Earth, and is seen to pass like a dark spot over the Sun^s 
disk. Hence for a transit of Venus, the latitude at inferior 
conjunction must not exceed 961" 4- Si" or 992"; and conse- 
quently her distance from the node must not exceed 1°. 5o'. In 
the case of Mercury the limiting latitude = 961" + 6" = 967", 
and the consequent distance from the node = 3". 98'. 

445. The transit of an inferior planet over the Sun's disk 
is exactly the same, mathematically considered, as a solar eclipse, 
and the same formula; may be applied to calculate the one 
which were used for the other, by changing the quantities /, g, 
&c. which have reference to the Moon, into the corresponding 
quantities for the planet ; therefore, if g he the motion of 
Venus in latitude, / the relative motion in longitude of Venus 
and the Sun, X the latitude of Venus at the time of conjunction 
T, c the sum of the semi-diameters of the Sun and Venus, 



and tan» = ~, 

the time when the transit begins 

_ sin u . , i~ r , 

= T - - — - . < - XsmK + V r- X"cos"?if ] 

g 

the time when the transit ends 
I = 2" + — — . {X sin n + s/c^ - X' i 



s'n j. 



I 



t to 
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Since c=tlie sum of the semi-diameters of the Sun and Venuvl 
the times of first and last contact, as seen from the center of the 
Earth are determined, but if c = the semi-diameter of the Sun 
-the semi-diameter of Venus, the times of Venus having entered 
and of beginning to emerge from the Sun's disk, are obtained. 

446. As ill a solar eclipse, and in the way explained at 
Art. 105, spectators on the Earth's surface refer the planet to 
different parts of the Sun's disk ; on which account the observetlj 
times of the first and last contact, and the whole duration o~ 
the same transit, are different in different places. This dider> 
ence of duration arises from the difference of parallax of the 
Sun and Venus, and may be found by the formulje of the 
preceding Chapter, when the difference of parallax is given; 
therefore, conversely, when the diff'erence of the times of dura^ 
tion is known by observation, the difference between the twa 
parallaxes may be obtained, 

ii'J. The ratio of the parallaxes of Venus and the Sun U 
known from the ratio of their distances from the Earth at thf 
time of transit ; therefore, if the difference of the parallaxes bf 
found from the observed durations of the same transit in di£ 
ferent places, the Sun's parallax may be determined. Ob 
account of the accuracy witli which the entrance of a dark 
body like Venus upon the Sun's disk may be observed, th^ 
duration of a transit may be determined with great exactness 
which renders this by far the best method of finding the Sun'j 
parallax. We may judge of its exactness, by considering 
that the greatest difference in the durations of the transit o 
I7G9 observed at different places, was at least IS™; therefore 
as the Sun's parallax is about 8",57, and is proportional to th« 
difference of the durations, as will be seen below, it would « 
quire an error of 18"" -h S.iiT, or more than 2 minutes, in tbi 
difference of the observed durations, to produce an error of i 
in the computed parallax of the Sun. As it is highly probabb 
that the difference of the durations was known within 15', there 
fore, it is in the same degree probable that the Sun's parallai 
was determinetl within o",2.'j of its true value. If the observejl 
difference, which was possible, had been 25™, it would have re- 
quired an error of nearly 3'" in the difference of the durations 
to produce an error of l" in the computed solar parallax. 
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Tlie superior advantages of a Transit of Venus for finding 
the solar parallax above one of Mercury, consist, first in the 
greater difference of parallax of the Sun and Venus = 23" at 
the time of inferior conjunction, whilst for Mercury this differ- 
ence is only about 9"; and 2nd in the slower relative motion of 
Venus and the Sun during a transit, = 234" nearly, whilst that 
of Mercury and the Sun is 550"; if there was a Planet between 
Venus and the Earth, it would afford still greater facilities for 
finding the Sun's parallax. 

448. To find what places are moat eligible for observing 
a transit of Venus. 

Since the error in the computed parallax of the Sun dimi- 
nishes as the difference of the observed times of transit increases, 
it becomes important to enquire at what places it is most ad- 
vantageous to make the observations. Not to enter into exact 
calculations, which may be made in a manner similar to those 
of Art. 440, we may determine the most eligible places with 
sufficient accuracy by means of a common globe ; and this we 
shall exemplify by taking the instance of the transit of 1769. 
Suppose (as was nearly the case in that transit) that the transit 
begins at 7 o'clock, apparent Greenwich time, and continues 
6 hours, and that the Sun's declination at the same time is 
22^ north. Place the globe so that the altitude of the north 
pole may equal 22", and turn it till the places in west lon- 
gitude 7-IS° = 105° are brought under the fixed meridian; 
then, in this position of the globe, the Sun will be visible at 
all places above the horizon of the globe, and will be in the 
zenith of a place in north latitude 29", at the beginning of the 
transit. If now the globe be turned in the same direction 
through 6.15"= 90", all places above the horizon in the second 
position will see the Sun at the time of last contact, and those 
places which have continued above the horizon whilst the globe 
was turned, will see the whole of the transit. 

In the first position of the globe the commencement of the 
transit is not seen by all places in the horizon, but only at one 
place, which lies in the great circle passing through the centers 
of the Sun and Venus, which place may be determined as in 
Art. 439. 



The place which has the Sun id its zenith at the beginning:* 
of the transit, sees the first contact on the Sun^s eastern limb' 
nearly at the time when it would be seen from the center of the 
Earth; but as this place is near the horizon when the transit 
ends, the duration is diminished. Since the latitude of Venus 
is north, at places in higher northern terrestrial latitudes thaa 
22", Venus is depressed by parallax towards the Sun's center, 
and the duration of the transit is prolonged and this effect is 
increased with the north latitude of the observer. For the 
same reason, the duration is diminished at places in south 
latitude; therefore, among all accessible places which are above 
the horizon in the two positions, those ought to be chosen 
which are most north or south, in order that the observed 
difference of duration may be the ^eatest possible. 

Places in high north latitudes, where the nights are short, 
may see the first contact before sun-set, and the last after sun- 
rise, and in this case also, the duration of the transit would be 
increased. 

449. To find when a transit of Venus may be expected. 

A transit can only happen when Venus is near its node at 
the time of conjunction; if, therefore, the Earth and Venus are 
together in the same node at any time, when they return to the 
same position again, each of them must have made a number 
of complete revolutions. Let n be the number of revolutions 
made by Venus, m the number made by the Earth in the inter- 
val between two conjunctions; then, since the Earth revolves 
in ses^ese, and 'Venus in 224'^,7, we must have 



I 



224,7 
" 365,256 ' 



m . 365'',256 = n . 224'',7 ; 
the converging fractions approximating to which, are 



13 



935 713 
^^" 1159' 



, &c. 



Therefore, a transit may be expected at the same node after a 
interval of 8 or 235 or 713 years. Now a transit happened at I 
the descending node in 1769, and at the ascending node i 
1639; therefore, transits may be again expected at the dfc 
scending node in 



2004, 2012, 2217, 2255, 2490, 2498, 2733; 
and at the ascending node in 

187*, 1882, 2117, 2125, 2360, 2368, 2603. 

To ascertain whether there will be a transit at these times, 
a more exact investigation must be made, and the transit will 
happen or not, according as the least distance of the centers of 
the Sun and Venus is less or greater than th,o sum of their 
semi-diameters. By reason of the present position of Venus's 
node, transits can only happen in June or December; the next 
will be 1874 Dec. 8, 1882 Dec. 6, 2004. June 7, 2012 June 5. 

450. To find the Sun's parallax from the difference of 
the times of duration of the same transit, observed at different 
places. 

Let T, 1* be the Greenwich times when the first and last 
contact would be seen from the center of the Earth ; 7* + *, 
7* + t' the Greenwich times of the first and last contact, seen 
from the place of observation ; I, I' the true longitudes of 
Venus and the Sun at the time T; <j> the horizontal parallax 
of Venus, and /, g, he. as before; then atp will be the effect 
of parallax on the longitude of Venus, where o is a function of 
the position of Venus, and since Venus and the Sun are nearly 
coincident in position an- will be the effect of parallax on the 
Sun's center, so that the apparent difference of longitude at 
the time T 

= ^ - r + « (0 - ,r) ; 

therefore, the apparent difference of longitude at the time 
T+t, 

= l-t + a.(cji--n-) +ft. 

Similarly, the apparent latitude of Venus at the time T+t 

= X + 6 . (^ - tf) + g-A 

Therefore, since the transit appears to begin at the time 2*+ 1, 
if c be the sum of the semi-diameters of the Sun and Venus, 

c^={l~l' + a.{t}}--7r) +ft}^ + {X + ft . (^ - tt) +g-(}« 

= il~iy + \^+i.{a.(l'-t')+bX}.(({t-v) + Z.{f.ii-i')+gK]t; 



l: 



neglecting the squares and products of the very small quantities 
/ and d) — TT. But, since /, /', X, are the longitudes and lati- 
tudes at the time the transit begins to a spectator in the 
Earth's center, 

c= = (/ - I'f + X^ ; 

} a . (/ - + fc X J , (</. - ,r) + } /. - + g-X} ^ = ; 

a . - / ') + h\ 

= a- ((p — tt), by substitution. 

tact being 



I Therefore, the Greenwich time of the first 

I seen at the place of observation 

F the 



If /3 be the corresponding quantity to a for the tiaie 7^, 
the time of the last contact 



= r + i3.i,t,- 

therefore, the whole duration (i>) 

-r-T + f/S-o). (,/,-,). 

If jy be the duration observed at any other place, and /3', 
a corresponding values of /3 and a, 

il'=r-r + (/3'-a'). (,/.-»); 

.■.i)'-fl.(«-a'-/3 + /3'). ($-»), 

Now, (p : -n- :: the distance of the Sun from the Earth: 
the distance of Venus ; therefore ^ — tt : tt " the distance of j 
Venus from the Sun : the distance of Venus from the Earth, 
Let this ratio, which is known, be that of l : e ; 

.■.,.e.(<l>- 



-«'-/3 + /3'- 

The transits of 1761 and 17fi9 were observed in various ! 
places, and the most probable value of w, deduced from the 
different times of duration, has been found to be 8",57ll6. 



451. TliG transits of Mercury, which by reason ofhismore 
frequent returns to his node, occur oftener than those of 

I Venus,niav be used in the same manner for determining the Sun's 
parallax ; but, as has been said, on account of his quick motion 

I and the smallness of his parallax the observations are subject 
to larger errors, and no great dependence can be placed on the 
results. For many ages the transits of Mercury will happen 
only in May and November; the next which will be visible 
in Europe will happen 1845 May S, 1818 Nov. 9, 186l Nov. 1J> 
1868 Nov. 4, 1878 May 6, 1894 Nov. 10. 

Double and Periodical Stars. 

452, Several of the stars when examined with powerful 
I telescopes arc found to be double, that is, to consist of two or 
I more stars placed close together. In some instances this is 
1 probably only an appearance occasioned by two or more stars 

being situated nearly in the same straight line passing through 
the Sun; in such cases the stars are only optically double. 

I But that many are physically double, that is, that they are 
systems revolving about their common center of gravity and 
subject to the same dynamical laws as the solar system, we are 
lead to suppose by considering the immense number of such 

• combinations, (nearly 6000 having been observed), the closeness 

I of the stars in each, and the nearly equal magnitude of the in- 
dividuals in several, and the large proportion among them of 

I stars of considerable magnitude ; all which circumstances are 
inconsistent with the supposition that the proximity to one an- 

I other of double stars is only apparent or accidental. 

I 453. This hypothesis is fully borne out by observation ; 

j for if the angular distance of two stars of a binary combination 
, from one another, and the angle, called their angle of position, 
I which their line of junction makes with the declination circle 
passing through the central star, be observed from time to 
[ time, the changes which these quantities undergo agree exactly 
! with the supposition that one star describes an orbit about the 
I other. Sometimes the angle of position increases continually 
in the same direction, whilst the distance undergoes little varia- 
tion ; this happens when the orbit of the satellite is nearly 
circular, and its plane at right angles to the line joining the 
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Wlien on the other hand the plane 



■ Sun, 



I that thi 



fentral body and the Sun. 

of the orbit nearly passes through thi 

parent motion of the satellite is nearly in a straight line, the 

angle of position undergoes little change, whilst the distance 

continually increases or diminishes, and sometimes becomes 

zero ; in which latter case the satellite suffers an occultatioO 

from its primary, as for example t Ophiuchi, which in 1781 

was a double star, but afterwards appeared perfectly round, 

and is now again double. 

454. Of these binary systems, one star is generally much 
smaller than the other, as in the pole star where one is of the 
and and the other of the llth magnitude; but in some, the 
stars are nearly equal, as in -y Arietis where both are of the 5th 
magnitude, in Castor where one is of the 3rd and the other of 
the 4th magnitude, and in Si Cygni where both are of the 
5th, Another curious ciiKumstance attending several of the 
double stars is that they exhibit the phenomenon of contrasted 
or complementary colours; the larger star being of a ruddy 
or orange hue whilst the smaller one appears blue or green. 

From observations of the distances and angles of position 
at different epochs, the eUiptic elements of the orbits of 
some of the binary stars have been computed ; according to 
Mudler the chief results obtained are the following* : 
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Names of Stars, 


Period of 
Revotutioa. 


Semi -aiis major 
of Ellipse. 


K„„„.„. 


Castor .... 


230^.299 


7".008 


0.7972 


61 Cygni . . 


452 


IS.iS 




7 Virginia . . 


157.5623 


5.35 


0.86805 


f Vrm, . . . 


60.4fl()6 


2.29 


0.4037 


IT CoronK . . 


199.95 


2.9279 


0.5768 


70 Ophiuchi . 


80.61 


4.3159 


0.4772 


7 Leonis . . 


1200 






tj Coronae . . 


4.^.34. 


1.1912 


0.3.^37 


^Cancri. . . 


55 







• Schumacher's Jabtbucb for 1B39. 






455. Double stars require excellent telescopes for their 
observation, being in general so close to one another as to make 
the use of very high magnifiera necessary to separate them. 
It is only instruments of the very best description that will 
e:^hibit a sensible interval between the stars in some of the 
systems just mentioned; ■viz. y Virginis where the present 
angular dist. A = l", and both stars are of the 3rd magnitude; 
and (J Coronic where A = \" and the magnitudes are ,'i and 6. 
For Castor where A = 5", and the magnitudes are 3 and 4, 
and for ^ Cancri, a treble star in which the values of A are 
l",]3 and 5",7, and the magnitudes 5 and fi, instruments not 
quite so powerful will suffice. The double stars e Lyrae and 
5 LyrEE, from their close proximity, are supposed to form a 
physical system of four stars. 

456. Many of the stars, as was stated, have proper 
motions. This is true not only of single stars, but also of 
double stars, which, besides revolving about their common 
center of gravity, are transferred without separating from 
one another by a progressive motion common to both ; and 
in the case of the latter this furnishes a strong proof that 
their motions are not independent. Of the single stars /x Cas- 
siopeias has the greatest proper motion yet observed, amount- 
ing to an annual displacement of 3", 74, or to a secular mo- 
tion of 571" in R.A. and 150" in declin. ; and the double star 
61 Cygni has an annual displacement of 5",3, or a secular 
mbtion of .'lOS" in R.A. and 339" in dec, the two stars of 
which it is composed retaining the same distance from one 
another of 16", This star is probably one of the nearest of 
all the fixed stars to the Earth ; and Sessel thinks he has de- 

* terrained its annual parallax to be about 0",31S6, and its conse- 
quent distance from the Sun about 657700 radii of the Earth's 
orbit. The apparent directions of these proper motions are 
various, and do not seem to have a common tendency to one 
determined point of the heavens; as ought to be the case if 
they aie solely due to a progressive motion of the solar system, 
for they would in that case all tend to the point which the solar 
system was leaving, 

457. Periodical stars are those whicli, though not dis- 
tinguished from other stars by any apparent change of po- 
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sition, undergo a regular periodical change of brightoess, 
amounting in some cases to a total extinction and recovery 
of light. The moat remarkable of these is the star called 
Algol or (3 Persei. It usually appears as a star of the 
2nd magnitude, which it continues to be for about 6l^i it 
then suddenly begins to diminish in brightness, and in about 
4.'' is reduced to the 4th magnitude, in which state it con- 
tinues for about 18"* without sensible alteration. It then 
begins again to increase, and in 4'' 40™ more is restored to 
its usual brightness, going through all its changes in 2,8673 
days. These appearances have been supposed to be owing 
to the revolution round Algol of some large opaque body 
which, when interposed between us and Algol, intercepts a 
portion of its light. Another remarkable periodical star is 
Ceti which oscillates between the 2nd magnitude and total 
invisibility ; it remains at ita greatest brightness about Sff*, 
and invisible about 3 months, and runs through all its phases 
in SSI. g6 days. In all the periodical stars the phase of least 
light continues much longer than that of greatest light; the 
brightness does rot increase and diminish by the same gra- 
dations ; and both the extent of the changes, and the dura- 
tion after which they recur, appear to be affected by physical 
causes of which we are at present ignorant. 
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CHAPTER XVIII. 



lL l^NGITUTIE. 



458. If PZp, PZ'p (fig. 74..) be the meridians of two 
places, whose zeniths are Z and Z", and PSp tlie declination 
circle passing through the Sun's center ; ZPZ' tiie difference 
of longitude of the places = ZPS — Z'PS = the difference of 
the apparent times at the two places, expressed in degrees. 
In the same manner it may be shewn, if S he the mean Sun or 
the first point of Aries, that the difference of longitude of two 
places = the difference of the mean or sidereal times at the 
same places, expressed in degrees. Therefore, the problem of 
finding the difference of longitude reduces itself to finding the 
difference of the reckoned times, whether solar, sidereal, or 
mean-solar, for the same instant of absolute time, at the places 
for which the difference of longitude is required. 

If PZp be the meridian of Greenwich, which the English 
take for their ^rs( meridian, ZPZ' is the west longitude oiZ ; 
therefore, the longitude of any place = the time at Greenwich 
— the time at that place. If the time at the place of obser- 
vation is greater than the time at Greenwich, the longitude of 
the place is measured east of Greenwich. 

459. Tojind the longitude of a place by a. chronometer. 

The simplest method of finding the longitude is by a chro- 
nometer which can be depended on. If a person with such 
a chronometer, which points out and preserves the time under 
the meridian of Greenwich, were to travel to a place under a 
different meridian, the chronometer would continue to denote 
the Greenwich time nearly ; therefore, finding the time under 
the second meridian by some of the methods of Chap, vi, and 
comparing it with the corrected time shewn by the watch, the 
difference will be the longitude of the place of observation in 
time, east when the time shewn by the watch is the less, and 
west when greater. 
20 
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On account of the perfection with which these instrumenl 
are now made, this method is extremely valuable ; but it 
obvious that its value must depend in a great measure upon our 
having it in our power to ascertain if the watch goes uniformly, 
and upon our being able to determine and allow for any errors 
in its rate of going ; that is, upon our being able to find at 
place, by independent methods, tlie time under the first 
ridian, or the longitude of the place of observation. 

460. The difference of longitude of two places may be 
determined astronomically, either by observing some pheno- 
menon which is seen from both places at the same instant, 
such as a lunar eclipse, an eclipse of one of Jupiter's satellites, 
signals made on the Earth by the bursting of rockets, or the 
explosion of gunpowder ; or else, by observing phenomena, not 
themselves happening for both places at the same instant, hut 
from which the times of happening of some other phenomenon, 
which is independent of the places of observation, and there- 
fore the same for both, may be deduced. Such phenomena 
are solar ecUpses, occultations of fixed stars by the Moon, the 
observation of stars that culminate with the Moon, and 
observed distance of the Moon from the Sun, or a fixed 8l 
or planet. 

461. Longitude by lunar eclipses. 
A lunar eclipse, which is visible to half the Earth, woul 

afford an excellent method of determining the longitude 
places, if it could be observed with sufllcient accuracy; because, 
the eclipse happening for both places at the same instant of 
absolute time, the diiference of the reckoned times at two places 
would give their difference of longitude. But, on account of 
the difficulty of determining the separation of the shadow and 
penumbra, two observers of an eclipse at the same place may 
differ more than 2° in noting the time of contact ; therefore, 
the longitude determined from the observed times of contact 
may be erroneous to the amount of i" of time, which pro- 
duces an error of 1" of longitude. The error may be diminished, 
by observing at the two places the times when the shadow 
reaches known spots on the Moon's disk, determining the li 
gitudc from eacli pair of observations of the same spot, 
taking the mean for the true longitude. 
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This method, even if it were more accurate, must be of 
little use at sea, on account of the comparative rarity with 
which lunar eclipses recur. 

462, Longilude by the eclipses of Jupiter's satellites. 

Although not so accurate as some of the succeeding methods, 
yet, on account of the frequency with which the eclipses recur, 
and the easiness of the observations, this method of finding the 
longitude for great distances is often used. In order to facili- 
tate its application, the times at which the eclipses occur at 
Greenwich are given annually in the Nautical Almanac, three 
or four years in advance, by comparing which, with the 
observed times at any other place, the longitude of the place 
may be determined. The method cannot be used at sea on ac- 
count of the difficulty of directing a telescope properly on ship- 
board, which, as yet, has been found insurmountable ; and 
even on land at the same station, two observers with telescopes 
of different magnifying powers and apertures, will seldom agree 
within a second of each other. Indeed, as the satellite has 
a considerable apparent diameter as seen from Jupiter's center, 
and as the penumbra extends to a sensible although very small 
distance beyond the shadow, the instant of the total immersion 
of the satellite, or of its complete emersion, cannot be exactly 
determined; and therefore the only case in which this method 
can be of much use in determining terrestrial longitudes is 
where both the immersion and emersion are observed with the 
same telescope and by the same person, and by that means the 
precise instant of the satellite's opposition to the Sun becomes 
known. 

463. Longitude by si^'nala. 

Of all methods of determining small differences of longitude, 
perhaps the most accurate is that by signals made on the Earth's 
surface. The bursting of a rocket, or the explosion of gun- 
powder, fired from an elevated spot, on a clear night, may be 
seen distinctly with a telescope at a distance varying from 
twenty to ninety miles, according to the power of the instru- 
ment; therefore, by observing the times at which the same 
explosion is seen at two places, the difference of longitude of 
the places may be determined ; for the absolute time of the ex- 



plosion will be the same at both stations withiD 3 quantity d< 
pending upon the velocity of light not appreciable in 
of distance of the magnitude here supposed. If the places whose 
diiference of longitude is required, are too distant to observe 
the same signal, a series of such signals must be made and not^d 
by observers placed at intermediate stations from which two 
adjacent signals can be seen. Here, as in other cases where 
accuracy is required, we must not be contented with the lonj 
tude determined from one observation, but take the mean 
several longitudes determined by numerous observations. 

The times at which the explosions are to take place, must bft'* 
previously agreed on by tlie observers, and the telescopes roust 
be properly directed during the day-time. Great attention also 
must be paid to the rate of the chronometers, and to the da- 
termination of the time at the places of observation, which ia 
done by observing the Sun's transit, or by corresponding 
heights of the Sun during the preceding day, and also of. 
fixed star near the time of observation. 









464. Longitude by the method of Moon-culminating Sii 
Of the second class of methods by which the longitude is 
determined, the simplest is by finding the increase of the 
Moon's right ascension in the interval between the transit of tl 
Moon over the first meridian, and over the meridian whi 
longitude is required. This is done by observing the dil 
ences of the right ascensions of the Moon's bright limb am 
star nearly in the Moon's parallel of declination and not 
fering much from her in right ascension, at the two meridiani 
then, supposing the rate of increase of the Moon's right ascen- 
sion to be known, the difi^erence of longitude niaj' be obtained. 
Let T be the time by the clock when the Moon's bright 
limb is on the meridian of any place, t the time of transit of 
known fixed star, S-t + w the interval between two succe) 
transits of the same star, x being the error of the clock in tl 
interval; then 24 + .c : T — t :: 360" : the difference of rij 
ascension of the Moon's bright limb and the star at the insti 
the limb was on the meridian ; to which, adding the knoi 
right ascension of the star, the right ascension of the Moon'f 
bright limb (a') when on the meridian is determined. Now, 
the stars proper to be observed, and the right ascension of the 
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Moon's bright limb when »ii the meridian of Greenwich are 
given in the Nautical Almanac for every day of the year, 
from whence the daily increment of right ascension may be de- 
termined ; let, therefore, « be the right ascension of the Moon's 
bright limb when on the meridian of Greenwich, e the incre- 
ment of right ascension in the time between two successive 
transits over the same meridian ; then, whilst the Moon, by its 
relative motion, separates from the meridian of Greenwich by 
an angle of 360", its real motion in right ascension is e, and 
whilst it separates by an angle equal the difference of longi- 
tude, the motion in right ascension is a— a', therefore con- 
sidering the change of right ascension uniform, 

the required longitude = . 360™. 

When great accuracy is wanted, the difference of longi- 
tude corresponding to the increase of right ascension a — a 
must be determined by interpolation. This is considered one 
of the best modes of determining the longitude of distant places 
when the observer, furnished with a transit instrument, can 
obtain a landing. 

465. A method similar in principle to the preceding, but 
much more subject to error, is, by calculating the hour angle of 
the Moon from a single observed altitude, an approximate decli- 
nation, and the latitude of the place; then, the Moon's right as- 
cension = the Sun's right ascension 4- the Sun's hour angle + the 
Moon's hour angle, is known. Having found the right ascension 
of the Moon, it may he compared with the right ascension when 
on the meridian of Greenwich, and the difference will be the 
increase of the Moon's right ascension, whilst by the diurnal 
motion she describes an angle = the longitude of the place + 
the Moon's hour angle : this angle may be found exactly as in 
the preceding Article, and subtracting from it the Moon's hour 
angle, we find the longitude of the place. We have supposed 
Greenwich and the Sun to the west, and the Moon to the east 
of the meridian in question. 

466. When the difference of longitude of two places is 
nearly known, a more correct value may be obtained by ob- 
serving the Moon's transits over the meridian in the following 




Let i, t' lie the observed differences at two stations A, A' 
(whose east longitudes from the meridian of Greenwich are 
known very nearly, that of A' being the greater,) of the times 
of transit of the Moon's western limb, and a known star 
situated west of the Moon, and liaving nearly the same decli- 
nation, expressed in sidereal time; also, let c, c be the apparent 
times, as shewn at Greenwich, of the Moon's center being on 
the meridians of ^,^': and a, S,di a',S,d', the right asceasion, 
declination, and angular radius of the Moon as they would ap- 
pear to an observer at the Earth''s center at those times ; there- 
fore, the true observed motion in right ascension of the Moon''s 
center between the observations, expressed in sidereal time, 



15 VcOsS COS S^j 

Now c — c' is an interval of apparent time ; but if s be the in- 
crease of the Sun's right ascension, on the day of observation, in 
24*", expressed in sidereal seconds, the equivalent sidereal inter- 

, . 86400 -I- « , . , . , . . 

vat la -; (c — c ), and in this interval the true motion 

86400 ^ ' 

of the Moon's center in right ascension 



— (a - «'). Also the 

time between the Moon's limb being upon the two meridians 
is .17 + A,i{ "> be the difference of longitude in sidereal seconds, 
in which time the true motion in right ascension of the Moon's 
center is A ; 



i 



86'400 + ( 



(c-c') : *7 + A : 



-Ja-a') : A, 



{86400 + s c~c 1 

.'.760 a- a f 

This metho<l is independent of the errors of the lunar tablei 
except so far as the horary motion in right ascension of thJ 
Moon is concerned ; it does not require the position of the stsr j 
to be correctly known ; and an error of several seconds in the-J 
state of the clock is of no consequence*. The stars employed 
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in this method are those i 
time of observation. 



near the Moon as possible, at the 



467- To find the longitude from the observed angular 
distances between the centers of the Moon and Sun or other 
heavenly bodies. 

Let J, a, S be the true altitudes, and the true distance of 
the centers of the Moon, and of the Sun (or some other hea- 
venly body) ; A', a, S" the observed values of the same quan- 
tities, at a time which is exactly known, the rate of the chro- 
nometer having been determined by nearly contemporary ob- 
servations. Then, if P and R be the Moon's parallax and 
refraction, p and r the Sun's, calculated from the apparent 
altitudes A' and a by the formula; of Chap, ix, 



A = A'-R + P, 



-r+p. 



Let 8 and m (fig. 75.) be the apparent places of the centers of 
the Sun and Moon, S and M the true places, Z tlie zenith, and 
let w = the angle SZM ; then, from the triangle SZM, 

coB^ = sin ^ . sin a + cos A . cos a . cos w 

= sin .4 sin a + cos .^ . cos ffl . (2 cos^ia; - l) 

= — cos {A ■{■ a) +2 cos A . cos a cos'^-a?. 

But cos 5 = 1 - 3 sin^lS, cos (J + a) = 2 cos^^ ( J + o) - 1 ; 

.'. sin'lS = cos'^ (J + a) - cos j4 . cos o . cos^^a?. 

And from the triangle Zsm, 

n\ (Zm ■+ Za + ms) . sin^ (Zm + Zs - ms) 



B'^a? = - 



sin Zm. sinZ« 



co^^U + a' - S') .cos^(A- + a' + S') 




Let the subsidiary angle be determined from the eqiutioe 
'fcos A .cos a cos^(J'+a'-r).cosi(J'+a'+?)I 



' [CQ 




CQs*i (J + a) 



^*<p; 



'ocdi^ 



from which equation o, the true distance of the centers of 
SuD and Moon, may be found. 

The angular distances between the centers of the Mi 
and certain heavenly bodies, such as they would apjiear to 
observer at the center of the Earth, are registered in the Nau- 
tical Almanac for every third hour of Greenwich Mean Time. 
When a lunar distance has been observed on the surface of the 
Earth and reduced to the center by clearing it of the effects of 
parallax and refraction by the foregoing process, it will be 
found to lie between two successive registered values; and the 
exact Greenwich Mean Time corresponding to the observed 
distance must be determined in the usual way by interpolation, 
or by adding the proportional part of s" to the time answering 
to the nearest registered distance ; and taking the difference 
between this and the apparent time at the place of observation 
already noted, we obtain the longitude of the place of observanfl 
tion in time. m 

468. Among the various ways by which the Moon's true 

distance (S) is found, from the apparent distance and the 
apparent altitudes of the Sun and Moon, the preceding, by 
Borda, is considered the best. The following method is also 
one of great simplicity, as the latter part of the operation, with 
the assistance of a table of versines, is performed by simple 
addition and subtraction, without requiring logarithms ; ~ 

-.- cos ^ = sin ^ . sin a 4- cos A . cos a , cos w ; 

■■■ cos 5 = sin .4 . sin a + cos A. cos a (l ~ 2 sin* 4a) 1 

« COB {A ~ a) — S cos A . cos a . sin' ^ ai 



„(J-a)-- 



r-ml(A' + i: -a') .fijiHa' + S' - A'fM 



Let cos = ^ - 



y- 


«').!i 


i(«'+d' 


-^') 


- cos (A' 


-«■)} 




-a 


-COS 


(« + !•'- 


^■); 


(y 


+e) + 


TCr-sin {S 


-6) 



.'. cosS = cos(^ — «)— 4cos6.sin^(J' + i 

= cos(^-o)+2cos9. {cos^ 

= cos (^ - a) + cos (9 + S') 

+ cos(e-S')-cos(6 + A'- 

,: ver-sin S = ver-sin {A — a) + ver-sin 

— ver-sin (A' ~ a +6) — ver-sin (A' — a — 6). 

469. The heavenly bodies, whose distances from the 
Moon at any time are computed in the Nautical Almanac, are 
those which lie at a distance from the Moon's place at that 
time not exceeding 12o", In making the observation that body 
is to be preferred, towards or from which the velocity of the 
Moon is the greatest (i. e. the difference of their declinations 
should be as small as possible compared with the difference of 
K.A-.), because then the greatest reliance can be placed on an 
observation of the distance; but every registered object should 
be observed, if opportunity offer, in order to get the most ac- 
curate value for the Greenwich mean time of the observation. 
The method of finding the Longitude by Lunar Distances is 
the only one which is of much use at sea, as it requires no 
other instrument than the sextant, and the observations are 
such as can be very frequently made. There ought to be 
three persons to observe at the same time the two altitudes, 
and the apparent distance. But where there is only one ob- 
server, it will be sufficient to observe the one altitude, then the 
distance, and then the other altitude ; and immediately to repeat 
the operation of observing the altitudes, and from these ob- 
served altitudes, and the known intervals between the observa- 
tions, to find, by taking the proportional parts, the altitudes 
which would have been observed at the instant the distance 
between the centers was measured. 

470. To find the longitude from an observed occultation 
of afi.ved star by the Moon. 

When this method is used, the longitude is supposed 
known, very nearly. If it were known exactly, and the Lunar 



Tables were perfectly correct, then from the observed time a£M 
contact the corresponding Greenwich time would be known; T 

and the longitude and latitude of the Moon's center for that 
time being taken out of the Tables and corrected for parallax, 
would be the apparent values of those quantities at the instant 
of the observation, and would therefore satisfy the condition of 
tile distance of the Moon's center from the star being exactly 
equal to the Moon's semi-diameter. This consideration enables 
us to correct the assumed longitude of an observatory, and the 
errors of the lunar tables, as follows. Let 9 be the approxi- 
mate longitude in time, 9 + t the true longitude, and let The 
the reckoned time of the contact at the place of observation ; 
therefore, T + 9 + t is the corresponding Greenwich time. 
Let the Moon's true latitude and longitude, taken out of the 
tables for the time 7"+ 0, be corrected for parallax, and let I 
and X be the resulting apparent longitude and latitude of the 
Moon's center at the Greenwich time T + 6, and/ and g the 
horary increments of the same quantities ; also, let t and \' b 
the latitude and longitude of the star j then, at the time c 
contact, 

the difference of longitude = 1-1' +ft, 

latitude =\-'h! +gt: 

therefore, if n be the semi-diameter of the Moon, 

^^ = (1- 1' +fty cos'x + (\ - \'+gty 

= il-tfc0^'\-i-{\-\'y + 2{f.il~f).CO5'\ + g.(k~X')}t, ^ 

neglecting the square of 1 1 

/i' - (X - X')' -(I- ty cos' X 
" S . {^(X - X') +/. (I - cos» X} ' 
from whence the correct longitude + i is known. 

471. The preceding solution has been obtained upon the 
supposition that the lunar tables are correct ; but as this is not 
often the case, the values of X and I will be subject to slight 
errors, let these be Si and S\ ; then, we have 

^'= {1 + Bt -t +fty .cos'x + (\ + s\-ii' +gty 
= (i-i')cos'\+(\-\'y+2{f.(i-r).pos''\+g{\-\')]i 

+ 2 (i - cos^X . 3/ + 2 (X - X') B\, 
neglecting the squares and products of Si, SX, and (. 




This equation may be put under the form 

and if the same occultation be observed at two other places, 
whose longitudes are known, we shall be furnished with two 
more simple equations of the form 

A' + C'Sl+D^\ = o, 
and from these three equations the values of t, Si, and ^X, may 
be found. 

i'J2. When extreme accuracy is required the apparent 
distance of the centers of the Moon and the occulted body 
may be calculated as follows : 

Let S" (fig. 29. Plate III.) be the apparent place, and S 
the place as it would appear to an observer at the Earth's 
center, of the center of the Moon at the time of observa- 
tion ; then PS = A, and ZPS = h= tabular R.A. of Moon's 
center — R.A. of zenith, are given in the Nautical Almanac, the 
Greenwich mean solar time of observation being known. Also 
let Py = A', ZPfi'= k', and ZS' = =', be the apparent N.P.D. 
hour angle, and distance from the geocentric zenith, of the 
Moon's center ; ZP = c, and ZS = is ; then from the triangle 
ZSP, / S and Z Z may be computed in the usual way. For 
calculating the apparent zenith distance and hour angle of the 
Moon's center, we have (Art. 249,) 



sin («' — sf) 
sin (A' - A) = 



sin P sin a', 
sin J* sin c si 



from which s' and A' must be obtained by successive approxi- 
mations ; sin P being sin of hor, parallax 



= sin of hor. equat. parallax ^ \/l — e" cos^ c, (Art. 248). 

Then apparent semi-diameter = geocentric semi-diameter . 

sins 

Also sin (A' - A) = sin («'- k) cos S" 

= sin (as' - s) cos (S' - n) suppose; 

then cos (S -n) = cosS cos (A' - A) + sin S cos A sin (A' - A) ; 



I then cos ( 
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.-. n = (A' - A) cos A - i (A' - A)^ cot S sin^ A (Art. l6l) ; 

which determines n ; and then A' the apparent N.P.D. becomes 
known. 

Let S'= apparent N.P.D. of the occulted body, d = diflFerence 
between A' and 5', and a = the difference of the apparent right 
ascensions ; then if a vsin ^ sin A' = d tan 0, 

apparent distance of centers = d sec <p. 

This compared with the observed distance of the centers 
will serve to test the accuracy of the tables,- and the lon- 
gitude of the place of observation.* 

* See the Cambridge Observations for 1837, p. Ixxvii. 



APPENDIX I. 



ON THE PBOJFXTION OP THE SPHERE. 

1, The projection of the sphere is a representation of 
the circles of the sphere on a plane given in position, as they 
appear to the eye situated at a given point ; the investigation 
of the means of effecting this, is Perspective confined to these 
particular objects, and the use of it, the construction of Maps 
and Charts. 

The plane on which the circles are to be delineated is 
called the primitive plane, and is most frequently supposed to 
be situated between them and the eye ; if lines be drawn from 
all the points of the circles to the eye, these will by their in- 
tersection with the primitive, form the projection ; that is, a 
representation which produces the same effect on the organ of 
vision as the original does. 

2. We shall treat of three methods of projecting the 
sphere arising from the different positions of the eye, viz. the 
orthographic, stereographic, and gnomonic. In the first, the 
eye is supposed to be infinitely distant, so that the lines of 
vision are parallel to one another and perpendicular to the 
primitive; in the second, the eye is situated on the surface 
of the sphere, and the primitive passes through the center so 
as to have the eye in its pole; in the third, the eye is in the 
center, and the primitive a tangent plane to the sphere; and 
on which ever of these suppositions the projection is made, 
it is further termed eguaioreal, meridianal, or horixonial, 
according as the plane of projection coincides with, or is 
parallel to the equator, or to the meridian, or horizon of any 
place. 

I 3. Tlie orthographic projection of any straight line = 

I the line x cosine of its inclination to the primitive. 

I Let AB be any line (fig. 7G.), DE the intersection with 

I the primitive of a plane through AB perpendicular to the 
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primitive; draw Aa, Bb perpendicular to DE, then a6 is I 
the projection of AB, and, drawing AC parallel to DE, 
AC = AB . cos BAC, or ab = AB . cos inclination. 

4. T'he orthographic projection of a circle is an ellipse J 
whose axis major is equal to the diameter of the circle, andj 
axis minor = axis major x cosine of inclination of the plane o* 
the circle to the primitive. 

Let AB (fig. 77-) be that diameter which is parallel to the 
plane of projection, EF the diameter perpendicular to AB, 
and consequently to the line of intersection of the plane of the 
circle and the primitive ; therefore the inclination of EF to 
the latter plane measures the inclination of the two planes; 
also let PN be any ordinate parallel to EC, and ab, ef, pn 
the projections of these lines. Then 

pn = PN . cos incl" = — — ; . PN = — gn, 

a^fr being a semicircle on the diameter a5; therefore the locus J 
of p, or the projection of the circle, is an ellipse whose 
major axis ab = AB, and minor axis e/= ab . cos inclination. 

The orthographic projection of a circle parallel to the 1 
primitive is an equal circle ; that of a circle perpendicular ] 
to the primitive a straight line equal to its diameter. 

5. Tlie Btereographic projection of any circle not pass- i 
ing through the place of the eye is a circle. 

Let E be the place of the eye (fig. 78.) at the extremity of 
the diameter NE, which is perpendicular to the primitive FG, 
AQB any small circle whose pole is P, PNFE the great circle 
passing through E and P, and whose plane ia consequently 
perpendicular to the primitive and to the plane of AQB, and 
bisects the circle AQB in AB. Let aqb be the intersectioa of 
the cone whose vertex is E and directrix AQB with the pri- 
mitive, or the projection of jiQB; and let ab be the line in 
which this projection is intersected by the plane AEB which is i 
the principal section of the cone ; then, joining NB, we have 

£ EAB = ENB = compl*. of BEN = CbE. 
Hence (Conic Sections, Art. 221.) aqb is a subcontrary section ' 
of the cone and therefore a circle having ab for its diameter. 
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6. Having given the angular radius of a circle and the 
inclination of its plane to the primitive, to find the center and 
radius of its stereographic projection. 

From any point Q in the given circle draw QE meeting 
the primitive in q; join CQ, Cg, and let NQ, PQ be arcs of 
great circles. Then from the spherical triangle NPQ, taking 
as usual the arcs to represent the angles which they subtend, 

cos PQ = cos NP cos NQ + sin NP sin NQ cos PNQ. 



Let Cq = p, JL a Cq = Q, and the radius of the sphere = 



. t 



C-=tanC£g = tan^JVQ; 



.sin JVQ=--1--,cobA'Q = -— C-, 



Iso let the sines and cosines of the angles subtended by PQ, 
FN, be respectively denoted by s, c, s', c ; therefore by sub- 
stitution, 

c= c — — -- + a — — -^ cos V ; 
r + p' r' + p* 

.'. (c+ e')p' -2r«'pco3 + (o - 

;T 

c+c 

which is the polar equation to the circle aqh. Let be its 
center, since it must lie in a6, and let CO, the distance of the 
centers of the primitive and the projection, = H, and Oq, the 
radius of the projection, = R\ .: p' ~2 Dp cos 9 + D' — R'' = i 
therefore, comparing this with the above equation, 

„ r/ r sin PCN 



p cos 6 + 



- e') r" = 0, 

= 0, 





+ ' cos PCQ + cos PCN* 






jy-m 


c + c' 




r'." 


c-c' 


, J'-f + c' 

■ (c+c)' ( 


r'^ 


(c + c-/ 


c-^c 


c + c) 


or fl = 


c + c 


r sin VCd 




cos fCU + CO. PCN 


' 



|i where PCQ, PCN, are respectively the angular radius, and 
I inclination to the primitive, of the original circle. 
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The direction in which D is measured, coincides widi the 
plane of the great circle passing through the eye and the pde 
of the circle to be projected. If the circle intersect the primi- 
tive, the line joining the points of intersection will be a chord 
of the projection, and the center of the projection will be in a 
line bisecting that chord at right angles. 

7. The following particular cases are to be noticed. 

(1) Let the original be a great circle, then PCQ, = 90°; 

.•. D = r tan PCN = r . tan inclination, 
iJ = r sec PCN = r . sec inclination. 

(2) Let the original be parallel to the primitive, then 
PCN^O; 

^, r sin PCQ 

' 1 + cos PCQ 

= r tan^ PCQ = r tan ^ (angular radius). 

(3) Let the original be perpendicular to the primitive, 
then PCN = 90° ; 

.'. D = r sec PCQ = r . sec angular radius, 

R = r tan PCQ = r . tan angular radius. 

8. If the greatest and least angular distances NCA, NCB 
of the circumference of the original from N the opposite pole of 
the primitive be given equal to a and /3, 

then R^\ (Ca + Cb) 



= -(tanla+tanAj3) = 



2 ^ ^2 cos ^ a cos ^/3 ' 

D=^R-Cb = ^(Ca-Cb) 

^ , 1 1 ov r sin 1 (a - i3) 

== - (tanl^a - tan ^B) = P ^ . 

2^ ^ ^^^ 2 cos la cos ^/3 

If (i be greater than a, D becomes negative ; which shews 
that is situated to the left of C ; that is, the center of the 
projection lies always between the center of the primitive, and 
the line of intersection of the planes of the original and primi- 
tive. If B fall to the right of iV, the sign of j3 must be 
changed in the above expressions. 



I 

L 



9- The projection of the arc NPA is Ca, which h equal to 
CE tan CEa, or CE tan -^ NCA ; that is, the projection of an 
arc of a great circle, one of whose extremities coincides with the 
pole of the primitive, is equal to the radius multiplied by the 
tangent of half the angle which the arc subtends at the center. 
Every circle whose plane passes through the eye is of course 
projected into a straight line. 

10. The angle between any two great circles is equal to 
the angle which their stereographic projections make with each 
other at the point in which they intersect. 

Let two great circles AM, BM, intersect in the point M (fig. 
85.), and let Mt, Mf, be lines touching them at that point ; also 
let NME be the great circle passing through M, and the eye E. 
Let the tangent plane to the sphere at the point M, which will 
contain the lines Mt, Mif, cut the plane of NME in the line 
MT, and tile primitive in the line Tt' ; then if m be the pro- 
jection of M, and mt, mtf be joined, /.tmt' is the projection of 
/.tMi. But Tt being the intersection of two planes, each of 
which is perpendicular to the plane NME, is itself perpendicu- 
lar to the same plane, and therefore to the lines TM, Tm ; and 
the angles TMm, TmM are equal, being the complements of 
equal angles CMm, CEM% .: TM = Tm, and the triangles 
Tmt, tTM, are equal in all respects; .-. £. TMt = Tmt; 
similarly TMt'=Tmt'x .: tMt'=tmt', or /.AMB=^AmB. 

11. It is evident that tMt' is the angle between any two 
curves on the surface of the sphere intersecting in M and 
having the same tangent lines as the great circles, and tmt' is 
the angle between their projections, 

12. The gnnmonic projection of every smaU circle ia a 
conic section. 

Let DE (fig. 79.) be any small circle whose pole in N, 
AN a great circle passing through A, the center of the primi- 
tive, and through N, and consequently bisecting the circle DE, 
and meeting the primitive in the line AO. Then if the right 
cone whose vertex is P and directrix EQD intersect the primitive 
the curve GqH, this will be the projection of EQD ; which 
therefore a conic section ; and the projection will evidently 
^1 



be an ellipie when the original lies entirely above or below tlie 
plane through the eye parallel to the primitive; a paraboU 
when it touches that plane ; and a hyperbola when it intersecti 
that plane. 

13. Having given the angular radius of a circle and the 
inclination of its plane to the primitive, to find the center an^ 
axes of its gnomonic projection. 

Constructing as before, take any point Q in the given circle 
and produce PQ to meet the primitive in q, also join AQ, NQ^ 
by arcs of great circles, and let An = x, qn =y, be rectangular 
co-ordinates of 5, and PA = r ; then from the spherical tri- 
angle ANQ,, '' 



k 



COB NQ. = cos NA cos QA + sin NA sin (lA cos NAQ, ; 
but tan AQ =■ 



4]-y^, 



cos NAQ = QosqAn = 



■v/^+j/^' 



hence, denoting the sines and cosines of the angles eubteoded 
by NQ, NA, by s, s', c, c respectively, and substituting, 



■ -.(»■■■ 



■ ~ /-„ — - + ^ . — .— ■ ; 



which is the equation to a conic section of which the axis pf x 
is an axis ; and if a and 6 be the semi-axes, and d = AO the 
distance of the center of the projection GH from A, then 



therefore, comparing this equation with the above. 



-.(«'-'^) = 







in which expressions c, «, denote the sine and cosine of the 
angular radius, and c, ^ those of the inclination. 

14. Let a and /3 denote the greatest and least angular 
distances of the circumference of the original from A, 



■.d = 



then c* - s" = cos' NPE - sin' JVPJ = cos {NPA + NPE). 
X cos {NPA - NPE) 
I r sin 2 NPA r sin (a + /3) 



licosacoajS S cos a cos ^ * 

r sin B jypg r sin (g - /3) 

2 cos a COB /3 2 ' cos a cos j3 ' 
rsinA^Pg sin ^ (a - ;3) 

v'coB a cos |3 V cos o cos /3 



4 



15. Let i?j< = 90", or NQ. + ^^ = 90", and therefore 
s' •= c; then equation (1) becomes 

«* = — (s^-c') +2- r/B. 
c c 

Let I = the latus rectum of the parabola represented by this 
equation, and rf the distance of its vertex from A ; 

.: I = = 2r . tan (aneular rad.) and Id = -r {t^ ~ a"), 

c c 

or d = ^ — (c^ — s') = r cot 2 (angular rad.) 



16. If the given circle be parallel to the primitive, its 
projection will evidently be a circle, concentric with the pri- 
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mitivc, whose radius = rtan (angular rad,) Tliia also appears 
from Art. 13 ; for we hove «' = 0, c' = l ; 

.; a = b = r- = r tan (angular rad.) 

For the general method of solving problems of this kind se? 
Hymera's Analytical Geometry of Three Dimensions, p. 183. 

We shall now give an example of the application of the pre- 
ceding propositions to drawing the projections of the parallels 
and meridians according to each of the three methods, prepara- 
tory to delineating a portion of the Earth's surface. 

17. To delineate the orthographic projection of the 
circles of the terrestrial sphere upon the plane of the meridian 
of any place. 

Let WNES (fig. 88.) be the primitive, WE, NS being 
the projections of the equator and a meridian perpendicular 
to the primitive. Take CB = r cos L, and describe the semi- 
ellipse NBS whose ^ axes are CN, CB ; then NBS is the 
projection of a meridian inclined at an angle L to the primi- 
tive ; and similarly may all the meridians be projected. The 
parallels of latitude, since their planes are perpendicular to 
the primitive, will all be projected into straight lines parallel 
to WE. Having thus described the meridians and parallels, 
the countries intended to be represented are to be traced out 
according to their respective situations and extent, the position 
of every point being determined by the intersection of its 
given meridian and parallel of latitude. The distance, measured 
along CE, between two meridians in the projection whose origi- 
nals are inclined to one another at a given angle SL, = r sin L^L 
nearly, and therefore decreases as the originals become less 
inclined to the primitive; hence the countries at a distance 
from the center of the primitive are contracted beyond their J 
natural limits. 

18. To delineate the gnomonic projection of the circletfi 
of the sphere upon a plane parallel to the equator. 

In this case the meridians will all be projected into strdghtl 
lines, being diameters of the primitive, and forming the a 
angles with one another that their originals do on the surface o 
the sphere ; and the parallels will be projected into circles o 



centric with the primitive, the radius of any one being equal to 
r.tan (angular radius of its original). {Art. l6.) Hence the 
circumference of the primitive will be the projection of the 
parallel of iS"; and for parallels of latitude less tlian 45" the 
projections fall witliout the primitive, and as the parallel ap- 
proaches the equator, the radius of its projection increases, and 
at last becomes infinite. Consequently a whole hemisphere can- 
not be represented by this method ; it affords a tolerably ac- 
curate representation of the polar regions, but all countries 
further from the pole than the parallel of 60° are distorted by 
too great extension. The gnomonic projection is the reverse of 
the orthographic as to its dofecta ; both are best adapted for 
representing countries at a moderate distance from the center 
of the primitive. 

19. To delineate the stereographic projection of the 
circles of the sphere upon the horizon of any place. 

Let NS, WE, (fig. 88.) be the projections of the meridian 
and prime vertical, JV£5'H'' being the primitive. Then, be- 
cause the projection of an arc of a great circle originating at 
the pole of the primitive = r tan (^ the angle which it sub- 
tends), (Art. 9-) taking on the projection of the meridian 
CP = r tan 1 colat., P is the projection of the pole, and taking 
CQ -" r tan ^ lat., the circle described through WQE is the 
projection of the equator. Let RPR' be the projection of a 
meridian inclined at an angle L, to the meridian of the place; 
the line joining R, R' is a diameter of the primitive, and O the 
center of RPR' lies in the line CO perpendicular to CR. 

But CO = r tan inclination = r tan JVHP = r tan /cosec iVCil 
from the spherical triangle of which NPR is the projection, 

or CO = r tan I sec ACO, 
which shews that the centers of the projections of all the meri- 
dians lie in a straight line AO perpendicular to SC, where 
AC = r tan /. 

Also, sin I = tan NCR cot NPR = cot L cot ACO ; if, there- 
fore, we determine ACO from this equation, a circle described 
from center with radius OP, is the projection of a meridian 
inclined at an angle L to the meridian of the place ; hence 
the projections of all the meridians can be drawn. To pro- 



ject a parallel whose angular radius ia S, take Cr, Cs equal to ■ 
r tan ^ (c - S), r tan ^{v + S) respectively, c being the colatitude, | 
then a circle described on the diameter er, is the required pro- I 
jection. 

20, All perspective representations of the sphere distort I 
those parts which are not projected near the center of the primi- I 
tive plane. In maps of small portions of the Earth, this i. 
of much consequence, as the middle of the map may be always I 
taken for the center of the primitive, but when extensive tracts [ 
are to be represented, the countries near the edge of the map 
must differ considerably from their true proportion. Lagrange, 

in the Berlin Memoirs for 1779, has investigated modes of 
drawing charts which coincide most nearly with the countries 
to be represented; and other methods may be seen in the • 
Encyclopedie Metkodique, Art. Cartes. Here it is only neces- I 
sary to notice Mercator's Projection, according to which &ea> | 
charts are usually drawn. 

21. If we conceive the Earth to be touched according to 
its equator by a cylinder, and the meridians and parallels to be j 
projected upon the surface of this cylinder, the eye being in J 
the center, the meridians would manifestly be projected into I 
straight lines parallel to the Earth's axis, and the parallels into I 
circles whose planes are perpend iculai" to that axis ; cons&- I 
quently when the cylindrical surface is developed, the meridians ■ 
would be represented by equidistant parallel straight lines, and 
the parallels also by straight lines perpendicular to the me- 
ridians, the distance of any one from the projection of the 
equator being proportional to the tangent of its latitude. 
Hence for high latitudes, the distance of the parallels would 
become very great, and it would be impossible to represent the 
parts near the pole by this method; besides, on the sphere, if 
two places are on the same meridian, and their latitudes differ 
by l", their absolute distance is every where the same, whereas 
in the projection we have feigned, it would vary nearly as the J 
square of the secant of latitude; also if two places are oh the I 
same parallel on the sphere, and their longitudes differ by 1', ^ 
their absolute distance varies as the cosine of latitude, but in 
the projection, it would be invariable. The above mode of 
projection would therefore be very defective, and the followiog 



modification of it will give a much more accurate representation, 
■viz. that the measures of a degree of latitude and longitude at 
any point of the projection, shall have the same relation as 
exists between their measures on the surface of the sphere at 
the corresponding point, the meridians being still projected 
upon the surface of the enveloping cylinder, and the parallels 
drawn consistently with the condition just stated. This is the 
principle of Mercator's method, which consequently does not 
give a projection as hitherto understood, that is, such a repre- 
sentation as would be formed by drawing lines from the eye, 
through every point of the object, to meet the surface on which 
it is to be delineated. 

22. To find the length of an arc of the meridian in 

Mercator's projection. 

Let s be the length of the arc of the meridian intercepted 
between the equator and a point whose latitude is I, and dis- 
tance from the Earth's axis r\ u the distance of the projection 
of the same point from the projection of the equator; h the 
circular measure of an angle of 1" ; then on the Earth's surface, 
at that point, 

length of 1" of latitude = d/S . h, nearly, 

longitude = r, A ; 

and in the projection 

length of 1° of latitude = diu . h, nearly, 

longitude = a. A, 

i' a being the radius of the equator; and the relation between 
I these is to be the same, or, more strictly, the limiting ratio 
of the measures of equal increments of latitude and longitude 
is to be the same ; 

I If we suppose the Earth to be a sphere, r = a cos /, ; 

I .-. - diu = sec /; .-. - =log, |tan I- + ^/ I [; 
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or, m a senesy 



r=tti? = 



V 6 24 5040 / 

If we suppose the Earth a spheroid, (Arts. 125, 6.), 

acosl i? . a(l-c*) 

r , dtS = radius of curvature = s ? « 

(1 - e« sin« /)i ' ' (1 - e* sin* /)* ' 



1 _ 1 — c^ 1 c* cos Z 

.'. - diU ss 



a cos Z (1 — c^ sin* /) cos Z 1 — e^ sin* / 

6 2cf/ (e sin /) 
cos I 2 ' 1 - e* sin* / ' 

1 1 f. ^ ^ 1 ,v> ^t /I +csinA 
... -« = log. {tan(450 4.i0} -^log. (^-^7-7) 

= log, {tan (45" + ^l)} -e{e sin Z + ^e^ sirf i + &c.) 

=: — — e* sin / nearly, 
a "^ 

Wi being the length, on the supposition of the Earth's being 
spherical. 

23. Since the ratio of the measures of a degree of latitude 
and longitude is the same on the sphere and on the projection, 
any curve on the projection will cut the meridians at the same 
angles as its original cuts the meridians on the surface of the 
sphere. Hence the rhumb line, which on the sphere has the 
property of cutting all the meridians at the same angle, will, in 
Mercator'*s projection, be represented by a straight line. 



APPENDIX II. 



^ ON DIALLING. ^"' 

1. If a rectilinear gnomon be placed parallel to the 
Eartirs axis, the angular motion of its shadow on a plane 
parallel to the equator will lie uniform. For if the gnomon 
coincided with the Earth's axis, its shadow would revolve 
uniformly on any plane parallel to the equator, because the 
Sun's diurnal motion may be considered uniform during the 
same day ; and since the distance between the gnomon and 
the Earth's axis subtends at the Sun an angle, the greatest 
value of which does not exceed 8",57, they may be considered 
coincident; therefore the shadow, cast by a gnomon placed 
parallel to the Earth's axis, will revolve uniformly on a plane 
parallel to the equator, at the rate of 15" an hour. 

2. Def. a lino drawn from the center of the dial plane 
in the direction of the Earth's axis, is called the Style. A 
declination circle drawn through the style perpendicular to the 
dial plane intersects it in a line called the Subatyle. The 
Style's height is the angle between the style and substyle. 
Hour Unes are lines drawn from the center of the dial coin- 
cident with the shadow of the style, at the interval of each 
successive hour. The shadow at any instant is the intersection 
of the plane of the declination circle in which the Sun is at that 
instant, with the dial plane. Hence the twelve o'clock hour 
line, wliich coincides with the shadow of the style when the 
Sun is on the meridian, is the intersection of the plane of the 
meridian and the dial. Dials are denominated, according to 
the position of their planes, Equatoreal, Horizontal, &c. 

3. To construct an Equatoreal Dial. 

From the definitions, and Art. l, it appears that in this 
dial the style is perpendicular to the dial plane, and the hour 
lines are drawn at intervals of 15°, the 12 o'clock hour line being 
the intersection of the meridian with the dial plane. Since 

I the dial is parallel to the equator, its inclination to the horizon 

I = the co-latitude. 

L - 
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4. To construct a liorizontal Dial. 

Let NHLS (fiff. 80.) be the plane of the dial, OP the 

style, NO the 12 o'clock hour line, which, since the meridian 

passes through PO perpendicular to the horizon, is also the 

substyle ; therefore PON, the style's height, = the altitude of 

the pole, or latitude of the place. At n hours after noon, let 

OH, to the east of ON, be the hour line ; then, drawing the 

declination circle POH through OH, its plane will pass through 

the Sun, and therefore iNPH = n.lS"; therefore from the 

spherical triangle NPH in which Z PNH - 90°, 

sin PN = tan NH . cot «.I5», 

or tan A^O/r =. sin lat. iaan.l^, 

which determines the hour line OH; therefore giving n thi 

values 1, S, 3, he. the hour lines corresponding to one, twt^ 

three o'clock, &c. may be drawn ; and drawing similarly situatetl 

lines on the west side of OJV, these are the hour lines c 

ponding to 11 o'clock, 10 o'clock, &c. 

If OL be the last hour line on any day, I in LO produced. 

is the Sun's place at setting, and Nl = the Sun's north azimutfj 

at setting ; but cos PI = cos PN cos Nl ; 

sinSun'sdec. 

.■. cosJV/ = — - ; 

cos lat. 

therefore the greatest value of NL, which corresponds to thi 
least value of A'^^, or the extreme hour line on the dial, 
found by the equation 

sin 23°, 28' 

— cos NL = ■ 

cos lat. 

5. To construct a vertical south dial. 

Let ZLN (fig. 81.) be the dial plane coinciding with the 
prime vertical, Op the style directed towards the south pole, 
ZpN the meridian; therefore OA' is the 12 o'clock hour line, 
and also, (since the meridian is perpendicular to the prime ver^j 
tical) the substyle ; and NOp = ZOP = the co-latitude. Letg 
OH be the hour line n huurs from noon ; then, as before, 
sin Np = tan NH . cot Np H ; 

therefore tan NH = cos lat. tan m.IS", 




from which, by giving '« the different values 1,2, 3, &c. the 
different hour lines may he drawn, observing that the hour lines 
before noon are to the west of OjV, and the others to the east. 

If OL be the last hour line on any day, the Sun is then in 
the plane of the dial at /, and pL = the Sun's north polar dis- 
tance = 90"- ^; but 

cos j)L = cos Np . cos NL ; .: sin S = sin lat. cos NL, 
which equation determines NL. When S = 0, NL = 90", and 
OL is the six o'clock hour line at the equinox ; it is useless to 
graduate the dial beyond this, because when the declination is 
south, the Sun sinks below the horizon before he is found in 
the declination circle perpendicular to the meridian, i. e. before 
six o'clock; and when the declination is north, he is nortli of 
the prime vertical, and therefore ceases to shine on the dial, 
before six o'clock. 

6. To construct a vertical declining dial inclined at a 
given angle to the meridian. 

Let ZSN (fig. 81.) be the dial plane passing through the 
vertical ZJV, and inclined at a given angle pN£t (e) to the 
meridian PZp ; therefore ON is the 12 o'clock hour line. Let 
Op be the style, OS the substyle, which falls amongst the 
morning or evening hour lines, according as the dial fronts the 
east, or fronts the west as in the figure. Then, since Np ■= the 
co-latitude, we have, in the right-angled triangle pSN, 

ainp^=coslat. sine, which givesp5, the style's height, 

cose = tanlat.tan j'A^, SN, the place of the substyle, 

Biiilat.=cote.cotA^j)5', NpS {(j>). 

Let now OH be the hour line n hours from 12 o'clock ; 

.'. SpB=<l) :f:»i.l5^ 

— or -I- according as the substyle and hour line are on the 

same or different sides of ON. Then in the right-angled 

triangle SpH, we have 

tan SIL = sin p 5* . tan (0 ^ Ji . 1 5"), 

which determines SH, and giving n the values, J, 2, 3, &c. all 
the hour bnes may be determined. 



If OL be the last bour line on any day, the Sun is then in 
the plane of the dial, and we have given pL = 90°— the Sun's 
dechnation, pN = the co-latitude, and pNL = e, to find NL. 

7. To construct an East or West dial. 

Let POp {&g. 82.) be the dial which coincides with the 
plane of the meridian, its center, Pp parallel to the Earth's 
axis, ASB the style which is parallel to Op, and formed by 
the edge of a rectangular lamina, AD, passing through Pp, 
perpendicular to the dial plane ; then, since the plane AD ia 
perpendicular to the meridian, CD is the six o'clock hour line; 
and since AB is parallel to the plane of the dial, all the other 
hour lines are parallel to AB or Pp. Let aHb be the hour 
line n hours from six o'clock, OSH a plane perpendicular to 
Pp or AB, intersecting the dial plane in the line OH ; then, 
since the Sun revolves uniformly round AB, OSH =^n.i&\ 
and SOH is a right angle ; 

.-. 0H= OS.ta.an. 15", 
which determines the hour line 06, and giving different values 
to n, all the hour lines may be drawn. 

As the Sun only shines on the dial during half the day, if 
the dial fronts the east, it points out the time from sun-rise 
noon, or if the dial fronts the west, from noon to night. 

8. To construct a general dial, inclined at any givi 
angles to the meridian and horixon. 

Let SON (fig. 83.) be the plane of the dial inclined at ai 
angle HNR {N) to the meridian PZN, and at an angle ff^J^,!] 
{A) to the horizon ; therefore, ON is the 12 o'clock hour line. 
Let OP be the style passing through the pole P, OS the sub- 
style J therefore, PSN = 90". But ARN == 90° ; therefore, by 
Napier's rules, 

cos A =slnN.cosRN, 
whence BN, and, therefore, PJV=the latitude + RN, 
known. And from the right-angled triangle PSN^ 
cos PN = cot SPN . cot N, which gives SPN (^), 

cos A''=tan5'A^.cotPA^. SN, the position of the 

sub style, 
Bin5'i'=sinA'',sinPiV ^P, the style's height (*). 



by 
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At n hours from noon, let OH be the hour line ; therefore, 

SPH=(}>~n. 15°; 

.'. ta.n SH = &in h. tan (tp — n. 15°), 

from which equation, by giving n the values 1, 2, 3, 8tc. all 
the hour lines may be drawn. 

9- The time pointed out by a dial is apparent time, but, 
in consequence of the atmospheric refraction, which elevates 
the Sun in a vertical circle, the shadow only points out this 
time exactly at noon, the dial being fast all the morning, and 
clow in the evening. 

The gnomon is generally fornned by a triangular lamina of 
metal, the sides of which are, the style, substyle, and a per- 
pendicular let fall from one on the other. If the thickness of 
this lamina is considerable, the shadow of the western edge 
points out the morning hours, and the eastern the evening, 
and the hour lines must be drawn for each separately, so as 
to form two half dials with different centers. 

A solar dial may he made use of for roughly determining the 
time by means of the Moon's shadow, if we know the time when 
the Moon is on the meridian. For the time pointed out by the 
shadow is the apparent time from the Moon^s being on the 
meridian, nearly; therefore, adding the time on the dial to the 
time of the Moon's transit, the solar time is determined. The 
method is not accurate, as the Moon moves through a little 
more than 15" in a solar hour. 



APPENDIX III. 



ON INTERPOLATION. 



1. It is often requisite in Astronomy, to determine tte 
general relation between two quantities, from a number of cor- 
responding values ; as for instance, from a number of zenith 
distances taken at given intervals, to determine the zenith 
distance for any intermediate time. This problem, which is 
the same sb that of finding the equation to a curve passing 
through a number of given points, is plainly indeterminate j 
but if the corresponding values are numerous and near to each 
other, the general relation, within the limits of the given quan- 
tities, may be found to a great degree of accuracy. 

2. Let a, b, c, &c. be values of y corresponding to a* /3, 
■y, &c. values of x, and let ^H 

y^Aa-v Bb + Co -^ &e., ^M 

where A, B, C, he, are functions of ,v to be determined. The 
second member of this equation ought to reduce itself to a, 
when ,v = a, which will be the case if all the coefficients but 
A vanish, when w = a, and A become unity ; but, in order that 
B, C, &c. may vanish when * = a, they must contain the 
factor (<f7 — o) ; and as the same reasoning applies to B and £?. 
all but B must contain (at — /3), and all but C, (is — -y). 
Let, therefore, A = A', (a? - /3) . (aj - y) ... which ( 
to equal 1, when aj=a; 



(a-/3).(o-7)... 

• ., ('-ffl-C'-V )— _ , (»-a).(«-7) — ^ . 
•■''-f.-/3).(a-7)...'' + 0-a).(/3-7)::.'-> 



3. When the values of ,-v are taken at equal intervals, as 
. generally happens in Astronomy, a more simple formula will 
I suffice. 

Let o, ft, c, &c. be values of p corresponding to the values 
of ai = 0, 1, 3, 3, &c. Also let the results of subtracting each 
value of y from the succeeding one be d,, d\, d",, 8tc. ; and 
the results of subtracting each of these differences from the 
succeeding one d^, d\, d'\, Sic; and performing the same 
operation on these new differences, let the results be 4i> d'31 d"i, 
&c. 

-1 ar-2 



Let y = o + Bw + C./r,- 



- + D.W.- 



(B, C, &c. being constants); then making x = 0, 1, 2, &c. 

successively, we get 



b = a + Bi .•. B = b-a = d^, and c-b = d',; 

.'. C = c-2b + a = {c-b)-(b-a)=d2, and d-2c + b^d\\ 

d = a + SB + 3C + D; 
.: i) = d- 3c + 3ft -« = (d -2c+6)-{c- 

&c. = &c. 



f ft) = ds ; 



!/ = a + d, .aJ+rfj.a?. 



-+ds-. 



- + &C. 



a formula which gives exactly the values of 1/ corresponding 
to ai= 0, 1,9, &c. ; and approximately, the values of y cor-r 
responding to all intermediate values of a:. 

In general, the quantities di, dj, SiC. diminish very fast, and 
it will not often be necessary to proceed farther than d^. 

4. The following example will shew some of the different 
uses that may be made of the formulaa of interpolation. 

Ex. 1. Given the Sun's declination at 13 o'clock on the 
19th, 20th, 21st, 22d of June, 

= SS" . 86' . 39", 23" . 2/ . 23", 23" , 27' . 42", 33" . 2/ . 37", 
respectively ; to find the declination on the 20th at 6 o'clock. 
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o, 6, c, d = 23».26'.39"; 2S«.27'.23"; 23''.27'.42"; SaP.Zl'.sf, 

-5", 
- 24", 



di, d/,,d/' c 






44" 


19' 


rfs, da'** 








-25" 


d3 = 








1", 


and ^ B 


ii= 


5 







therefore, the required declination * 

^ „ 5 „ 5 1 25" 5 13 l" 

«230.26'.S9 +-.44 --.-• .-.-. +&C. 

4 4 4 2 4 4 4 2.3 

« 23^27'.S7"- 

The declination (y) at any time a? 

J? — 1 

= 23<> . 26'. 39"+ ^. 44"- a? . . 25". 

2 

Since the declination increases and then diminishes, it 
admits at some intermediate time of a maximum, the time 
heing determined by the equation 

4>4> . 25 ' = ; 

2 

113 226 . A ^i. , „ 

.-. 0? = = = 2.26*^ = 2^, 6\ 14'. 24' , 

50 100 

113 
and substituting — for ^, y = 23^ 27'. 42",8. 

Therefore the Sun'*s greatest declination (or the obliquity) 
happens on June 21, ?it 6\ 14^". 24% and = 23^ 27'. 42". 

Ex. 2, To find the Greenwich mean time at which the 
distance between the Moon and a Arietis was 26°. 6'. 12", having 
given that at 6^, 9^, and midnight, its value was, respectively, 

25°. 26'. 43", 26°. 47'. 5&\ 28°. 9'. 50". 

These give di = 1°. 2l'. 13", dg = 4l"; 

.-. 26°. &. 12" = 25°. 26'. 43" + (l°. 2l'. 13") w - 4l". "^Hzfl; 
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hence, for a first approximation, m = = ,486; 

.-. 2S69 = ic (4873 - 41 X ,257) ; 
.-. 01 = ,4872 ; 
.-. the time required = ()'' + (,4872) . 3*" = 7*'. Z7'°. 41'. 
For a fuller account of the method of Interpolation, see a 
Treatise on Differential Equations and the Calculus of Finite 
Differences, p. lO.i, 

5, In astronomical investigations, it is sometimes re- 
quired to determine the values of several unknown quantities 
from linear equations, which are more in number than the 
quantities to be determined. The coefficients of these equa- 
tions are generally determined by observation, and if the 
observations are correct, the values of the unknown quantities 
deduced from some of the equations ought, when substituted, 
to satisfj- the remainder; but as this is never the case, the 
unknown quantities ought to be so determined, as to be 
least subject to error. If the equations be combined, so 
that the factor of one of the unknown quantities, as .t, is 
the greatest possible, and the coefficients of the others, y, 
x, &c the least possible, x will he determined most accu- 
rately, since any errors in the values of y, x, 8:c. will have 
less influence on the value of w, being multiplied by the 
least factors, and divided by the greatest coefficient of j;. 
In the same manner equations may be formed, to give the 
values of p, x, BiC. most accurately, and from all these equa- 
tims, which will be the same in number as the unknown 
quantities, ,v, y, m, he. may he found. The equations for 
determining w, y. Sic. may be formed by changing the signs, 
BO that all the coefficients of x may have the same sign, and 
then adding, and proceeding in the same way with y, «■, &c. 

Ex. Let the equations be 

o - .V + y ~2is = 0, 

r, -3re-3y + Sm^O, ^^m 

SI - 4.« - y~is = 0, ^^M 

14 + .T — 3y~ 3s: = 0, ^^^M 



i 
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changing the sign of the last equation, and adding 

15 -9»v + y +28f « 0, 

similarly for y, 37 — 5^ — 7y = 0, 

for %^ 33 — w — y ^ \4e« = 0. • 

From these equations, w = 2.486, 

y = 3.517, 

z = 1.929? 

which three values substituted in the original equations give, 
instead of 0, the results 

0.175, 0.141, -0.173, 0.151. 
Second Method. 

Let m -¥ ax + fey -f csf + &c. = 0, 
m -\- a X + 6' y + c' ^ + &c. = 0, 

m' -\- a'x + h"y + c'^% + &c. ■= 0, 
&c = 0, 

be the equations ; multiply the first by a, the second by a', and 
so on ; then, by addition, 

fwa+m'a'+&c.+(a^+a'^+&c.)a7+(afe+a'fe'+&c.)y+(ac+aV+&c.)j8f+&c.=0. 

Similarly, 

(w6+m'6'+&c.) + (a6+o'6'+&c.)a7+(6*+fe'V&c.)y+(6c+6V+&c.)ir-f&c.=0, 

(wc+wiV+&c.)+(ac+aV+&c.)a?+(6c+6V+&c.)y+(c^+c'^+&c.)j8f+&c.=0, 
&C.+&C =0. 

By this means as many equations are formed as there are 
unknown quantities, and from them ^, y, ^, &c. may be deter- 
mined. 

The method applied to the example in the preceding 
article, gives the reduced equations 

- 88 + 27^7 + 6y = 0, 
-70+ 6<r + 15^ = 0, 

- 107 + y + 54i2f = 0. 

From whence x = 2.470 ; y = 3.551 ; z ^ I.916 



The above method of reducing the linear equations which 
is called the Method of Least Squares, was invented by Gauss, 
and is proved by him in his Theoria motus Corporum Cceles- 
tium, to give the most probable values of the unknown quan- 
tities. The proof is not sufficiently elementary to be given 
here. See also Laplace, Tlieorie dea Probabilities, Chap. iv. 
and the Berlin Epkemeris for 1834. 



APPENDIX IV. 



The following Problems are added here, partly with a 
view of assisting the student in acquiring a familiarity with 
the Definitions, and a readiness in applying Spherical Trigo- 
nometry to this subject ; and partly because considerable 
interest attaches to some of them in the History of Astronomy. 

I. To Jind the time from observing when two known stars 
have the same altitude, the altitude itself being unlcnown. 

Let a, a be the right ascensions of the two stars, S, S their 
declinations, h, h' tlie hour angles, x the common zenith dia- 
tance, and I the latitude of the place. 

Then, if the stars are observed at the same instant, 

h'-k = a''^ a; 
if they are observed after an interval of t sidereal hours, 
k A'- A - a'^^ai: ^^i (Art. 158.). 

I Let this quantity = « ; .'. h' = h + a, and we have 
f cos X = cos I . cos ^ . cos h + sin / . sin S, 

I cos ar = cos / . cos ^. cos (A + a) + sin / . sin S' 

fc scosZ.cosS'. cos a .cos A -cos/.cos^'sinasinA + sin/.sin^'; 



22—2 
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therefore, subtracting, 

=r cos / cos h (cosS' cos a — cos 5) 

- cos / . cosS' sin a sin A + sin I . (sin ^ - sin 5) ; or 

(cosS'cosa-cosS) .cosA — cosS'.sina.sinA = tan/.(sin5-sin5'). 

Let be determined from the expression 

cosS'.cosa — cosS 

cot = KT-. ; 

'^ coso smo 

.*. cosS'. sina . (cot0 cosA - sin A) = tanZ. (sin5 — sin S') ; 

... cos^'.sina.^^?4^^=2tanLsini(5-S').cosl(U5'); 

sm^ "^ ^ -^ ^ 

. _. 2sin(f>.tanZ . i ,« a/ t » a/ 

.•. cos (0 + A) = J; . ■ • smi (o - d ) . cosA (5 + d), 

' coso . sma » > ^ 

from which A, and therefore the time may be obtained. 

II. When the latitude and time are determined from 
two altitudes and the time between, to find the errors caused 
by given small errors in the observed altitudes. 

Let P (fig. 19.) be the pole, Z the zenith, and «y the 
Sun at the first observation ; Z' and S" the places of Z and S 
determined from the erroneous altitudes ; then since the Sun^s 
declination is supposed to be known without error, PS « PS^^ 
and S^ is a parallel of declination. Let 5Z, ^%\ ^%\ 5A, 5A', 
be the cotemporary errors of /, ^, %\ A and A', where, since 
the interval h' ^h between the observations is supposed to be 
known correctly, Ih' -^h\ then drawing Zm, Sn^ perpendi- 
culars to Z'aS' and making ZZ'S' the south azimuth of ^ = a, 
we have 

^% = ZS! - ZS - Z'm + y^, 
s= S/ . cos a + SS* . cos SS'rij 
but SS' . cos SS'n = 5 A sin PS . sin ZSP 

= 5 A. sin PZ. sin PZ*S 
c= SA. cosZ » sina ; 
.'. Oi? a Si cos a + 5 A . cosZ . sin a* 



iiilarly, if a' bo the azimuth at the second observation, 
5s' = Slcusa' + ^ A. cos /sin a'; 



5*' COS a — in cos a 
cos / , sill (a' — a) 



Hence, in determining the latitude and time from two al- 
titudes and the time between, o'— n ought to be as near 90" 
as possible; so that if the one observation is made near the 
prime vertical, the other must be made near the meridian. 

III. To find the Sun's longitude, or the day of the year, 
when a given star rises heliacally. 

When the Sun in his passage through the ecliptic is a 
little to the westward of a star, the star sets a little after him ; 
and it is said to set heliacally when tiie Sun is just so far sepa- 
rated from it, as, by being sufficiently below the horizon, to 
admit of the star's being seen at setting. After the interval of 
a day or two, the Sun by his increased proximity will over- 
power the star's light at setting, and will soon get to the east- 
ward of it ; and the setting of the star taking place iu broad 
day light, will of course he invisible. The star will then rise 
before the Sun, and will soon precede him just enough to be 
visible in the horizon at the dawn ; the first time this happens 
is the day of its heliacal rising. For the same star the phe- 
nomena of heliacal rising and setting recur every year with the 
same positions of the Sun in the ecliptic ; hence in ancient times, 
and in default of better means, they were employed to fix 
epochs. The necessary depression of the Sun below the horizon 
depends on the magnitude of the star, the clearness of the 
atmosphere, and other circumstances, but in general for stars 
of the first magnitude, the distance of the Sun below the 
horizon lies between 10" and 12". 

Let'v^{fig, 21. Patell.) be tlie ecliptic, tQ the equator, ifs 
the horizon of the place of observation ; therefore Z TQa=the 
colatitude; let * bo a star rising lieliacally, t T, Ts, its right 
ascension and declination, and 5* the Sun 10" below the horizon. 
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sin TQ =s tan latitude x tan star's declination, 

which determines TQ ; .*. t Q « the star's right ascension 
+ TQf is known. 

Hence, in triangle t QO^ we know 

'rQ0=^9(y^+l, Q T O = o), and <)rQ; 

therefore t and QO may be found from the equations 

tani(T 0+QO) = ^iM^^. tan JtQ, 

* ^ cos ^ (Q + T ) * 

tan^ (T - QO) « '4^f4-^^^ . tan^T Q^ 
^ sm ^ (Q + T ) -* 

sin T Q . 

Hence, sin = sin Q . -; ^ is known ; but from the risht* 

sm nr O 

angled triangle SOR^ sin 10®=: sin SO . sin O, which determines 

SO ; and hence we know nr aJ = T + OS ^ the Sun's longi^ 

tude, from whence, as has been shewn, the time of the year 

may be found. 

A star rises cosmically which rises at the same time with 

the Sun. If « be a star rising cosmically^ is the place of the 

Sun ; and T 0, the Sun's longitude, may be found as before. 

IV. To find when the Sun's azimuth increases fastest. 

Denoting the Sun's declination, azimuth, and hour angle, by 

S, A and A, and the latitude of the place of observation by /, 

we have 

. tan 8 cos'Z - cos h sin / 

cot A = ; — r ; 

sin h 

.'. (cosec Ay dj^A- tan S cos I cosec A cot A - sin / (cosec A)* ; 

.'. di,A^ {—. — 1 (tan S cos I cos A - sin /) 
'* VsmAy 

'cos^y r sinS • 7 • ^. • il 

{-. c^> (sm a - sm / sm a) - sm l> 

OS a J [(cos ay j 

{sin 5 sin a — sin 1} = a maximum ; 

(cos a)'^ ^ ^ 

sin^ . 
,\ (sm aY - 2 -: — s^ sm a + 1 = 0, 

sma . , 



sin I / (^^^ ^V 

sin S \8in §J 



Let ^ be the star's altitude as it crosses the prime ver- 
tical ; .'. sin S = sin Z sin dt ; 



the value tan ^ must be taken, for (p is less than 90". 

V, To find the time of year when the twilight is shortest. 

Let Z (fig. 27. Plate III.) be the zenith, P the pole, ZQM 
a parallel to the equator, S the Sun at the commencement of 
twilight; therefore ZS= 108". Let the great circle which has 
S for its pole, cut ZQM in Z'; then ZPS is the hour angle 
when twilight begins ; and since PZ' is the co-latitude, PS the 
north polar distance of the Sun, and Z'S = 90°, Z'PS is the 
hour angle at sun-rise ; therefore the difference of these angles 
ZPZ' measures the duration of twilight, and is least when ZZ' 
the arc of a great circle joining Z and Z , is least ; but ZZ' is 
never less than SZ - SZ' or 18°, and is least when it exactly 
equals SZ - S'£ , in which case Z' coincides with Q, and ZQ, 
■: SZ — SZ' = 18", Hence it appears that if on a vertical circle 
we take ZS = 108", and bring it into such a position that the 
intercepted arc ZQ_ is 18", then S is the position of the Sun at 
the beginning of twilight on the day when its duration is a 
minimum, and SP is the required north polar distance of the 
Sun. Draw PO perpendicular to 5Z, and bisecting ZQ, and 
L ZPQ, and let / be the latitude of the place, 5 the declination 
of the Sun, and z. ZPQ = 2A. Then, by Napier's Rules, 

cos ZP = cos PO . cos ZO, or sin I = co& PO . cos 9", 
cos PS = cos PO . cos SOf or sin^= - eosPO . sin9''i 



Ag. 



sin/ 

and sinS = - tang", sin I (l). 

in, sin ZO = sin ZP . sin ZPO, 
or sjn 9^ = COB J . ein A ; . 
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.', sin /( = sin 9". sec/ .., (2). 

The equation (1) gives the Sun's declination, or the time oT 
year when the twilight is shortest, and equation (2) gives the 
duration of it- 
It ia manifest that PQS is equal to the Sun's azimuth at 
the end of twilight, and PZQ = PQZ is the Sun's azimuth at 
the beginning, hence on the day of shortest twilight) the Sun's 
azimuths at the beginning and end of twilight are supplements 
to each other. 

If it were required more generally to find at what time of 
year the Sun passes from one zenith distance a' to another x in 
the shortest time, we should similarly find that ZS must equal 
z' and SQ = z, and then from the triangles ZOP, SOP 



I 



VI. To find the equation to the curve which a star 
appears to describe about Us trve place in consequence of i 
aberration, upon any hypothesis of the form of the Earth's 
orhit. 

From Art. 287 it appears that the apparent place of a star I 
describes about its true place, in a plane parallel to the ecliptit^ 1 
a curve of such a nature that a radius vector being drawn i 
the direction of the Earth's motion at any time, its length is I 
proportional to the corresponding velocity of the Earth. Let [ 
PT fig. S6, be a tangent to tlie orhit described by the Earth j 
about the Sun S, r = SP, p = perpendicular on PT from S; 
take any point s in the line JS to represent the true place of s 
star, and draw sa parallel to PT and proportional to the velo- 

■^ J 

city at P, and therefore = — ; then the locus of tr is similar to ] 

P 
the curve described by the apparent place about the true pla< 
Lei p=8o-, -IT = perpendicular from s on the tangent at ff» 
ASP =9, Asa = (pi then, since su is parallel to PT, 

6ixi(<p-e) = sinSPT=^; 



^^ 
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therefore, taking the differential coefficients of the logarithms 
of both sides, 

cot(0-0). {d00-l} =~d0p — der; but cot (0 - 0) = - de r, 

.-. cot {^-6)d0(p=^- dep^ or cot (0 - 0) = - d^p= - - d^p, 

c^ 1 1 

since p = — ; /. - d^r =s — d«/,p, 
p T p ^* 

\/r^ - p"^ \/ c? - tt'^ 
or — = ; 

P TT 

.-. -=^, or r,r = />/,» c^ 

2 o 

C _ c- 

.*. r = — , and p = — ; 

TT p 

if therefore T-f(!P) be the equation to the orbit of P, the 
equation to the aberratic curve is 



c^ 



TT 



<^ 



Ex. Suppose the Earth's orbit an ellipse, of which the 
semi-axes are a and 6 ; then, the equation between r and p is 



r? 


s 


6^ 


r 


or ?• = 


Sap' 


V 


2a - 




6^ + p' ' 


TT 


= 


o 

cr 
r 


2a 


6^ + p^ 








= 


2a 




, since ; 








6V« 


+ c« 








Sac 



We may easily shew that this is the equation to a circle ; for 
let S (fig. 37.) be a point in a circle rad. CP (m), at a distance 
aS^C (n) from the center, and taking any point P in the circum- 
ference, let SP ^p,SY^ TT, 
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n^ m p^ ^m^ --Qfnp. cos SPC 



— ^2 



= jO'* + W* - 2W7r; 



... TT L- 

2m 



which coincides with the equation to the aberratic curve, if 

m^ a,:r5 9 and m^ - w^ = — . 

Hence it appears that the stars describe circles in consequence 
of aberration, though no longer having the true places in their 
centers, even if the Earth's elliptic motion be taken into con- 
sideration. As in Art. 288, unless the star be situated in the 
pole of the ecliptic, the circle, its plane being viewed ob- 
liquely, will appear an ellipse. 

VII. Tojind when the equation of the center is a maxi- 
mum^ and its greatest value. 



^ V ^ /l+e u 
J, tan - = 'V tan - ; 



m — u -- esinui 

1 -e 

.'. a„m=l-ecosz/, a„v = . 

1 — ecost^ 

But since v - m is a maximum, d„ (v — w) = o, or d^v =s d^m; 

.*. 1 — e cos u = vl — c^ = V cos e, if e = sin e. 

1 — c^ 4 / (l — e^\* — 1 
Hence = v 1 " ^^j ^^ cosw = . 

1 + e cos V ' e 

.- V u V 1 + e — vl — e u 
Also tan — tan — = , tan — ; 

2 2 ^/T^e 2 

. V -^^ 2sinle . i^ v 

.-. sm = y "^ sin cos-. 

2 Vl-e 2 2 

-J ^ cos u - e cos^ 1 V 1 - e 

liut cos t> = : .•• ^ — = 



\ — e cos w ' cos- ^u 1 — e cos «^ ' 

.*. cos - = - ^ cos — ; 

2 Y cps € 2 
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/. sin — — «B . . ^ . sin — cos — • 
2 v^cose 2 2 

, /siniesinw\ 
or « - w = 2 sin""* I — f. 1 . 

\ V cos e / 
But w — 1« = e sin w ; 

iin 1 



.'. « — m a e sin 



. , /sin^esint^X 
in tt + 2 sin"* I — ^. — J , 

\ V cos e / 



u being known from the equation cos u = 



i-vT^ 



If we neglect all powers of e above the third, and call the 
greatest equation of the center E^ we find 

JB = 2e + — 6^, 
48 

E 11 (E\^ 

and e = ^ — ; 

2 48\2/ 

from the latter of which, if the greatest equation of the center 
be known, the eccentricity of the orbit results. 

VIII. To Jind when the equation of time arising from 
both causes in a m^awimum. 

Let T *S be the ecliptic, fig. 49, Plate III. <t D the equa- 
tor, p the place of perigee, S that of the Sun at any time (f) 
from perigee, pS the true anomaly = «, w = the corresponding 
mean anomaly, p<r=a; .'. m — a = the Sun's mean longitude. 
Take ^ M ^ m -- a^ and draw SD perpendicular to the ecliptic, 
then M is the place of the fictitious Sun, and MD the equation 
of time, neglecting the motion of the equinox ; let a, 5, 1 be the 
Sun^s right ascension, declination, and longitude ; 

.'. MD ^frD—'vM^^a'-m+a^a max. ; 

.*. dta - dim = 0, or d^m = d^a. 

But dia = dj cos w sec^5 = dtV cos w see^ 5, since I =: v - a; 

.*. dm = cos (0 sec*^, 
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(i — e^)§ 

or ; 5: coscy.sec^^; (Art. 318). 

(1 +ecosvy ^ ^ 

but sin ^ = sin <u sin Z => sin o) sin (v - a), 

.*. (l-e^)f. {1 - sin^co.sin^ (t)-a)} =cos(o (1 +ccosi?)^ 
which is the equation for finding v. 

IX. To find when a planet appears stationary to the 
Earthy taking into account the eccentricities of the orHtSy 
and the inclination. 

This will manifestly happen when the planet and Earth 
occupy such points in their respective orbits that their motions 
are in the same plane, (or the tangents to the orbits intersect 
the line of nodes in the same point), and their velocities, re- 
solved perpendicular to the line joining them, are equal. 

Let JP (fig. 54s.) be a planet's orbit, J'P' the Earth's, 
J, A\ their perihelia, ST the line of nodes, PT^ PT, tan- 
gents intersecting the line of nodes in the same point T. 

Let the argument of latitude PST = u^ AST = a, SP=r, 
SPT^e\ then 

SP sin (0 + w) 

777= = -. — ^ — = cos t^ + sm u cot 0, 

ST sin 

^ 1 , c sin (t* - a) 

but cot = - d„r = "^ ^ 



since r = 



r ** 1 + e cos {u - a) * 

I 
1 + e? cos («^ — a) ' 



/ and e being the ^ latus rectum and eccentricity of the 
planet's orbit ; 

r cos u -\- e {cos ti cos (w — a) + sin it sin {u — a)\ 
ST " 1 + e cos (w - a) 

cos II + e cos a 



.'. ST 



1 + e cos (w — a) 

I 

^_— _— ^-^•^^^— ^— — ^■^— • » 

cos tc -\' e cos a 
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Similarly if w', a\ represent the angular distance of the 
Earth, and the perihelion of its orbit from the line of nodes, 
and /', e\ the -J latus rectum and eccentricity of its orbit, 



cos u' + e cos d 



Hence, equating these values, 

/ (cos td + e cos a') = t (cos u -¥ e cos a), (l) 

Again, let «, v represent the velocities of the planet and 
Earth, then the parts resolved perpendicular to the line PF^ 
are v sin P, v sin P' ; 

.-. «sinP = «'sinP'or V7.A'r. rP' = \/?.5r.rP, . 

SYj SV, being the perpendiculars let fall on TP, TP^ from 
S', but SY. TP^ST .SP. sin u, each being = twice the 
area of the triangle SPT; 

.-. \/J. ST . SP" sinu ^ \/7 . ST . SP .sinu, 

or v/ . / sin u = v /' , r sin u, 

or v/'sin w' {l +ecos (?/- a)}= v/ sinw {l + e cos(u-'a)] ; 
which, with equation (l), determines u and i^' when the planet 
is stationary, 

X. To Ji7id when Venus appears brightest^ upon the 
hypothesis of Venus^ and the Earth describing circular 
orbits about the Sun. 



Let S (fig. 55.) be the Sun, P Venus, E the Earth. 
Then the illuminated part of the disk varies as 

1 - cospPE oc 1 + cos SPE, 

and as the intensity of light from any object varies inversely as 
the square of the distance ; therefore 

the brightness of Venus oc :=rz^cr . 



3Stf 

Let PE = 0!, PS= c, SE=1; then, the brightness 



therefore when the brightness is a maximum, 

.-. ar -1- 4fl.i; + 3(ffl'- l) = 0; 

.-. .J7 = y/a' + 3 - 2o, 

the negative value of the root being iaadmissible. WheB I 
Venus is at the distance thus determined, which happens every 1 
eighteen months, she is sometimes visible in daylight to the ' 
naked eye ; there is however a mean position, to which she re- J 
turns every eight years, depending on the ratio of her perioc 
time to that of the Earth, in which she is brighter than in a 
other. 

XI. To find the retardation of the Mooii'i rising onM 
successive days. 

Let HO (fig. b'l.) be the horizon, EQ. the equator, Z the 
zenith, AB the Moon's orbit, A the place of the Moon at rising 
on any day, and when the point A of the orbit comes again to 
the horizon after 24^, suppose the Moon to have advanced in 
her orbit to B ; then the rising will be retarded by the time 
the point B takes to be transferred to the horizon in 6, Bb 
being parallel to the equator, or by the time the meridian p D ^ 
takes to be brought in to the position pd; pBi),pd6 being circleaf 
of declination through B and b; i. e, the retardation=Orf-r 

Let AB the Moon's daily motion = m, 

BAO the inclination of the Moon's orbit to tlie horizon = M, J 

and ZE the latitude of the observer = I. 

Then considering the small triangle BAb as rectilinear. 



But Bin BbA = cos Hpb, and from the right-ang! 
triangle Hpb, 

sin t = siapb . sin JIbp = eo3 S . Bin Hbp ; 



„ , v/cos-^S-sin=^ „^ m. sin 71 

.•.cosHpb= s- i .-.Dd^ ,- -^ ; — . 

cos 6 V COS d — sin'( 

Hence may be explained the phenomenon of the Harvest 
Moon. If the Moon's orbit be supposed to coincide with the 
ecliptic, which it does nearly, sin n is least, when the Moon rises 
in Aries (Art, 179-); therefore the numerator of the above ex- 
pression is then least, and because cos'~S = 1, the denominator 
is then greatest; therefore on both accounts Z> rf is least, and 
if the Sun be at the same time in Libra, the Moon is then at 
the full; therefore the full Moon which takes place near the 
autumnal equinox, rises nearly at the same time for several 
nights, and the disappearance of the Sun is immediately suc- 
ceeded by bright moonlight ; and as this is near the time of 
harvest in north latitudes, it is called the Harvest Moon. In 
the same manner it may be shewn that for two or three days 
at the vernal equinox, the full Moon sets just at Sun-rise, 

The inclination of the Moon's orbit to the horizon conti- 
nually increases from the rising of its ascending node till the 
setting, when it is greatest; therefore, the difference of the 
times of setting of the full Moons, when the Sun is in Libra, 
is the greatest. Every time the Moon crosses the equator, 
her rising and setting must be similarly affected ; but not 
being connected with the beginning or end of the day, the 
peculiarities at other seasons pass unnoticed. 

XII. To Jind the height of a lunar mountain. 

It was stated in Art. f)i, that on viewing the Moon through 
a powerful telescope, bright spots are sometimes observed, 
situated slightly but distinctly beyond the inner elliptic boun- 
dary of the phase, in the unillumined part of the disk, which 
are supposed to be mountains ; we shall now shew that if the 
* distance of any such spot from the edge of the bright part c. 
be measured, we may determine its height above the average 
spherical surface of the Moon. Let E, M, S (fig. 62.) be the 
centers of the Earth, Moon, and Sun, ACB a section of the 



Moon perpendicular to EM, DOC a section peppentlicular to 
•SM; then the visible illumined part of the disk is contained 
between CBD and the projection of COD on JCB ; let m be 
the top of a mountain so situated in the prolongation of the 
radius r, as to be illuminated by the ray SO which grazes the 
Moon's body at O, or is a tangent at O to the great circle jFO; 
then m will be seen projected on ihe dark part of the disk and 
its apparent distance from the edge of the bright part will be J 
the projection of m = m . sin ACO, because m being pcp^ 
pendicular to the plane COD is indined at an angle = 90° — 1 
ACO to the plane of vision. Let the length of the projection 
measured by a micrometer in parts of the radius of the Moon's 
disk = a ; 

.: mO' 



mv ACO smE' 

£ being the exterior angle of elongation \ but if r be the radium 
of the disk, and rm •= a:, (^^t + at) ai = {mOy= a-cosec" A' ; 



— cosec" E, 



2r 



jlectnig a 



where a is the observed distance of the bright spot from tliO'l 
illumined edge measured perpendicular to the line joining 
cusps, for since SO is parallel to SM their projections will t 
parallel, i. e. the projection of jnO will be parallel to MB. 
Some of the mountains thus measured in the Moon 
found to be near five miles hjgh, which is much greater cc 
pared with the Moon's diameter, than the height of any terrea 
trial mountain is, compared with the Earth's. 

XIII. To find Jupiter'^ distance, from an obsei-vei 
eclipse of a unlellite. 

As Jupiter's distance can hardly be determined from 1 
parallax, which is almost inserisible even when he is nearest t 
us, the following method of deducing it from an observe^ 
eclipse of a satellite may be employed. 

Let 5* (fig. 63. bis) be the Sun, / Jupiter, the satellite^ 
and E the Earth at the time of an eclipse, which, being knowD^ 
the jovicentric longitude {I) of the satellite is known. 

Let the Sun's longitude, SE t = G , 



i 



nj T or IE T the geocentric longitude of Jupiter = A, ^"7 = r, 
SE = R. Then SIE = nIO = i - X, lES = X - O ; 

r = R ^'" 0^~O) 
' s\a{l- X) 

XIV, To measure an arc of the stereographic projection 
of any circle. 

Let JB (fig. 86.) be the given projection of a small circle, 
P that of its pole; from C the center of the primitive describe mn 
the projection of a circle parallel to the primitive and equal to 
the original of AB, and produce PA, PB through the extre- 
mities of any arc to meet the circle so described in a, b. Now 
if on the surface of a sphere any two circles pass through the 
poles of two equal circles, they will intercept equal arcs of the 
equal circles ; therefore, because Pa, Ph are the projections of 
circles passing through the poles of equal circles, viz. the ori- 
ginals of AB, ab, they intercept equal arcs of those originals, 
that is, the original of the arc AB = the original of the arc ab. 

If AB be the projection of a great circle, ab coincides with 
the primitive a'b', and a'6' = the original of AB. Hence, if 
two great circles are projected into EA, EB, (fig. 87.) and 
their poles into P, Q ; and EP, EQ be produced to meet the 
primitive in p, q, the angle AEB = pg -~ r. For E ia the 
projection of the pole of the original of PQ_, and therefore 
original of PQ=pq, or r . AEB = pq. 

XV. To construct a horizontal dial which will serve for 
all latitudes. Suppose the points A and B of the line AB 
(fig. 80. bis) moveable in two grooves CB, CA, at right angles 
to one another ; bisect AB in M, and take 

MH= AM tan {iS^-h}; 
then if the plane ACB be made horizontal, CB the substyle 
placed in the meridian, AB slided in such a position that 
tan 5 >> sin lat., and the style have the proper inclination given 
to it, CH will be the hour line corresponding to the hour 
angle h ; for 

„ sia BCH BH AC 

= tan Btank = sm / tan A ; 



sin ACH BC' AH 
23 





since MH = JM tan (iS^ -A), gives BH = JHtan k. 

Graduate AB by the formula MH = AMtun (3 — «) 15", 

and in any latitude make the adjustments indicated above, then 

the hour will be shewn by the shadow falling on the divisioss 



XVI. To find the curve traced out by the extremity of 1 
the shadow of a vertical gnomon on a horizontal plane. 

Let AB (fig. 84.) be the gnomon, AP the shadow, AN t 
direction of the meridian shadow. Draw PN perpendie 
AN, and let AN = x, PN -^ y, AB = a,l = the latitude of thej 
placei S = the Sun's declination. Then 
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